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FOREWORD 


Shells are widely used as structurel elements in modem construction 
engineering, aircraft construction, ship building, rocket cons‘~uction, etc. 


A careful study of the shells used in engineering leads to the conclusion 
that they are most often anisotropic (naturally or structurally) and in many cases 
are anisotropic and laminar. 


The last few years have seen the appearance of a number of thorough 
monographs: V.Z. Vlasov, Obshchaya teoriya obolochek (General Theory of 
Sheils); A.S. Vol'mir, Gibkiye plastinxi i obolochki (Elastic plates and shells); 
A.L. Gol'denveyzer, Teoriya uprugikh tonkikh obolochek (Theory of thin elastic 
shells); A.I. Lur'ye, Statika tonkostennykh uprugikh obolochek (Statics of thin- 
walled elastic sheiis):; Kh. M. Mushtar' and K.Z. Galimov, Nelineynaya teoriya 
uprugikh obolochek (Nonlinear theory of elastic shells); V.V. Novozhilov, 
Teoriya tonkikh obolochek (Theory of thin shells). These monographs shed 
light on many fundamental problems in the theory of shells in general. However, 
there is almost nothing therein dealing with the theory of anisotropic laminar 
shells. 


Despite the large number of articles appearing in journals, there is as 
yet not one book devoted to the theory of anisotropic laminar shells. In the 
present book the author partially fills this gap. 


The text is based on the author's investigations over the last few years. 
It consists of the following divisions: (a) fundamental equations of the theory of 
elasticity of an anisotropic body in curvilinear coordinates; (b) general theory 
of anisotropic laminar shells; (c) membrane theory of anisotropic shells; (d) 
theory of symmetricaily loaded anisotropic shells of revolution; (e) anisotropic 
cylindrical shells; (f) shallow anisotropic snells; (g) new theories of aniso-~ 
tropic shells and plates. 


In distinction from the first divisions of the book, which are based on the 
hypothesis of nondeformable normals as given for the stack of the shell as a 


whole, the last chapter attempts tu construct a theory of essentially anisotropic 
shells and plates without the hypothesis of nondeformable normals. 


The book does not deal with the undeniably important problems of non- 
linear theory, the theories of stability and vibration, as well as temperature 
problems of anisotropic laminar shells. Nor does it deal with problems associ-- 
ated with plastic and elastic-plastic deformations of the material of the shell 
layers, since these problems have not been adequately investigated. 


Within each chapter the formulas have a two-part enumeration. Where 
reference is made to the formulas of preceding chapters a three-part enumer- 
ation is used (the first digit referring to the chapter). 

In conclusion I wish to express my deep gratitude to my colleagues at 
the Institute of Math>matics and Mechanics AN of the Armenian SSR, D.V. 
Peshtmaldzhyan, A.A. Khachatryan and L.A. Movsesyan, who were of 
great assistance in the preparation of this book. 

S.A. Ambartsumyan 


May 1959, Yerevan 
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CHAPTER I 


FUNDAMENTAL EQUATIONS OF THE THEORY OF ELASTICITY 
OF AN ANISOTROPIC BODY IN CURVILINEAR COORDINATES 


SECTION 1. SOME REMARKS ON CURVILINEAR 
COORDINATES IN SPACE 


Here we shall discuss in brief and without pruof those aspects of the 
theory of curvilinear coordinates in space which will be used in subsequent dis- 
cussion. 


As is known, the position of any point M in space may be uniquely defined 
by its radius vector r relative to a certain fixed point 0. In rectangular Cartesian 
coordinates for r we have 


r= xi+yj/+ 2k, (1.1) 
where, aS usual,/, j, & represent the corresponding unit vectors. 


In problems of the theory of shells the location of any point M with radius- 
vector r is conveniently defined not by three cartesian coordinates x, y andz 
but by any three other numbers a, $, 7. The quantities a, $, 1,.which uniquely de- 
fine the location of point M in space are known as the curvilinear coordinates of 
point M. Each of these coordinates is a function of radius vector r or a function 
of the components x, y and z of this radius-vector in Cartesian coordinates: 


a(r)=a(x, y. 2), 
B(r) = B(x. y, 2), (1.2) 
(ir) = 1%, y, 2). 


_ 


Conversely, since the radius vector r of any point M in space is completely de- 
fined when we are given a, 8 and y, it is a function of these independent 


variables, and, consequently, the components of this radius vector will be func- 
tions of curvilinear coordinates 


K=X(U HT, VS yp 1) 2-=2(a f 1) (1.3) 


In (1.2), assuming ~(r) -~ const, $(r) == const, and 7(r}= const. we obtain three fam- 
ilies of surfaces. Through each point M in space there passes a surface of 
each of these families. These surfaces are known as the coordinate surfaces. 
The lines of intersection of the coordinate surfaces are referred .o as coordin- 
ate lines. 


It is evident that in our case there will be three such coordinate lines: 
eoordinate line @ (with current ccorcinate a), which is formed by the intersec- 
tion of coordinate surfaces »- constandy cotst; coordinate line & (with current 
coordinate 8), which is formed by the intersection of coordinate surfaces 
a= constand 7 -= const; coordinate line y (with current coordinate y), which is 
formed by the intersection of coordinate surfaces 3 = constand 2= const (Figure 1). 


¥ 





Figure 1 


In subsequent discussion we shall be interested only in orthogonal c .rvi- 
linear coordinates, that is, those curvilinear coordinates of which all coordinate 
lines a, 8 and y are mutually perpendicular at each point M in space. In the 
given triorthogonal system of curvilinear coordinates we have for the square of 
a linear element in space 


ds’ = Hi da" + H3 dp’ + Hid’, (1. 4) 


where 
Ay =H, (a, 6.1), Hy = Hy (a, B.7), Hy = g(a, 8. 1), 


in the general case of orthogonal curvilinear coordinates, are functions of in- 
dependent variables a, 8 and y and are known as the Lame coefficients. 


With the given relations of (1.3) for the given coordinate system the 
Lame coefficients are determined by means of the following formulas: 


Hia(S) (Sy + (ays 
w= (SY 4 (Sy + (Se - 
Mmi= (SG) oS) +R) 


For example, in cylindrical coordinates with 2=-R, 3=¥4%. y 
lations in (1.3) have the form 


z, when the re- 


I 


xX=Ri087, y=Raing, 2-2, 
from (1.5) we obtain for the Lame coefficients 
A, = 1, Hy=r, H,=1. 


In spherical coordinates for 2=R, 3=4, y-=+. when the relations in (1.3) have 
the form 


x=Rsinfcosy, y=Rsinsiny, 2-—Reosd, 
from (1.5) we have for the Lame coefficients 
A,=1, A,=R, Hy=Rsin4. 


Finally, in Cartesian rectangular coordinates x, y, z, aS is known, the formula 
for the square of a linear element has the form 


ds? =dx? | dy? +dz?, 





in virtue of which we have for the Lame coefficients 
Hi, =H,=H;,= 1. 
Coefficients Hj, as functions of the three independent variables a, 8 and 


y, in any system of curvilinear orthogonal coordin ites must satisfy the foilowing 
six differential equations: 


a ( Mt, ss ( us a) ps cP ar), 
U3 3 : = 


dr \ 11, 03 Hy os Hi oy oy 
7) 1 OFT, 0 1 arf, lo dll, ait 
ant eos nh + oe ees --; ee ee = 0; bay 
0% ay Os aN, oy 7 Hy 02 aa j (1.6) 
0 1 olf ? to olt. 
fed Se RENN ch et OE OG 
Or \ He. oy or \ Hl, dx Hy as 0% 
OH, 1 ol, ay A ts aM, _ 9. | 
Canin Hy, dy 03 Hy 03 oy 
Cll, 1 OH, OH, 1 OM, Oy 
010, Hy Oa Oy Hy Oy os 0: (1.7) 
071, t gH, oH, 1 ofl, ort, 


= 0. 





0103 HA, 63 Oa Hy Os 04 


Proof of the validity of these equations may be found in texts on differential 
geometry.* 


SECTION 2. DEFORMATION COMPG. ENTS AND DIFFERENTIAL 
EQUATIONS OF EQUILIBRIU.I IN THE TRIORTHOGONAL SYSTEM 
OF CURVILINEAR COORDINATES 


Let a solid body expressed ii, che triorthogona) system of curvilinear co- 
ordinates a, 8, ana y undergo deformation under the influence of any forces. 
Then any point M belonging to the body and having the coordinates a, B and y will 
acquire a displacement which may be represented h;’ the following three pro- 
jections of the total displacement vector onto the directions of the tangents t> 
coordinate lines @, 8 and y: 


“,=—4, (2, 8, 1: 
u, = uy (a, Pes (2.1) 
4, -= 4, (2, B, 1) 


*S.P. Finikov, Teoriya poverkhnostey (Theory of surfaces), ONTI, Gos- 
tekhizdat, 1934, pp. 185--186. 


Henceforth, we shall refer to all these quantities as the dispiacements of point 
M. For the positive displacements let us useu,, u,.and u,, directed toward 


positive changes of the corresponding independent variables a, B and y. 


The deformed state of a solid three-dimensional body in the vicinity of 
point M is characterized by six deformation components. Of these components 
three, which are designated by e,. e,. ¢,, are the relative deformations of 


elongation in three mutually perpendicular directions a, B and y, respectively, 
while the remaining three, designated by e¢,,. ¢,,. ¢,., are the cor-esponding de- 


formations of shear occurring in three mutually perpendicular planes, which 
planes are tangent at point M to three mutually perpendicular coordinate 
surfaces 7 = const, 2= const. = const. 


The deformation components e,. ¢,,.... e,, are associated with dis- 


placements u,. u,, and 4, of point M by means of the following formulas: 


_ J du, 1 on, 1 em. 
oF, aa + aA, os "+ We, 4 

1 du, 1 0H, 1 OH, 
= ay ae ott HH, oa | G2) 


1 du, OH, 1 OM, 
a 


Hy Oy —, “Oa +a, os ts 


ee u)): | 
en =) & (a 4)+ th 3 (74 i): (2.3) 
fre = TT a ae Fi, A (aH .): 


As is known, the stress at any point M of a solid three-dimensional 
body is characterized by a stress tensor which is defined by nine components. 
Of these components three are »rmal stresses which act in three mutually 
perpendicular directions of coordinate lines a, 8 and y and six are shearing 
stresses acting in three mutually perpendicular planes which are tangent at 
point M to three mutually perpendicular coordinate surfaces 2= const, 8 = const, 
and y=const. In virtue of the duadicity of the shearing stresses the number of 
independent stresses is not nine, but only six. 


6,, 0g, 9, are normal stresses with the subscripts indicating the direction 


of the external normal to that area to which the given stresses . :er. 


Tap = Tyger Tay = Tyr 3y—= Typ are shearing stresses; the first subscript 
indicates the direction in which the given shearing stress acts and the second 
subscript indicates the direction of the external normal to the area to which 
the given stress is applied. 


All stresses, both normal and shearing, are considered positive if, 
upon being applied to the areas with positive external normals, they act along 
the direction of the corresponding positive external normals (Figure 4). 





Figure 4. 


If the 3olid three-dimensional body under consideration is in equilibrium, 
the equilibrium conditions of a differential element of the body in an arbitrarily 
chosen triorthogonal system of curvilinear coordinates are represented by the 
following three differential equations: 


0 ) 0 
da (H,H;9,) + ry (H,H3t.3) + rt (H,H,",;) _ 


oH oH, , oH 
— oH, > —s¢ hz, a bal tyH, 7 on 


one on + PA, HAH, = 0; 4) 
7) é 
a (HyH,9;) + ay (HyH,25,) + 2 (Ag H3t54) — ‘ 
oH, oH, OH. 
— oH, ~5g* — gH 3B + tH, oe 


+ tygth, Et + P aH Holy == 0; (2. 4") 


8 0 é 
OH, oH, 
rs) oifty ral + +,,H, va ate 


3H. ' 
ttyl, Gye + Py Hy Hats = 0, (2.4" 
wiere P, =P, (a, B, 7), P,==P,(a, B. 7).and P,=P,(a, 8, y) are the corresponding 


projections of the volumetric force onto the directions of the ta.:;ents to the 
coordinate lines a, 8 and y. 


The reader will find a detailed discussion of the results ,resented in the 
first two sections of this chapter in the work by V.Z. Vlasov.* These subjects 
are also discussed in many courses in the theory of elasticity (fox example, 
L.S. Leybenzon** or A.I. Lur'ye).*** 


SECTION 3. CURVILINE4R ANISOTROPY. GENERALIZED 
HOOKE'S LAW, ***# , #44 


Let us assume that the discussed uniform elastic body is cuz vi' nearly aniso- 
tropic (that is, from the standpoint of elastic properties the equ's:.ent direc- 
tions are not the parallel directions through various points of thc ‘ody but 
directions which conform to other rules). In choosing a system of curvilinear 
coordinates so that at each point the elastically equivalent directions coincide 
with coordinate directions, we note that infinitely small elements defined at 
different points of the body by three pairs of coordinate surfaces, being anti- 
sotropic, possess identical elastic properties. 


We shall assume that the discussed solid elastic body undergoes sma!il 
deformations and obeys the generalized Hooke's Law. In the general case of 
a uniform curvilinearly anisotropic body the generalized Hooke's JLaw in the 
discussed system of ‘riorthogonal coordinates @, 8 and y has the following 
form: 


*V.Z. Vlasov, Obshchaya teoriya obolochek, Gostekhizdat, 1949, pp. 181- 
182, 
**L.S. Leybenzon, Kurs teorii unrugosti (Course in the theory of elas- 
ticity), Gostekhizdat, 1947, pp. 125, 138. 
***A.I. Lur'ye, Prostranstvennyye zadachi teorii uprugosti (Spatial prob- 
lems in the theory of elasticity), Gostekhizdata 1955, pp. 29-49. 
****S.G. Lekhnitskiy, Teoriya uprugosti anizotropnogo tela (Theory of 
elasticity of an anisotropic body), Gostekhizdat, 1950, pp. 15-33. 
*****S_G. Lekhnitskiy, Anizotropnyye plastinki (Anisotropic plates), Gos- 
tekhizdat, 1957, pp. 15-23. 


Bg = By Fq FG y9%y B49, + sagt, 2 ysTay + A y6%09: 
0g = Ayqg Ayn t . .  - e 1 ee HP Oagt as: (3.1) 


es 8 © © we ee 


were Bik are the elastic constants (coefficients cf deformation); there is a total 


of 21 independent elastic constants; in terms of engineering constants, they are 
as follows: 















































a T : 
Vea Vag Mi Yer 
i 82 — FE meena 7: Ca Eg Ey 
‘ey ‘ya 
eae E, aay oe 
1 I ] 
ll. a,,= >, =p dg=s—. 
we Gg Gay Gas 
_ Bante  Pyaay _ Pasar Pate ea 
eS Gg = age: = ee a 
pe Mia, a 2 3y. 78 
o- GG 
6Y a 
Vv Tipta Na. 34 = N28 3, ya Tag 1 hep 
re 7 7 a a a co 
Tay, 19, 37 Nay] Ny, ya a Tea3a Tia eB, 
MS egg et aa a i 
May yy _ aa Naya _ Neg p 113,03 
Oe SE age NES Be Gh ORT Ee 


where E£,,£,, and£, are Young's moduli in directions a, B and y, respectively; 


G,,. G,,, G,are the shear moduli for tne planes parallel at each point to the 


ey" 
coordinate surfaces a-=const, (}=const, ANd y= COMSt; Vag. Voge Vays Vag» Vays Yye ATE 


Poisson's ratios characterizing the transverse compression in the presence 

of tenaion in the directioi of the coordinate axes (the firsi subscript indicates 
the direction of transverse compression and the second subscript indicates 

the direction of the force); Hy.,97. Has,ay ++ ++ Psy.ap are Chentsov coefficients char- 


acterizing the shear in planes tangent to the coordinate suxfaces and caused by 
shearing stresses acting in planes tangent to the other cvordinate surfaces. 
For example, 1,,,,, characterizes the shear in a plane tangent to the coordin- 
ate surface 8 = const, and caused by stress ,,. Nyy0 Nyce -- + Tay are the co- 


efficients of interaction of the first kindand 1,,;,. %ig.g,. ---» %iy,.,aTe the coefficients 


of interaction of the second kind. The first of these coefficients characterize the 
shear in planes tangent to the coordinate surfaces and caused by normal 
stresses; the second coefficients characterize elongation in the directions of 
the coordinates and caused by shearing stresses. The coefficients of elasticity 
aj, given above are grouped according to the classification proposed by 


P. Bekhterev* (the Roman numerals indicate the group numbers). 


For the elastic potential referred to a unit volume of the body, we have 


V= 2 043% +95 (p95 + 4524 HOt yy + isthe + Ay6%es) + 
ae z On993 +4, (953, + Ggqt a7 + Gast, + Brgteg) + 
ce z gd +8, (Bait yy + Ogst ya + 36g) + 
+ z Outi + Ty (Gastye t Oggtes) 1 
+5 Ostia + ty Bsgtey + 


+- z Begtas. (3.2) 
On the basis of (3.1) V may also be represented in bilinear forrn 
V= 5 (3,0, + Ig@g + 9,6, + ty 1095 4- Tale + Tastes) (3.3) 


The potential energy of deformation for the entire body is determined by inte- 
gration of V over the entire volume of the body. 


V= ff f VH\HyH, da db dy. (3.4) 


If there exists any symmetry in the internal structure of the material 
of an anisotropic body, then in its elastic properties there is detected a cer- 
tain elastic symmetry, that is, there exist symmetrical directions relative to 
which the elastic properties of the material are identical; in this case the 
symmetrical directions are known as equivalent directions. 


When an anisotropic body possesses elastic symmetry the equations 
ot Heoke's Law in general form are simplified. Let us discuss a few of the 
more important cases of elastic symraetry. 


1. Plane of Elastic Symmetry. Assume that at each point of the body 
there is a plane possessing the property that any two directions which are 
symmetrical relative to this plane are equivalcnt with respect to their elastic 





*P, Bekhterev, Analiticheskoye issledovaniye obobshchennogo zakona Guka 
(Analytical investigation of generalized Hooke's Law), Author's lithograph, 
Leningrad, 1925. 


properties. Assuming that coordinate y at each point of a curvilincarly 
anisotropic body is perpendicular to the plane of elastic symmetry (that is, 
the plane of elastic symmetry at each point is parallel to the coordinate 
surface ;=corst), we obtain the following equations for the generalized Hooke's 
Law: 
Oy = 29, + 4234 + 4433, oe Qi G7655 
€3 = By95q + 9934 + 939, + Ang7 493 
Cy = 8139, 1 29993 + 4339, + Cag 02: 
237 = Aggt yy + Gastayi 
Cra = M5T 51 + Asst, 13 
Cay = By g3_ + Og 34 + Byg9, + BegTa3- 


| 

| (3.5 
| . 
J 


In this ense the number of independent elastic constants a; is reduced to 13. 


Equations (3.5) may also be represented in the following form: 








-_ 1 1 V3 Yu, 12 | 
COS Bye ey Eg lo Gia ee 
Yar 1 23 fa, 12 
= E rE a, “Ee 1 “G Ta3 
31 ‘3a i "3,12 
Cpr ee ee ge Fa eG. Te (2. 6) 
seth ye, cael 
Cay Gy tb Gy OT 


Here and henceforth the literal subscripts of the engineering constants 
are replaced by numeral subscripts; a@ is replaced by 1, § by 2 and y by 3. 


Directions perpendicular to the plane of elastic symmetry are known 
as the principal dire: tions of elasticity. In the discussed case of elastic 
symmetry one principal direction passes through each point of the body. 


2. Three Planes of Elastic Syiumetry. Through each point of the body 
let there pass three mutually perpendicular planes of elastic symmetry. 
Assuming that at each point of a curvilinear anisotropic body these planes are 
perpendicular to the corresponding orthogonal coordinate directions «a, 3. 7 
(that is, all three planes of elastic symmetry at each point of the body are 
para!lel to the coordinate surfaces a= const. { —const, and 7 = const), we ob- 
tain the following equations for the generalized Hooke's Law: 
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Ca = yy %q HO 995 Oy 94; gy = Maggy 
Cy = Oy33g +097, +0, 41;  Cyg = Aget ye; (3.7) 
€ = Oy39_ + G47; -+ G333,; 3 = Cggtay- 
In this case the number of independent elastic constants a; is nine 
Equatio..s (3.7) may also be fresented in the following form: 
ae. “1 Ms ee 
a—-E a P Ey a e = Ges 31 } 
¥ 1 y 1 . 
C= Ub Ee 5 Fo a eae Pima | (3. 8) 
“3 32 1 ‘ = tly. 
*=— FE Pe ate ’ = Ta Taye } 


Here, in virtue of the symmetry of equations (3.7), we. have the relations 
Egy SHE Egyyg = Eyry3, E35 = Egy. (3.9) 


A body in which at each point there are three mutually perpendicular 
pianes of elastic symmetry is known as an orthogonally auisotropic or ortho- 
tropic body. 


3. Piane of Isotropy. Through each point of a body let there pass a plane 
in which all directions are elastically equivalent. Assuming that in a curvilin- 
early anisotropic body coordinate y is at each point perpendicular to the plane 
of isotropy (that is, the plane of isotropy is at each point parallel to the co- 
ordinate surface 7= const), we obtain the following equations for Hooke's Law 
in general form: 


Og = Ay Fy 4-493, F498, Cy, = Ayghayi 


3 = Oy93, + Oyy9g + 0439); Cg = Aarts (3. 10) 


in this case the number of independent elastic consta:. ¢ Aik is five. 


Equations (3.10) may also be given in the following form: 


! v" ee 
=F (9, — 93) — ue Cay = “Gr tat ! 
1 1 ; 
= = (s; —v9,) — 9; 7 eed a Te? (3. 11) 


_2+y 


i 1 
Se ata ey = EO te 
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Here E is Young's modulus for directions in the plane of isotropy; E' is Young's 
modulus for directions perpendicular to the plane of isotropy; v is the Poisson's 
ratio characterizing contraction in the plane of isotropy in the presence of 
tension in this same plane; v' is the Poisson's ratio characterizing contrac- 
tion in the plane of isotropy in the presence of tension in the direction per- 
pendicular to this plane; G' is the shear modulus for planes normal to the 


; 2 ao 
plane of isotropy; @= Bid is the shear modulus for planes parallel to the 
plane of isotropy. 


A body possess‘ng the mentioned elastic properties is known as a trans- 
versely isotropic body. 


In the discussed case of elastic symmetry the direction perpendicular 
to the plane of isotropy and all directions in this plane are principal directions. 


4. Complete Symmetry — Isotropic Body. Here all directions are 
equivalent and any plane at any point of the body is a plane of elastic symmetry. 


In this case the equations for the generalized Hooke's Law have the form 


Ti (3. 12) 


Here E is Young's modulus; v in ihe Poisson's ratio; J=—5 is the shear 





modulus. The number of indeperdent elastic constants is two. 
From (3.2) it is easy to derive the expreesions for potential energy Vv 


in eny special case of anisotropy. In view of their elementary nature we 
shall not present these constructions here. 


SECTION 4. TRANSFORMATION OF ELASTIC CONSTANTS ‘VITH 
ROTATION OF THE COORDINATE SYSTEM*, ** 
In the theory of elasticity of an anisotropic body we encounter problems 
in which the solutions require the values of elastic constants for a certain 
*S.G. Lekhnitskiy, see pp. 33-48 of work cited in footnote **** of p. 


**S.G. Lekhnitskly, see pp. 44-48 of work cited in footnote ***** of p. 
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system of coordinates a', B' and y' when the elastic constants: for another 
system of coordinates a,8 and y are known. 


Let us discuss the generalized plane stress of an anisotropic plate. 
At each point of the material of the plate let there be only one plane of elastic 
symmetry parallel to the median plane of the plate, which coincides with the 
combined coordinate planes a3 and 2’§’. Let the coordinate system (c. §. 7) 
and (2’, 3’, 7’) be obtained one from the other by rotation through a certain 
angle » around the common axis y. 


Proceeding in the known manner, * we obtain the following transforma- 
tion formulas of the elastic constants: 


G1, = G,, Coste + (2a). + Ggg) sin? p cos? y 4+- 


(4.1) 
+ ay sint 9 + (2, cos? p + agg sin? g) sin 29, 
= 4, Sint + (a4. + agg) sin? g cos? @ + 
‘ ‘ : (4.2) 
+ Gq, Cos p —— (a;¢ sin?» +- dog cos? g) sin 20, 
G1, = (2), + Gy —- 204) — agg) sn yc e+ 
+ay+5 (45g — @,¢) sin 2p cos 2%, (4. 3) 
Gi, = 4 (2); + Gy — 2045 — age) sit gees e+ 
+ G6 + 2 (Gog — 2,6) sin 2g cos 29, (4.4) 
a= [an sin?» — a,, cas?” +- 
+ x (2419 + agg) cos 29 sin 29 + a,,¢cns? » (cos? » — 3 sin? ¢) + 4.5) 
+ dg, sin? 9 (3 cos? p — sin? =), (4. 
a), = [a cos’ 7 — ay, sin?s — = 5 (204, -L Gee) cos 29| sin 29 + 
+ ay sin? 9 (3 cos? 9 — aa 9) + dogg 208? p (cos? 9 — 3 sin? +). (4. 6) 
Let us give the following invariant relations: 
ai, t+a@,+ 20,=4,,+4,+ 2a,,, 
Qi, — 4a,. = a,, — 4a,,. (4.7) 


In the special case where we have an orthotropic plate for which the principal 
directions of elasticity coincide with the directions of coordinate lines a, B, 
and for them the principal elastic constants ure known, from (4.1)-(4.6) by 
virtue of (3.8), we obtain for the elastic constants a" ik 


ste , f} 2y, sin* 
= 5 3 +(¢- E, =i) sin? pcos? + Fe ==. (4. 8) 
cos! 2 


ai, = “EL 4(Z- 2 ) sin? g cos? p + 5% (4. 9) 
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poine tt lI+4 Is-y 1 ind Qu, 
a= 4 (“Et + tg) intee— e (4.10) 
{+ % 1+ ‘vg 1 9 aa 
a, = (g++ pe — G) sit ete, (4.11) 
1 fy fomty cos?» 
Aw [2( a Ey es 
+ () _ x) (cos? z — sin” ay sin Cos 2, (4.12) 
1 
' rf enstg singo\ 
O20 : ‘ony EL 
_ (¢ _— =) (cos? ¢ — sin? “| sin 2 cos 9. (4.13) 


From (4.7) we find the corresponding invariant expressions for an or- 
thotropic material 





a ee (4. 14) 


In formulas (4. 3)-(4. 14) the following new notation is introduced: 
Vig = ¥qr YQ, =e (Ey¥g = Fgh), Gyy == G. (4.15) 


The notation given in (4.15) will also be used subsequently. 


SECTION 5. ELASTIC CONSTANTS FOR CERTAIN ANISOTROPIC 
MATERIALS 


Of the various types of anisotropic bodies we shall discuss only non- 
crystalline anisotropic materials, which are widely used in modern engineering 
for shells. These materials include, for example, natural wood, concrete, 
rolled sheet metal, paper, delta wood and plywood, fabrics, and others. In 
the first approximation we shall assume that the discussed materials are homo- 
geneous, orthotropic and subjected to a generalized piane stress. We shall 
assume that the principal plane xOy is the center plane of an elementary plate 
cut from the discussed anisotropic material. 


1. Natural Wood. Due to the presence of annual layers, natural wood 
is regarded as an anisotropic body. Disregarding nonuniformity and curva- 
ture of the layers in natural wood, it is easy to detect three planes of elastic 
symmetry: one of them (yOz) is normal to the grain of the wood, the second 
(xOy) is parallel to the plane of the annual layers and the third (xOy) is ortho- 
gonal to the first two (Figure 5). 
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Figure 5 


By way of example let us present the numerical values of the elastic 
constants for pine:* 


E, a e.= 1- 105 kgic.w?; E,=E, — 0,042 . 105 kg 'ca?: | (5. 1) 


Vyy = %y = 0,01; Gyy = Gy = 0,075 - 105 kg ‘em?. 


A detailed discussion of the physical characteristics of wood may be found in 
the work by A.N. Mitinskiy.** 


2. Delta Wood. Delta wood is a laminated wood material obtained by 
hot pressing of a wood stack consisting of 2 large number of layers (plies) 
impregnated with resin. At intervals of every ten plies with longitudinally 
directed grain one layer with transversely directed gain is inserted; delta 
wocd is essentially laminar and anisotropic. However, to the first approxi- 
mation we shall assume that delta wood is a homogeneous orthotropic ma- 
terial. Assuming that the x axis coincides with the direction of the prevailing 
grain (Figure 6), for the averaged elastic constants of delta wood we have the 
following numerical values:*** 


E,=-3,05- 10°kg/cm?; E, = 0,467 - 10° kg/em?; 


Yo = 0,02; Gy, = 0,22 ‘ 10° kg/cm. (5.2) 


*A.L. Rabinovich, Concerning elastic constants and strength of anisotropic 
materials, Trudy TsAGI, No. 582, 1946. 
**A J, Mitinskiy, Elastic constants of wood as an orthotropic material, 
Trudy Lesotekhnicheskoy akademii im. S.M. Kirova, No. 63, 1948. 
***A U. Rabinovich, see footnote * on this page. 


16 





3. Plywood. Let us discuss birch plywood made of an odd number of 
layers (plies) bound by bakelite film. The plies are symmetricaily arranged 
relative to the center ply and the directions of the grain of two adjacent 
layers are mutually perpendicular (Figure 7). A sheet of plywood is laminar 
and anisotropic. However, in the first approximation we may assume that 
in the case of plywood we also have a homogeneous orthotropic material. 


For the averaged elastic constants of three-layer plywood with thick- 
nesses of 1.0, 1.5, 2.0, 2.5, 3.0, 4.0 and 5.0 mm we have the following 
numerical values:* 


— . 108 ko cu: = . 108 2. 
E,=1,2-10kg'cw?; E,=0,6- 10°kg/cu?, | (5.3) 


vy == 0,036; Gy. = 0,07 - 10°kg/cm?. 


Here it is assumed that the x and y axes are parallel and perpendicular, re- 
spectively, to the grains of the outer layers of the plywood sheet. 


Shells made of delta wood or of plywood will be dealt with in subsequent 
discussion as laminated structures of orthotropic layers of wood (plies). 


4. Concrete. By virtue of the technological characteristics in manu- 
facture and placement of concrete this material acquires the properties of 


*Spravochnik aviakonstruktora, t. II, Prochnost' samoleta (Aircraft 
designers handbook, Vol. IU, Aircraft strength), Izd. TsAGI, 1939, p. 
325. 


17 


anisotropy. We present the numerical values of the niodulus of elasticity of 
anisotropic (orthotropic) lightweight concrete:* 


E, = 1,08 - 10 kgjem?, E,= 0,81 - 105 Itg/ew?. (5. 4) 


5. Paper. The technological aspects of paper manufacture are such 
that paper generally possesses the properties of anisotropy. 


The numerical values of the elastic constants of semi-Whatman paper** 
(produced by the Goznak plant) having a density of 160 g/m? are: 


E,= 30,1 - 10° kg /cm?; E, = 22,6 . 10° kg/cm; | (5. 5) 


vp = 0,23; Oy, = 9,96 + 103 kg /en?. 


|2 








*K.S. Karapetyan, Influence of anisotropy on creep of concrete, Izves- 
tiya AN ArmSSR, FM nauki, Vol. X, No. 6, 1957. 
**V.M. Chebanov, Investigation of stability of thin-walled shells by 
means of paper models, Inzhenernyy shornik, Vol. XXII, 19355. 
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CHAPTER II 


FUNDAMENTAL EQUATIONS OF THE THFORY OF SHELLS CONSISTING 
OF AN ARBITRARY NUMBER OF ANISOTROPIC LAYERS 


SECTION 1. BASIC CONCEPTS, INITIAL RELATIONSHIPS AND 
HY POTHESES 


Let us examine a multi-layer thin shell of uniform thickness h consist- 
ing of an arbitrary number of homogeneous anisotropic layers of uniform 
thickness t; (Figure 8). 





It is assumed that at each point of each layer of the shell there is only 
one plane of axial symmetry parallel to the coordinate surface of the shell;* 
the coordinate surface is parallel to the outer surfaces of the shell and lies 


*Here and henceforth we shall assume that the term ''coordinate surface 
of the shell" refers to the surface y = 0. 
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within any i-th layer. In special cases, the coordinate surface of the shell 
may also be any of the surfaces of contact of the layers or any of the boundary 
surfaces of the shell*,**,***,****. 


The a and B be curvilinear orthogonal coordinaices coinciding wiih the 
lines of principal curvature of the coordinate surface of the shell while y, be- 
iug normal to the coordinate lines 2 = const, and & =: const, is rectilinear and rep- 
resents the distance along the normal from point (z, 3) of the coordinate 
surface to point (a. 4. y) of the shell (Figure 9). We assume that all iayers of 
the shell remain elastic in the presence of deformation, that is, they obey the 
generalized Hooke's Law (1.3.5) and function simultaneously without slip. 


In the chosen triorthogonal syster. of coordinates for the Lame coef- 
ficients (1.1.5) we will have***** 


H,=A(1+k,y) H,=B(l +7), 
Hy =1, (1.1) 





Figure 9 


where A= A(z, 6) and B == B(a, 8) are coefficients of the first quadratic form of 
the coordinate surface, k, = k,(2, 3), &) =k,(2. §)— are the principal curvatures 


of the coordinate surface of the shell at lines 3 -= const, and 2 = const. respectively. 








*D. Yu. Panov, Heat resistance of bimetallic shells (toward a theory of 
a heat switch). PMM, Vol. XI, No. 6, 1947. 

**5.A. Ambartsumyan, Anisotropic laminar shells (problems of strength). 
Dissertation, 1951. 

***S.A. Armbartsumyan, Concerning design calculations for laminar 
anisotropic shells. Izvestiya AN Arm SSR (FMYeiT nauki), Vol. VI, No. 3, 1953. 
****E I. Grigolyuk, Thin bimetallic shells and plates. Inzhenernyy sboraikx, 

Vol. XVII, 1953. 
*****V.Z. Vlasov, Obshchaya teoriya obolocaek, Gostekhizdat, 1949, pp. 
212-214, 
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Inserting the values of Hj from (1.1) into (1 4.3) and assuming ;=0. 


we obtain the well-known Gauss-Codazzi relationships for the coordinate sur- 
face of a shell 


0/1 0B 1 0A\ __ 
x(a %) tala oa) = ike: | ie) 
. 0B : 
Fy (Ay) = he § 2 (Bk) = &, 28 | 
In virtue of relationships (1.2) we also have 
10H, 108 10H, _10A 
Fi, da Ada’ Hy 8 = Ba’ me) 


Which will be used in subsequent discussion. 


For the defermation components of the i-th layer of the shell of (1.2.2) 
ard (1.2.3) we obtain (for the sake of simplicity we have omitted the i subscript3 
of Hy and Ho) 


1 du; 1 0H 1 0H 
! a Ly 1b. (1.4) 
s= Fda + AH, o8 uaa oy ot 
, 1 ous 1 0H, , 10M, , 


O= Hat hh a “tH a oF m2) 
i out 
=F) (1. 6) 
i Hafli g/l oa, 3 
o= Fan (mm) + mae (HM)! oe) 
‘ ofl ee la ', 
eb; = Ha 5 (4 43) + a 5 ti (1.8) 
0/1 1a 
es, =H, ay (48) +a (1.9) 


The equilibrium equationa in (1.2.4) are also simplified, which in the 
chosen system of coordinates for the 8-th layer of the sheil have tke following 
form: 


oH, 
SMe 4S st + 


+ HF 5 (HIH,s!) + HHP! = 0; (1.10) 
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Fy (Hse) — 24 Sp! + 75, (PH) + 
HS (HH) + AH,PL = 05 (1. 11) 
2 HA Hys!) — fH, So — ol, ae 
+ 5 (Hath) + gy (Hitt) + HH,Pl = 0. (1. 12) 


The initia) equations of the generalized Hooke's Law (1.3.5) for the 
i-th layer are written as follows: 


i — gi ai bgt t ai ial. 
en = Gh,9, + 4.0, + 91) + 446733 

Pas at gig plod i al ini. 
£4 = 809) + hy, + a5,0, + a 

t 

Y 


e! = alo! + af.s! + alo! + att; 
13 i 2393 + By % a3 (1. 13) 


we 


1 i. qt et igi. 
Cra = O45 55 I asst ay? 


{ pt at . t gt t al : gl 
Cos = Ai gt, + 24,9 + a2) + Git: 


The basic premisé for construction of a theory of thin anisotropic lam- 
inar shells is the well-kiown hypothesis of nondeformable nurmals. It is formu- 
lated as follows: after deformation a rectilinear element normal to the coordin- 
ate surface uf a shell remains rectilinear, normal to the deformed coordinate 
surface of the sheil and preserves its length. Usually this geometric assumption 


is suppiemented by the static assumption that the normal stresses >, at areas 


parallel to the coordinate surface of a thin shell may be disregarded in compari- 
son with other stressen. 


As is known, the classical formulation adopted here for the hypothesis 
of nondeformable normals is not, strictly speaking, a fortunate choice and re- 
quires refinement*,**, the more so since we are discussing anisotropic 
laminar shells. *** 


In applying the hypothesis of nondeformable normals we introduce into 
the theory of shells a certain unavoidable error which, as investigations 


*A.L. Gol'deaveyzer, Teoriya uprugikh tonkikh cbolochek, Gostekhizdat, 
1953, pp. 64-66. 
**V.V. Novochilov, Teoriya tonkikh obolochek, Sudpromgiz, 1951. p. 33. 
***S.A. Ambartsumyan, Toward calculation of two-layer orthotropic shells, 
Izvestiya OTN, AN SSSR, Ne. 7, 1957. 
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reveal* ,**,***, will be of the order of A/RX,, however, there are cases in 


which this error is considerably greater. **** In the present work we shall 
assume that the error introduced into the theory of shells by the tvpothesis 
of nondeformable normals is at least as great as h’R,. 


Finally, witn the usual engineering assumption of a relative errcr of 
3%, those shells will be considered thin in which***** max (Ak ;) < 6 and at the 
same time max (//a) < e,where a is the minimum linear dimension of the sheil 


at the coordinate surface and € is a small quantity (for example, for an 
isotropic shell ~ 0.1), which will be established subsequently. The second 
condition (borrowed from the theory of plates) is a necessary condition, since 
if a thi1. sheli is defined only frcm the point of view >of the ratio of the thick- 
ness of the shell to the minimum radius of curvature of the coorcinate surface 
(the first condition), from the point of view of the theory cf viates (second 
condition) it may be thick and the adopted basic assumption becomes un- 
acceptable. 


The definition of a thin shell as given here is somewhat conditional 
in nature, since if the thickness of the shell is regarded from the stand- 
point of the possibility of applying the hypothesis of nondeformable normals, 
the geometric definition given here for a thin shell will, in the case of aniso- 
tropic laminar shells, require substantial modification. 


We shall return to the problem of formulation of the hypothesis of 
nondeformable normals and, accordingly, to the definition of a thin anisotropic 
shell (particularly in the last chapizr). 


SECTION 2. DISPLACEMENTS AND DEFORMATIONS 


The geometric hypothesis of nondeformable normals, given for the 
entire stack of the shell as a whole, relieves us to the necessity of investigat- 
ing the displecements and deformations of each layer individually. 


*B.G. Galerkin, Equilibrium of u spherical elastic shell, PMM, Vol 
VI, No. 6, 1942. 
**A.I. Lur'ye, Equilibrium of a symmetrically loaded, spherical, 
elastic shell, PMM, Vol. VII, No. 6, 1943. 
***V.V. Novozhilov, R.M. Finkel'shteyn, concerning error in the 
Ki->khoff's hypothesis in the tneory of shells, PMM, Vol. VI, No. 5, 1943. 
***#A,L. Gol'denveyzer, see p. 66 and 236 of the work cited in reference 
1 above. 
*4#*#*V,/V. Novozhilov, see p. 6 of the work cited in reference 2 above. 
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Having the deformations of elongation and shear as well as the par- 
ameters characterizing the change in curvature and torsicn of the coordinate 
surface of the shell, we may determine the deformations and displacements of 
any layer of the shell by elementary means. Moreover, as is easily shown, 
all the characteristics of deformation and displacement of each layer are ob- 
tained from the deformations and displacements of a certain homogeneous 
shell. Using the fundamental hypothesis, we may consider* that of the six 
relationships in (1.3.5) the third, fourth and fifth may be replaced by the 
following approxiiaate equalities: 


e,=0, €3, = 0, ey = 0 (2.1) 
or, for an individual layer of the shell 
e=0, ef = 9, 0 (2.2) 


which are formally equivalent to the assumption that the deformation of the 
shell as a whoie occurs without shear deformations e:,, and ¢., in the planes 


of normal sections and without elongation e, in the direction of the thickness 
of the shell. 
In virtue of (2.1) and (2.2), from (1.6) we have 


du! : 
z= , ui wha, B)= w(a, 2), (2. 3) 


that is, normal displacement u‘ of any point of any layer of the shell does not 


depend on coordinate y. Normal displacement of all points of a given normal 
element have constant value and are equal to the normal displacement w = w.z. 8) 
of that point of the coordinate surface of the shell, which point is formed upon 
intersection of the given normal with the coordinate surface of the shell. 


On the basis of (2.1) and (2.2), from (1.7) and (1.8), after the known 
transformations**, for tangential displacements of the 8-th layer of the sheil 
we obtain 


ui = (1 kyu 1; (2.4) 


w= tbo ZS, (2.5) 


*A.L. Gol'denveyzer, see footnote * onp. 21. 
**V.Z. Viasov, see pp. 218-220 of work cited in footnote ***** on p. 19. 
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where u=u(a, $8), v=v(a, 6) are the tangential displacements of the corre- 
sponding point of the coordinate surface of the envelope, that is, the displace- 
ments of this point are inthe directions of the positive tangents to the lines 

of curvature of the coordinate surface f=const, and a= const. respectively. 
Thus, formulas (2.5)-(2.5) establish the geometric model of the deformed 
state of the shell. 


On the basis of (2.3)-(2.5) deformations ¢(. e; and e{, may be repre- 
sented in the form of power series of variable y, wherein, in virtue of the 


fundamental hypothesis, we may limit ourselves tc the first two terms of the 
expansions, namely, 


ee, + 7%,; (2. 6) 
eh =e) + 709) (2.7) 
oa = w + Jt. (2. 8) 


Inserting the values of u‘, uj and uw! respectively, from (2.4), (2.5) 
and (2.3) into expressions (1.4), (1.5), (1.6) and equating the results to (2.6), 
(2.7) and (2.8), respectively, for the coefficients of expansions (2.6)-(2. 8) 
we obtain 


a= age t Abo UT Am i 

ve at ape t ew: (2. 10) 

0=5 a (a)taals)! G2) 

n= — 42 (4 2 )— ae et et ee (2.12) 

EAGER EER aay 
ca eS ee 43088 

+i — [5 S(F)-Zals)} (2.14) 


which are the same as the corresponding coefficients of the expansions derived 
in the case of a homogeneous isotropic shell. * 


*V.Z. Vlasov, see p. 221 of the work cited in footnote ***** on p. 19. 
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The expansion coefficients e,. ¢,. ». which are known as the components 


of tangential deformation, represent the relative deformations of elongation and 
shear of the coordinate surface of a shell. The expansion coefficients x,, x,, and 


which are known as the changes in curvature of the coordinate surface of the 
shell, represent the varia’’ 1 in deformations ¢,, e,. e¢,, over the thickness of 


the shell (linearly). x, and «, describe the bending deformation, 7 the torsional 


deformation. 


Instead of expressions (2.12)-(2.14), most authors use the following 
relatiouships for changes in curvature: 


aE ne) AT) @.18 
=~—Bp ala a —%)— aBge (a oe — 4): (2.16) 

=— a5 (jro)— ao de BOs OF) + 
+ 2hy (555 — ap gp 4) + 2h (5 So — ap oe”) (2.17) 


which, strictly speaking, cannot be identified with changes in curvature of the 
coordinate surface of the shell, since in deriving relationships (2. 15)-(2.17) 

it is assumed that the tangential deformations of the central surface do not 
correspondingly affect the changes in curvature of the coordinate surface of the 


shell. 


Analyzing the above derived variants of (2.12)-(2.14) and (2. 15)-(2.17), 
for evaluation of the change in curvatures it is not difficult to see* that they 
differ only within the limits of accuracy of the initiai assumptions of the theory 
of thin-walled shells. For the purpose of simplification of calculations in each 
special case in the present work we shall use either the first or second variant 
uf the relationships for the change in curvature. 


SECTION 3. EQUATIONS OF CONTINUITY OF DEFORMATIONS 
OF THE COORDINATE SURFACE 
Among the six parameterse,, e,, , *,, %, t,;which characterize deforma- 


tion of the cnordinate surface of a shell there are three differential relation- 
ships which are valid for any values of displacements u, v and w. 


*V.V. Novozhilov, see p. 27 of work cited in footnote ** on p. 21. 
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Eliminating displacements 4, v, w. from equations (2.9)~-(2.11) and 
(2.15)-(2.17) and using the Gauss-Codazzi equations (1.2), we obtain* ,**,*** 
three differential relationships in terms of the six components of deforma- 
tion of the coordinate surface of the shell: 


> , OB Adt OA aA 
Boy + aq (2 9 3a oa a egg 
Om , OA de 0B 
+ kl Ast 5pe— 832 — ie (e,—&)] =0; (3.1) 
) Ba: 6B )B 
AB+e Gi 5 ge OE 
On 0B 0 0 
+ hy[ B52 +576 Se ie (1 e)]=0 (3.2) 
1 0 1 dr ob, 
ten thet 61 de TL? Get Ge 
A dm @A 017, 08, 
—Fa— elt gale t 
a4 B du 0B B 
+Fa—a— 7 %—Ge|}=0. (3. 3) 
The functions ¢«, ... +, s: -isfying these equations characterize that de- 


formed state of the shell in which the coordinate surface remains continuous, 
without undergoing rupture. For this reason (3.1)-(3.3) are known as the con- 
ditions of nondiscontinuity of the coordinate surface. 


These conditions for a shell of arbitrary shape were first derived 
by A. L. Gol'denveyzer. **** 


SECTION 4. STRESSES IN LAYERS 


Using the fundamental hypothesis and disregarding stresses a »we ob- 
tain from the generalized Hooke's Law (1.13) 


i> tol 
ef = ai ,9) + ai,94 + alee! ° \ 
—_ 1 al 
a anes + ay 2% + al x! ta (4. 1) 
B53, + O59 + Siete: 


*V.Z. Vlasov, see pp. 287-292 of work cited in footnote ***** on p. 19. 
**V.V. Novozhilov, see pp. 28-29 of work cited in footnote ** on p. 21. 
***A,L. Gol'denveyzer, see pp. 5-59 of work cited in footnote * on p. 21. 
**** ALL. Gol'denveyzer, Additions and corrections to Love's theory of 
thin shells, Sb. Plastinki i obolochki (Symposium on plates and shells), Gos- 
stroyizdat, 1939. 
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Solving these 2quations for the components of the stress tensor and 
considering (2. 6)-(2.8), we obtain* 


06 = Biyey + Biger + Bigw + 7 (Bhim: + Bioxe + Biot); (4. 2) 
0g = Baty + Bigs + Bygw + 7 (Broa, + Bion; + Bigt); (4. 3) 
Tip = Bices + Boeer-+ Stow + 4 (Bhors + Bioxn + Ater). (4.4) 


where for coefficients Bix we have 


2; : Pay ay : (4.5) 
it tat ta ijy2 
Bl, = 81 680g —— 9328 66 a= 8345 — [a9] . 
Sj. 6 = > 
tat it i i 
B= 917496 — 222916 , Bi. — Bi2Big — 91126 : 
16 = ee , 26 = ~~ fF 
to iy 0 toa i) ipip 
Q; — (aje% — [ai2]”) 66 + 2aizaica2s — an [a%6]” — ar [aicl”. (4.6) 


Having the values of stresseso!, oj, and +/,,the remaining three com- 
ponents of the stress tensor are easily determined from the equilibrium equa- 


tions (1.10)-(1.12). Restricting ourselves to the general form, for the men- 
tioned stresses we obtain 





somata Smid m te 
+3 4 aa dy +9, (a. 8) \ (4.7) 

%=— a {J [3 S (Hsp) — Ay on on + 
7s 2 (Hi ites) | Jer +9, (a, NE (4. 8) 


taal Incense 
= 5: ( sgh) 2 (tobe +10, p}. 
Here 9,(a, 8), $,(a, B) and x(a. 8) are functions resulting from integraticn for 


(4.9) 


y. They may be determined from the conditions at the contact surfaces of 


*S.G. Lekhnitskiy, Anizotropnyye plastinki, Gostekhizdat, 1957, pp. 
243-244. 
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adjacent layers and at the external surfaces of the shell *,**. 


SECTION 5. CONDITIONS OF CONTACT OF ADJACENT LAYERS 
Previously, in formulating the basic concepts, it was stated tnat the 
layers of the shell function concurrently without slippage. In virtue of this 
the stresses and displacements of individual layers at the bonded surface 
must satisfy the following contact conditions (Figures 8 and 19): 


When ; =4, 


gl __ gpl +1 i yl — yitl. (5. 1) 
4a. at, aa, 


=o!) (5. 2) 





Figure 10 


In addition, the stresses of the extreme layers must also satisfy the 
following conditions at the outer surfaces of the shell: 


When y=—A 


a== —Z-, t= —X, 


p= —Y"; (5. 3) 
when 1 = (hk — A) 


*8.G. Lekhnitskiy, Bending of heterogeneous, anisotropic, thin plates 
of symmetrical structure, PMM, Vol. V, No. 1, 1943. 

**S.A. Ambartsumyan, Some fundamental equations in the theovy of a 
laminar, thin shell, DAN ArmSSR, VII, No. 5, 1948. 
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maiz’, eee, ae 
<3, A es y*, (5. 4) 


where X~...., Z° are the corresponding components of the force vectors of 
the surface loads: 1 and (m + n) are the numbers of the outer layers (Figure 
11). 


CSyepeg 4) (Sn .,7 4) v 





Figure 11 


In virtue of the fact that the hypothesis of nondeformable normals was 
given for the entire stack of the shell, the contact conditions of (5.1) are auto- 
matically satisfied. This may be seen from an examination of the initial 
relationships (2.3)-(2.5). 


SECTION 6. INTERNAL FORCES AND MOMENTS 
Section 4 of the present chapter established the laws of change in 
stresses directed along the thickness of the shell; however, as in the 
theory of homogeneous isotropic shells, instead of the stresses it is con- 
venient to introduce their statically equivalent internal forces and moments 
acting on the areas of the principal normal cross-sections of the shell. 


From the conditions of static equivalence for internal tangential 
(7,. Tz, Sy, Sy) and transverse (N,, \,) forces as well as for the bending (M,, ™,) 


and torsional (H,,., H,,) moments referred to a unit length of arc of the cor- 


responding coordinate lines, we have (Figures 8, 11, 12, 13) 
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ma (°5- 4} m+n (®s~4) 
1=7;) aH, dy ~2=+¥ op, dy; 
S=1 (3,_ 4-4) sat (§,-,-4) (6. 1) 
mee (°;-4) , m+a (3,-4) 
So=qy f tap dy, S.=3y f thlty dy; (6 2) 
gel (3,_)-4) sat (3, ,-4) 
; A, (°s5~4) ’ min (35-4) 
M=ey f tthen m=4Y ff tian (8. 3) 
s=1 (55,74) ont (2-1-4) 
“a n (°s~4) m+n (*5~*) 
M, = >) f ony H, dy M~= Zz op dy; (6. 4) 
s=1 (8,_)-4) gal (¥5_,-4) 
min (“s74) m+n (*s""4) (6.5) 
Ay= B f tap{ He dy, Hy=zy f tay dy. 


Bgn174) maha *) 


Here (m+n) is the number of layers of the shell, m is the number of layers 
below the ccordinate surface of the shell, n is the number of remaining layers. 
(If the coordinate surface of the shell is located within any layer, u is under- 
stood to be the number of layers above the coordinate surface plus one, and if 
the coordinate surface of the shell coincides with any surface of contact, n 

is understood to be the number of layers above the coordinate surface). 





Figure 12 


Tangential forces T,, Ty and S39, So, are, respectively, the normal 


and shear forces. The normal forces are considered positive if they are 
tensile forces. The shear forces are considered positive if, being applied to 
areas with positive external normals, they act in the directions of the cor- 
responding positive tangents to the coordinate lines «== const, f= const. Trans- 
verse forces N, and Ng which, upon being applied to areas wi‘h positive 
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axternal normals, are directec aleig the positive normal to the coordinate 
surtace are assumed to be posi‘ive. The positive directions of internal 
forces are shown in Figure 12. 





Figure 13 


Bending moments M, and Mp are positive if they increase the curva- 


ture of the coordinate surface of a shell of positive Gaussian curvature. The 
torsional moments Hj9 and Ho; are positive if the veciors of these moments, 
when laid off according to the right hand screw rule, have directions opposed 
to the directions of the tangents to coordinate lines B=const,and a=const. 
respectively. The positive directions of the moments are shuwn in Figure 13. 


Replacing the stresses with their statically equivalent stresses, 
henceforth, instead of an axbitrary three-dimensional element si tne shell, 
we may examine the corresponding two-dimensional element of the coordin- 
ate surface of a shell under the action of internal forces and moments. Herein 
the examined element of the coordinate surface of the shell will be considered 
to possess the derived physical-mechanical characteristics of the correspond- 
ing three-dimensional element of the shell. 


SECTION 7. EQUILIBRIUM EQUATIONS 


In Section 1 of the present chapter we presented the equilibrium eyua- 
tions for a volumetric element of the i-th layer of a shell; however, in sub- 
sequent discussion, as in the case of a homogeneous isotropic shell, we 
shall also be interested in the integral. equilibrium conditions of the shell. 


Using four sections normal to the coordinate surface of the sheil we 
distinguish a small curvilinear rectangle whose sicles coizcide with the coordin- 
ate lines a= const, and @ = const. 


The indicated shell element will be acted upon hy internal forces in the 
form of stresses acting on the edges of the shell, external forces in the form 
of volumetric forces applied to each layer of the discussed shell element, and 
surface forces applied to the corresponding external and internal surfaces 
delimiting the discussed shell element. 
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As was stated in the previous section, all the internal forces may be 
reduced to their statically equivalent forces and moments which will be ap- 
plied to the contour lines of the corresponding element of the coordinate 
surface of the shell. in similar fashion, the external turces may also be 
reduced to their statically equivalent forces applied to the surface of the 
corresponding element of the coordinate surtace of the shell. Moreover, 
as usual, we shall disregard moments whicii appear upon achieving the indi- 
cated process of reduction. 


In the case of multi-layer shells, for the given external forces applied 
to the coordinate surface of the sl-ell we have 


wow (Late) (gE ELAN A) 


(82-4 
m+n 

1 ee : (7.1) 
+ap ff Patitedy: 


qe f PAH, Hy dy: (7.2) 


1 
+ AB J P}H,H, 47. (7.3) 


Thus, the problem of equilibrium of a small element of the shell has been re- 
duced to the prob!em of equilibrium of the corresponding small element of 
the coorcinate surface of the sheil under the action of internal (6.1)-(6.5} 

and external (7.1)-(7.3) forces a 





Henceforth, without further reference thereto, within the accuracy of 
the fundamental hypothesis in expressions (7.1)-(7.3), we shall disregard 
quantities of the order of b/R; in comparison with unity. 


The equilibrium equations of an anisotropic laminar shell, as is known, 
cannot differ from the corresponding equations for a homogeneous isotropic 
shell. In this connection, without going into a detai.ed derivation, we present 
the final expressions for the equilibrium equations 




















aBT as 
o6T, _ 3B na A Sa-+ ABk,N, = — ABX; | 
ty hy 4 2 28 SABHA = a0 
OPN, , AN 
— (RT, + RoT) jee “ot ar) =e 
@BM, | dAH,. A aB (7.4) 
da aT Ld Hy = MS aah 
aA , abt 
a +- 13 g508 Ay, == <A M, => ABN;: 
ee “a = i Gy 


— 


R, 
The derivation of equations (7.4) may be found in the monograyhs by A. L. 


Gol'denveyzer* and V.V. Novozhilov. ** 


The sixth equilibrium equation 
Sn—Sa +2 = 9 (7.5) 


is an identity. This ie easily seen by inserting into (7.5) the values of Sj, and 


Hj, from (6.2) and (6.5) respectively. 


SEC'TION 8. POTENTIAL ENERGY OF CEFORMATION 


By virtue of the fundamental hypothesis, from (1.3.3) cid (1... 4) we 
obtain for the pctential energy of deformation of a multi-layer shell 


*A.L. Gol'denveyzer, see pp. 33-36 of work cited inefootnote * on 
p. 21. 


**V.V. Novozhilov, see pp. 34-38 of worl cited in footnote ** on p. 21. 
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i 
cc. 


np ie ve: 


sel (75.74) 


+ tigers) (1 + iq) (1 -+ els d2d3. (8.1) 


J 


Inserting the values of stresses from (4.2)-(4.4) and of deformations from 
(2.6)-(2. 8) into (8.1) and integrating with respect to variable y, we obtain 
the following expression for the potential energy of deformation of an aniso- 
tropic laminar shell: 


1 { , ; . “ , 
we 2J / (en FH 2C438,8, 4° Cyt5 + Cg? + 
+ 2C yews, + 2Cygwen] AB da a3 + fo [ikuean + 


HK 1g (8%) $ £9%1) + Kagigty + K egwt + 
4 Kg (8, + way) +l 96 (E97 + w%Q)] AB dad3 + 


+ ; | J [Dux + 2D).%)%) + Dx + Dt" +. 
-$ QD, gta, + 2D gg24y] AB dad, (8.2) 


where coefficients Cike Kx and Dix have the following form: 


Mts 


Cae pa By, (3, — 8.4); (8.3) 
a 
7 3? 5) * > 
K in D) Ni Bie [(&: Rez 2A (6, -— G, I: (8. 4\ 
na 
dD, ' N ii, (6, = 8, 4) =: 38, = 4,1) 3S Ge 6 (8.5) 


ae | 


In the special case in which the coordinate surface of the shell coin 
cides with the lower -urface of the shell, A becomes zero (Figures 8 and 11), 
in conjunction with which the expressions ror Cie Kix and D. ik are consider- 


ably simplified. Assuming in formulas (8.3)-(8.5) that 4 =0, we obtain* 


min 


Cu = », Bi, (8, —8,_); (8. 6) 


sa) 


*S.A. Ambartsumyan, see footnote *** p. 19. 
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M+n 


1 
Ky Y Bin(8s — 8-1): (8.7) 
s=1 
1 min . z E 
Dr =F5 S) Bj (33 —8-.). (8. 8) 


sal 


In all three components of formula (8.2) both integrals extend over the 
entire ccordinate surface cf the shell. In (&.2) the first cumponent is the 
potential energy of elongation and shear, the third component is the potential 
energy of bending and torsion and, finally, the se ond component is the poten- 
tial energy which the shell acquires due to interacvion of bending, torsion, 
elongation and shear. 


By analogy with the theory uf bending of isotropic shells and anisotropic 
plates for coefficients Cik: Kjk Dix let us introduce the concept of stiffness. 


Let C1, and Coo be the tension and compression stiffnesses along coordinate 
lines 4 = const,and a= const; let Cgg be the st2zr stiffness in the plane tangent 
to the coordinate stiffness, characterizing the influence of elongation along 
the coordinate lines § — const, and a= const on shear in the tangential plane. 
Let D,; and Doo represent the bencing stiffnesses about the axes tangent 

to ihe coordinate lines a= const, andB = const; let Dgg represent tiie torsional 


stiffness; let Djg and Dog represent the secondary stiffnesses of bending and 


torsion characterizing the infiuence of bending about the axes tangent to 
coordinate lines 2—const,and 8 =const.on tursion. Let k,, and K;9 represent 


the stiftnesses of interaction of tension and bending characterizing the inter- 
acticn of tension and bending along lines 3- const, and a=. const; let Keg represent 


the stiffness of interaction of torsion and shear; let K1jg and Kgg represent 


the secondary stiffnesses of interaction characterizing the mutual effect of 
bending on shear and tension on torsion. 


Formula (8.2) did not take into account those components of the poteniial 
energy of deformation which in comparison with the other corzponents were of 
the orderof h/R. 

SEC’M.ON 9. SLASTICITY RELATIONSHIPS 


In the theory cf sheils the equations establishing the reiationship be- 
tween internal stresses and deformations of the coordinate surface of a 
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sheil are known as elasticity relationships. These relationships may L2 
derived by elementary means. Inserting the values of stresses from (4. 2)-(4.4) 
into formulas (6.1)-(6.5) and integrating, thereby retaining only the lowest 
powers of y (the zero and first powers), we obtain the simplest elasticity 
relationships for the general case of a multi-layer anisotropic shell 


Q.1. 

Ty = Cyt, 4-Cygtg t Ce + Ky + Kyo + Kgs ees 
Ty => Canty + Cygty + Canto + Kata + K iat + K ogt (9.2) 

Syq = Cogn +-C gt) + Cope 4- K ggt + K i9ty + Kage: (9. 3) 
Say = Cog + Cygty + Cope + Kegt + K 19h + K age: (9. 4) 
M, = Dyyey + Dygey + Dygt + yy8) + K 222 + K ee: (9.5) 
9.6 

My = Dy%9 + Dyyey + Dagt + K opty TK 9 + Kau; ee 

Hyg = Dog? + Dygey + Dagtg + K gg + K 1681 + Kage a 251) 

Hy, == Degt + Dygey + Dagta + K gg + K 1681 -+ Kage» (9.5) 


where for stiffnesses C ik? Kix and Dix we have the known expressions (8. 3)- 
(8.8). 
Here and in subsequent text tue formulas for determining Ny and N, will 


not be derived, since in the presence of the well-known elasticity relationcnips 
for Mj and jx the transverse forces N, and Np may ke derived from the fourth 


and fifth equilibrium equations of (7.4). 


In examining the elasticity relationships of (9.3), (9.4), (9.7), (9.8) 
and equation (7.5) it is not diff.cult to see that between them there is an inter- 
nal contradiction, namely: the mentioned relationships do not satisfy the 
sixth equilibrium equation, that is, the sixth equation is not an identity.* 


However, we may derive other sufficiently simple elasticity relation- 
ships which do not contain the above-mentioned contradiction. In obtaining 
relationships (9.1)-(9.8) we have everywhere disregarded quantities of 
the order of kjn in comparison with unity. However, if we deviate from strict 


logic and in all formulas in (6.1)-(6.5), with the exception of (6.2), neglect 
quantities of the order of kjh in comparison with unity, while in formulas 


(6.2) we leave quantities of this same order of magnitude, we obtain new 








*A.L. Gol'denveyzer, Appl‘cability of general theorems of elasticity 
theory to thin shelis, PMM, Vol. VII, No. 1, 1944. 
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elasticity relationships which identically satisfy the sixth equilibrium equation 


Ty = Cyyey + Cyt, + Cygw + Kye + K gg + Kye (9.9) 
Ty = Cty + Cyge fe Cog + Kage -+ K yoy + K gti 19,10) 
Sig = Cog + Cygty + Cag a + Kggt + Kigty + K o6te + 
ta (Keen + K yet + Kageg + Degt + Dyge + Dagr.); (9. 11) 
Say -- Cope + Cig; + Cogte + Kept + Kigey + Kage, + 
A Ry (Kego EK ygty 4K agtg + Doge + Dygey + Daghs) (9.12) 
My = Dye + Dy yea + Dig? + Kye)! Ky982 + K gu: (9. 13) 
My = Doge + Dygey +: Dog? Kata 4K 28) + Kage: (4) 
Hyg == Dept + Dygey + Dagty + Keg + Kigts + Kagea: (9. 15) 
Hoy = Dggt + Dygey + Dogta + K ge + K iets + Kagto- (9.16) 


where, as before, for Ci, Kj, and Dj, we have formulas (8. 3)-(8. 8). 


Elasticity relationships (9. 9)-(9.16) may be obtained if we use the ex- 
pression for potential energy (8.2) and apply the method pruposed by V.V. 
Novozhilov* for the case of 4 homogeneous isotropic shell; this is not derived 
here, since the resulting elasticity relationships are in complete agreement with 
relationships (9. 9)-(9. 16). 


By adopting a purely formal approach to the problem it would be possi- 
ble to achieve further refinement of the elasticity relatioashins;** however, we 
shall not do this here, since, in accordance with the well-founded remark of 
A.L. Gol'denveyzer, *** an attempt to refine the elasticity relationships 
without proceeding beyord the bounds of the hypothesis of nondeformable nor- 
mals has no chance of success and hence the best of all of the approximate 
variants of the elasticity relationships must be considered to be that which 
does not contain formal contradictions and leads to the simplest calculations. 


Finally, we will note that, as in the theory of homogeneous isotropic 
she'ls, there is not and, regrettably, cannot be a single approach to the 
problem of choosing one or another elasticity relationship. In this connec- 
tion, in subsequent discussion, in showing a certain preiere.ace for relation- 
ships (9.9)-(9.16) containing no formal contradictions, we sholl, wherever 
possible, find wide use for the simplest relationships in (9. 9)-(9. 8). 


*V.V. Novozhilov, see pn. 45-48 of work cited in footnote ** p. 21. 
**A.I. Lur'ye, General theory of elastic thin shells, PMM, Vol. IV, No. 
2, 1940. 
***A.L. Gol'denveyzer, see p. 71 of work cited in footnote * p. 21. 
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SECTION 10. BOUNDARY CONDITIONS 


Ag is known, the arbitrary functions contained in the general integral 
of differential equations in the theory of shells must be determined from the 
boundary conditions. The boundary conditions of an anisotropic laminar 
shell, when the hypothesis of nondeformable normals is given for the entire 
stack of the shell as a whole,do not differ from the corresponding boundary 
conditions given for a homogeneous isotropic shell, given the hypothesis of 


nondeformable normals. 


In actual designs we may encounter extremely varied types of shell 
supports and this great variety of structural solutions for the supports of 
real shells, regrettably, cannot be represented in the form of mathematical 
models — boundary conditions. In this connection we shall here present only 
a few of the possible variants of boundary conditions. 


In subsequent discussion we shall be interested in those shvils woich 
have an edge or edges coinciding with the lines of curvature of the coordinate 


surface of the shell. 


For the sake of brevity, the boundary conditions will be given only 
for the edge defined by coordinate line 2= a) =const. 


I, Homogeneous beundary conditions: 


a) Free edge 


T.=0, Sy 


b) Hinged edge 


Hy 1 dM, 
R; 


M,=0, u=0, v=:0, w=0; (10, 2) 


FE =O M+ gt =O. My =O (11) (10.1) 


or 


vc) Hinged edge free in the tangential direction 


iy 


Sut % =0, M,=0, w=0, «=0; 


d) Hinged edge free in the norma] direction 


M,=-0, Np= ) Sl 


-0, u=0, v=0; 


(10. 3) 


(10. 4) 


(10.5) 
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e) Absoluiely fixed edge 


u=0, v=0, w=0, e=—- 4S +H =0. (10. 6) 
1 


In the last relationship ¢ is the angle of rotation of the normal of the coordin- 
ate surface of the shell around the tangent to the line 2 .. 2, = const. 


Il. Inhomogeneous boundary conditiuns: 


a) Loaded edge 
(10.7) 


where 7%, Si,, Nj. M, are the forces applied to the edge under consideration; 
in the special cas) some of these forces may be equal to 0; 
b) Hinged, fixed-bearing, moment-loaded edge 
M,=M, «=6, v=0, w=0; (10. 8) 


c) Hinged edg- free in the tangential direction, loaded by moment 
and tangential force (in tne special case one of the loads may be equal to zern) 


T,=T, M,=M}, w=0, v==0, (10. 9) 
or 
H , 
S,+ Rtas. M=M, w=0, w=; (10. 10) 


d) Hinged edge free in the normal direction and loaded by moment 
and transverse force (in the special case one of the loads may be equal to 
zero). 





M,=Mi. N,+ # “oe -=Nt, u=0, v=0; (10, 11) 
e) Displaced edge 


w=w, o=9, (10. 12) 
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where x, v*, w’and 9° are the given displacements and rotation of the dis- 
cussed edge of the shell. In the special case certain -f these displacements 
may be equal to zero. 


Nonhomogeneous boundary conditions may also be combined; in this 
case it is necessary to see that the given forces and displacements are not 
incompatible. 


In similar manner we may also write the boundary conditions for 
the edge defined by the coordinate line § = f, = const. 


In the case where the shell is completely lacking a boundary contour 
(completely closed shell) or the boundary contour is determined only from 
the lines of one coordinate (partially closed shell), the boundary conditions 
for the direction of the closed coordinates no longer have the usual expres- 
sions and are replaced by conditions of periodicity with a period insuring 
nonambiguity of displacements at any point of the discussed closed line of 
the coordinates. 


The results derived here may be generalized for the case of junction 
of the edge of the discussed shell with any elastic structural ele.aent (beam, 
plate, sheli, etc.) 


The reader will find these boundary conditions discussed in Jetail 
in the cited works of A. L. Gol'denveyser and V.V. Novozhilov as well as in 
the course on the mathematical theory of elasticity by A. Love. * 


SECTION 11. ADDITIONAL RE MARKS CONCERNING THE C€: ‘\JITIONS 
OF CONTACT OF ADJACENT LAYERS AND THE CONDITIONS AT 
THE OUTER SURFACES OF A SHELL 


In Section 5 of the present chapter, in presenting the conditions for 
contact of adjacent layers and conditions ct the outer surfaces of a shell we 
limited our remarks to the observation thut the geometric conditions of con- 
tact in (5.1) are automatically satisfied. Let us show that the conditions of 
contact in (5.2) anc the conditions at the surfaces (5.3) and (5.4) reduce to 
the first three equilibrium equations in (7.4). For the sake of brevity and 
without disturbing the general validity, we shall assume that coordinate surface 
(j =0) coincides with the lower surface of the shell, that is, A-=0 (Figure 8), 
while the load components of the outer surfaceX*, X-, )*, y-, Z*and Z~ are 
equal to zero. 


From (4.7) and after certain trmsformations we obtain for the i-th 





*A. Love,. Mathematical theory of elasticity, 1935 (Russian translation 
from fourth English edition 1927) p. 563-564. 
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layer of shell the following value of shearing stress +,,: 





1 a 
i= lee f meter an, 2 Lf ste 


oe 


B oB 
~ Oa freer 022 fotgart! + 5 OB $ fine 41 + 


1 


oe ee er ffi didy +A gq fae dy-+ 


+h 03. tot 1+ a Fan, 1 PD (11.1) 


i 
From the conditions at the surface (5.4) we have P= 0 with y=8,, 


where p = m+n is the number of layers (Figure 11}. By virtue of this from 
(11.1) we obtain 


o=—[aZ(Bm)+ Ah g (Batt) ae 08 At — 
—k, 2 ame + 24 Hash ha Sp AHR + A & (ASH) + 
+ hay 2 (ant |+¢,0. ®. (11. 2)a 
From the contact conditions adjacent layers (5.2) we have wee we 


when 7=4,_,. By virtue of this from (11.1) we obtain 


gpl. B= — [AS (87%) + Ae, o (BM?!) — 938 ate" — 
—i Se 2 AMI" +5 ast" a 28 Ang th 
+ Ax ase Ni ga (ani) + Pp-1(. 8). (11. 2)b 


From the contact conditions (35.2) for the i-th and (i-l)-th layers we have 


T= Ny With y==8, .. Then we obtain 
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0 1- ad Be 0B = 
9; (2, a) = —[A5, (BT ") + Ak, 5-(BMi"')— 4 AT — 
0B = OA ,ci- 0A i- 
hy AM; eer} ASn' +h 5 AH! + 


+4 5-(ASH') +A x (AME)] + e-1@ B. (11.2)c 


From contact conditions (5.2) we have <?) =<!) with 7=3,.Then we 
obtain: 


a F) F 

¢-(a, 8) =— [Age (BTY) + Aki & (BM) aes AT — 
0B a 

—k, S- AMS) + & ASH +h AHS) 


a+ 
+A i (ASH) + AA S (aH‘)] + 4, (2, B). (11. 2)d 


From the conditions at the surface in (5.3) we have « — 0 with; = 4, 0. 


Then we obtain 
@, (a, 8) =0. (11. 2)e 
As is easily seen, in formulas (11.2) the quantities 7{, 7. Siz, Si, Mi, Md. 
Hi2 and H}, are the internai forces and monfents of the individual layers. 


By way of example let us present the expressions for one force and une moment 


for the i-th layer: 
8 


i 
f Hy. dy 


| 


a 


i 1 f 1! 1 
Ti => B / HH, ay, Mi =F 


ey 


(11.3) 


From an examination of formulas (1.2) it is 2vident that by successive 
substitution we may determine all the values of the integrand ¢,(a, 8) and 9,(0, () 
inclusively, which is determined from (11.2b). Inserting the vai-ces of ¢,(, 8) 
into (11.2a), we obtain 

Pp 
\’ 0 s Oy) s 0B s 0B sy 


s=] 


+e aSh + hy Ge AHL +A 3 (ASH) +A 5 (AHE)] =0, (1.4) 
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whence, by virtue of (6. 1)-(6.5) and (11.3), we obtain 


a 9B C7] oA 
Ge (BT) — Ta gg + 9g 6450) + Sa og + 
4k, 2. (BM,)-+ k, 2 (AHy) + ky. 24 — kM, 2? = 0 (11.5) 
1 Ga 1 1 gg Pa at §y My, = 0. 


On the basis of the fourth and sixth equilibrium equations in (7.4), equation 
(11.5) takes the following form: 


BT, OB > , OASy 
“a 


1 27 03 





+ FSi + ABk,N, =0. (11.6) 


Comparing (11.6) with the first equilibrium equation in (7. 4), we notice compiete 
agreement of these two equations. In similar manner it is easily shown that by satis- 
fying the remaining conditions at the outer surfaces in (5.3) and (5. 4) and the contacc 
« ditions for adjacent layers in (5.2) we arrive at the second and third equilibrium 
equations in (7.4). 

Thus, fulfillment of all the conditions at the outer and contact surfaces 
of an arbitrarily laminar anisotropic shell reduces to equilibrium equations 
for an element of the given shell. Similar results in a few special cases of 
a plate* and a sheli** have been derived elsewhere. 


SECTION 12. SPECIAL CASES OF ANISOTROPY OF THE MATERIALOF 
THE SHELL LAYERS 


Let us investigate the changes in the fundamental relationships in the 
theory of a laminar anisotropic shell in the special cases of anisotropy of the 
materiai c” the shell layers. 


4. Shells Consisting of Orthotropic Layers. Let the shell consist of 
orthotropic tayers and the principal direction of elasticity at each point of 


each layer ccincide with the directions of coordinate lines a, B and y, that 

is, at each point of each layer one of the planes of elastic symmetry is parallel 
to the coordinate surface of the shell and the other two planes are perpendicular 
to the coordinate lines 2 = const, and § — const. 


In this case, <or the desirea elastic constants of the i-th layer of the 
shell, on the basis of (1.3.7), (1.3.8) and (1.4.5), we have 


(12.1) 


*S.G. Lekhnitskiy, see footnote *, p. 34. 
**S.A. Ambartsumyan, see footnote **, p. 34. 


By virtue of this, from (4.5) and (4.6), for coerficients Bix we have: 
(12.2) 


From (4.2)-(4.4), for the principal civections in the layers of the 
shell we have 


i 
da latlatil bal | 
(12.3) 


ob = s [eat rig +7 (4+): 


tap = Gin (w +-1*). 
The formulas for stiffness in (8.3)-(8.8) remain unchanged, hence the 
values of Bj, must be taken from (12.2) and we find that 


Cigp=Co=0, Kyg=Ky=0, Dy =—Dy=0. (12.4) 


From (9.1)-(9.8) and (9.9)-(9.16) we obtain the following two groups 
of elasticity relationships: 


a) the first group is derived fium (9.1)-(9. 8) 
Ty = Cyyey + City +4 1 + Kia 
Ty = Cygtg + Cyat, + Kagta + Kye: 
S = Syq = Sq = Cogn +- K get 
My = Dy + Dygty + Kye) + Kyat: 
My = Data + Dig, + Kuta t Kyy8); 
H= Ay => Ay => Degt + Kegs 
b) the second group is derived from (9. 9)-(9. 16); it differs from the 
first group only in the expressions for S;9 and So. wherein we have 


(12.5) 


Sto = Cog'd + Kept + Ro (Keg + Degt); (12.6) 


Sy => Cog + K gt + k, (Kg + Degg"). 


From (3.2) we obtain the following expression for the potential energy 
of deformation: 
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V= f fi 5 (Cyyet + 2Cy202¢9 + Cots + Cogn”) + 
ELK yy 8y% Kyo (0) % Fe 29%) + Kagtote + Kegot] + 
whe 5 (Dy 4- 2Dyg¥ 49+ Dui + Du) AB da a3. (12 7) 


The expressions for deformaticn and changes in curvature and torsion 
(2.9)-(2.17) as well as the equilibrivm equations in (7.4) and the equations 
of compatibility of deformations (3.1)-(3.3), as is easily seen, remain un- 
changed. 


2. Shells Consis‘ing of Isotropic Laye~s. Let the sheil consist of dif- 
ferent isotropic layers. In this case, on the basis of (1.3.12), we have for 
the els.stic constants of uhe i-th layer of the shell 


a= a=, gee AI) 


i 6 Gt H 
Pa . (12.8) 
Su — 01g = Ayg = 0. 
By virtue of this, from (4.5) and (4.6), for coefficients Bjk W° have 

i Pees - eee Ei i vs, E! 
ee rep Aes 3a (12. 2) 

; vel i A am 
aoe Or) . Big= By = 0. 


From (12.3), for the primary stresses in the layers of the shell we 
obtain 





of = —— =o ——(e.-t veg + 7(x,+ via) | 

= tae Hea vies + 1 Oa vhs (12. 40) 
E! 

"= ?ay¢4) ote 1°). 


The formulas for determining stiffnesses (8.3)-(8.8) remain unchanged 
and the values of Bj must be taken from (12.9), whence along with (12.4) we 
also have 


C=C, =Cy, K,,7=Ky=K, D=D,,= Dy. ql2.11) 
The formulas for internal forces (12.5) and /*2.S) as well as the 


expressions for potential energy (12.7) remain uachanged and we need only 
consider the new values of stiffness. 
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As in the case of a shell consisting of orthotropic layers, we find 
there is no change in these expressions for deformation and changes in 
curvature and torsion (2.9)-(2.17), equilibriurn equations (7.4) and the 
equations for compatibility of deformations (3.1)-(3. 3). 


3. Shells Consisting of Transversely Isotropic Layers. Let us dis- 


cuss three cases. 


a) Let the principal directions of elasticity at each point of each 
layer coincide with the directions of coordinate lines 3=const. In this case, 
as is easily seen, it is necessary to use the relationships given for the case 
of a shell consisting of orthotrcpic layers; hence, on the basis of (1.3.10) 
and (1.3.11), for each layer we must assume 


cia (ey, ELaE, Gh =", 
: aad, (12. 12) 


y =v, vo — a v’, 

b) Let the principal directions of elasticity at each point of each 
layer coincide with the directions of coordinate lines «= const. In this case it 
is also necessary to use the relationships given for the case of a shell con- 
sisting of orthotropic layers. Hence for each layer we must assume 


i pi {gen ign! 
E,=E, E,==(E'), | (12.13) 


c) The principal directions of elasticity at each point of each layer 
are normal to the coordinate surface of the shell; that is, at each point of each 
layer the plancs of isotropy of the material of the layer are parallel to the 
coordinate surface of the shell. In this case, as is easily seen, it is neces- 
sary to use the relationship given for the case of a shell consisting of different 
isotropic layers; hence for each layer we must assume 


Ei = E) =E', Gy=G, y= =’%. (12.14) 
SECTION 13. SHELLS CONSISTING OF AN ODD NUMBER OF LAYERS 
SYMMETRICALLY ARRANGED RELATIVE TO THE COORDINATE 
SURFACE 


Let us discuss shells consisting of an odd number (2m + 1) of homogene- 
ous anisotropic layers (Figure 15). 


Layers symmetrically arranged relative to the coordinate surface of the 
shell have identical thicknesses and identical physical-mechanical properties. 
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The coordinate surface is reedian surface both of the middle layer and of 
the entire shell as a whole. 





As in the general case of an anisotropic laminar shell, it is here 
assumed that all the layers function simultaneously without slippage and at 
each point of each layer there is only one plane of elastic symmetry parallel 
to the median surface of the shell* , ** ,*** , ****, 


By virtue of symmetry we have (see Figures 8 and 12) 


m+a=2m-+ |, gr ec ree (13.1) 
Ay = Pama =A. 8, — 8, = h,—h 


s+1° 


Whereupon from (8.3)-(8.5) we obtain for the stiffness of a symmetrically 
assembled shell 


*S.A. Ambartsumyan, see footnote **, on p. 28. 
**S.A. Ambartsumyan, Calculation of laminar shells of revolution, DAN 
ArmSSR, Vol. XI, No. 2, 1949. 
***§.A. Ambartsumyan, Calculation of shallow cylindrical shells consist- 
ing of anisotropic layers, Izvestiya AN Arm SSR (FMYeiT nauki), Vol. IV, 
No. 5, 1951. 
****S5.A. Ambartsumyan, Thermal stresses in laminar anisotropic shells, 
Izvestiya AN Arm SSR (FMYeit Nauki), Vol. V, No. 6, 1952. 
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Cu 2| BR Maar +S Bath, — hes ; (13. 2) 
s$= 
9 m 
Dix = 5 [om Anna + Nine = nao} (13. 3) 
s2l 
K jp = 0. (13.4) 


From (9.1)-(9.8) and (9. 9)-(9. 16) and by virtue of (13.2)-(13.4) we 
obtain the following two groups of elasticity relationships: 


a) The first group is derived from (9.1)-(9. 8) 


Ty HCyyty + Cyto t Cygw; Te = Cea t+ Cie, + Coe: | 
S = Syp = Sqy == Cog + Cyge, + Copter: 

M, = Dy + Dita + Dygti Me = Day) + Dy + Dt; 
H = Hy = Ay = Doge + Dyge, + Dagger: 


(13.5) 


b) The second group is derived from (9.9)-(9.16); it differs from 
the first group only in the expressions for S;9 and So), for which we obtain 


Syp = Cogn 4- Cy ge, + Cage + hg (Dggt + Digs + Dogs); 113.6) 
Soy = Cogv + Cree + Coste + hy (Deg + Dygts + Dyer). 


From (8.2) for the potential energy of deformation we obtain 


! 
V= rf Cut + 2C nee + Cnt + Cogn? 


+ 2C,,we, + 2C,,we,) ABrda dB + 4 f f (Dyy} + 
“bh 2Dyoxy%y + Doge? +: Dept” + 2D gtx, + 2D yet) AB da dB. (13.7) 


The formulas for stresses in the layers (4.2)-(4.4), the expressions 
for deformations and changes in curvature (2.9)-(2.17), as well as the equili- 
brium equations (7.4) and the equations of compatibility deformations (3. 1)- 
(3.3) remain unchanged. 


Let us discuss the special cases of anisotropy of the material of the 
layers of the shell. 


1. Shells Consisting of Orthotropic Layers. Leta shell consist of 


orthotropic layers so that at each point of eack layer one of the planes of 
axial symmetry is parallel to the median surface of the shell and the other 


49 


two planes of elastic symmetry are perpendicular to coordinate lines x= const, 
and § =const. 


In this case for the desired elastic constants of the i-th layer of the 
shell we have (12.1) and (12.2). The formulas for stresses (12.3) and stiff- 
nesses (13.2)-(13.3) remain unchanged, hence the values of Bix must be taken 
from (12.2), wherein along with (13.4) we also have (12.4). 


Considering (12.4), from (13.5) and (13.6) we obtain the following 
two groups of elasticity relationship : 


a) The first group from (13.5) 
T, = Cie, +-Cype3 T = Coty + CyaQh: 


M, = Dye + DygXg: M, = Dyt, + Dy: (13. 8) 
SS Syq = Sq = Cogn, WH = Hyg = Ay, = Det 


b) The second group; here, as before, we present only the values 
of S19 and So. which differ from the corresponding values of the first group 


Sa a Cegw + R,Degt- So; = Cog + Ry Det. (13 . 9) 


From (13.7) for the potential energy of deformation we obtain 


oe 2 if ve [(eyet + 2C 26,82 + Cyt} + Cgc”) + 
(Dy + 2Dy ye 1%) + Dogxg + Degt?)] AB da dB. (13.10) 


2. Shells Consisting of Isotropic Layers. 


In this case, for the desired elastic constants of the i-tn layer of the 
shell we have (12.9). 


The formulas for stresses (12.10) and stiffnesses (13.2), (13.3) re- 
main unchanged; hence the values of Bik must be taken from (12.9) and along 


with (13.4) we also have (12.11). 
The formulas for internal forces (13.8), (13.9) and the expression for 


potential energy (13.10) remain unchanged; it is necessary only to consider 
the new values of the stiffnesses. , 


50 


3. Shells Consisting of Transversely Isotropic Layers. 


Here, as in item 3 of the previous section, we ciscuss three cases 
of arrangement of the transverse isotropic material in shell layers. 


Of these cases, as before, the first two coincide with the cases of 
those symmetrica!ly assembled orthotropic shells for which we have (12.2) 
and (12.13) while the third coincides with the case of the symmetrically assem- 
bled isotropic shell for which we have (12.14). 

SECTION 14. SINGLE-LAYER ANISOTROPIC SHELLS 

Let us investigate a single-layer anisotropic shell with constant thick~ 
ness h. Let the material of the shell at each point have only one plane of 
elastic symmetry parallel to the median surface of the shell. Let the coor- 
dinate surface of the shell coincide with the median surface. *,** 

The initial relationships for this case are easily obtained from the 


corresponding relationships in the preceding section. For this purpose it is 
necessary to assume (Figure 15) 


Way =h, Byt'=—By, Bi, =0 (14.1) 
or 
2h,—h, By = Bi, = By, (14. 2) 


where for coefficients Bix trom (4.5) we have 








9 2 
2.= 472465 — 96 , B.. =: 2112565 — 216 | 
l-_ Q , 7 iT ¢ ae , 
2 
B,, — ase — Giaes B. = € 1922 412 , : 
eT Meets gee ee ee (14.3) 
21,894 — 29,2 1284 — a\a 
Byg = aatie . By = “AU 11996 


2 2 2 
Q= (a,,0% a a1) 6g + 204 7016894 — 241226 — Aq9Ais- 


By virtue of (14.1) or (14.2), from (13.2) and (13.3) for stiffnesses Cjk and Dik 


we obtain 


*§.A. Ambartsumyan, Some problems in the thcory of anisotropic shells, 
Izvestiya AN Arm SSR. (FMYeiT nauki), No. 9, 1947. 
**S.A. Ambartsumyan, Toward a theory of shallow anisotropic shells, 
PMM, Vol. XII, No. 1, 1946. 
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h3 


C ip = Bip, Dy = 12 


Bix: (14. 4) 


By virtue of (14. 4), from (13.5) and (13.6) we obtain the following two 
groups of elasticity relationships: 


a) The first group from (13.5) 


T, = A(Bye, + Byer -+ Bye); Ty = A (Bye, + Bye, + Baw); 
S = Sip = Sy = h (Begw + By ge, +- Boge )i 


ns h3 
My = jg (Birt + Biaty + Bygt), Mz = 75 (Baa%g + Byp%, + Bogt): (14.5) 


Aa 
H = Hy = Hy = Fy (Begt + Bygey + Bogx): 


b) The second group from (13.5) and (13.6); it differs from the first 
group only in the expressions for S19 and Sj;, which we present as 
Syp = A (Beg + Bree, + Bogty) + kp Le (Best + Bye, + Boge); 


(14. 6) 
3 
Sq, = A (Bego + 3,62, + Bogtz) +f, a (Begt + Byer, + Byer). 


From (13.7), for the potential energy of deformation we obtain 


A a] 9 9 1 
V='S i fee H+ 2B ,8,€) + By8) + Baw? + 


3 
“+ 2B, we, -+ 2B,qwe,) AB da dB + x if if (8, x7 + 2B, x, -b 
+ Bye} + Bet? + 2B, .t%, + 2B,,tx,) AB da di. (14.7) 


The formulas for stresses (4.2)-(4.4) (without i subscripts), the ex- 
pression for deformations and changes in curvature (10. 9)-(10.17), as well 
as the equiliorium equations (7.4) and the equations of compatibility of de- 
formation (3.1)~(3.3} remain unchanged. 


Let us examine the special cases of anisotropy of the shell material. 


1. Shells of Orthotropic Materials. Tet the shell be made of an ortho- 
tropic material so that at each point of the shell one of the planes of elastic 
symmetry is parallel to the median surface while the remaining two planes 
of elastic symmetry are perpendicular to coordinate lines a = const, and 
f#=const. In this case, for the elastic constants we have 


(14. 8) 
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E E. 
By eye HO aa ee | (14. 9) 
VQky MEY ; 
Or Tease cea SM eas | 
For the stresses we have 
E 
34 - Poa + 92g $7 (4% + ¥9XQ)]; (14. 10) 
7 ; 
a5 sag ore 2 +702 + ¥g)) j 
Fay — Gy (w+ 77). 
From (14.9) and (14.4), for the stiffnesses we obtain 
c= a = ot. + Cog = Gypt 
C=: Yeah voE\h (14.11) 
ae ea 
= E,h3 7 E,h3 
Dye Sj eS ea Dig =9u2 55 (14. 12) 
Die ns wt i 
12 12 (1 — vy-9) 12 (1 — v,vq) ° 


From (14.5) and (14.6) we obtain two groups of elasticity relationships: 


a) the first group ig (14.5) 
E,h 








yy = i vig (e + v929)i = TH 2 (fg + 48); 
Ss = “12-5 =S),, = Gy ,hw; 
Eh) F,h? 
M, = > 12 (T= ue, 7) — (4 + “oe tade MM, = >a 12 e =oy —V,¥5) (%»+ ¥%)5 (14. 13) 


H = Hy = Hy = Gy 5 ts 


b) the second group from (14.5) and (14.6); it differs from the firs: 
group only in the expressions for So and Sj, which we present as 


Syy = Oygh(w + hy Ty rt) Sq = Gyh(w +h ty). (14 14) 


From (14.7), for the potential energy of deformation we obtain 
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it g 2 _ Fs as 
vee $f S(Bae Phaqinne re as ma aa 
+ Gyo?) AB da dB-+-3 LT (= 257 yh) -b 
+73 + G,,¢?) AB da d3. (14. 15) 


a 








2. Shells of Isotropic Materials. In this case, for the ela’ ‘ic con- 
stants we have 


ay, =a =-p dg = = TY @.=—-—, (14.16) 








Poa= ym (14.17) 





From (14.10), for the stresses we ohtuin 


0 = ale teh 1 bh 





E 14.18 
3 Et ne eee Cs ) 
3 way (w + 77). 
From (14.17) and (14.4) for the stiffnesses we obtain 
Eh Eh Eh 
C=C = Cy =] = Pay a (14.19) 
ae vEAS 


Moreover, as usual, we have two groups of elasticity relationships: 
a) the first group from (14.5) 


T, — os (e, + V€9), T= => a (eq + v8); 


S=Su=Sn= 045% (14.215 
Eh’ Eh* 3 
M, = 2 a — vi) (x, + V4). My = 12 12(1 ‘ane, v8) (% ss vx); 
Eh* 


H= a= n= WIyy © 
b) the second group from (14.5) and (14.6); it differs from the first 
group only in the expressions for S19 and So.» which we present as 


34 


(14, 22) 


The elasticity relationships in the s«cond group were first derived 
independently by L.I. Balabukh* and V.V. Novozhilov. ** 


From (13.7), for the potential energy of deformation we obiain 


Vesggty J f(a to —20—9(qq— Fy] 48 daa + 
tage Sf [oi tar—2 a May —>)] AB da dp. (14.23) 


The results derived in this item relate to the theory of homogeneous 
isotropic shells. 


3. Shells of a Transversely Isutropic Material. Here, as before, we 
examine three cases of arrangement of a transve~<ely isotropic material 
over the shell. 


a) Let the principal directions of elasticity at each point of the 
shell coincide with the directions of coordinate lines 8 — const. In this case 
it is necessary to use the relationships given for an orthotropic shell and 
to assume 


(14.24) 





E,=E', E,=E. — 


E 
== iur , 
y=v, y= ps 


b) Let the principal directions of elasticity at each point of the shell 
coincide with the directions of coordinate lines a=const. In this case it is also 
necessary to use the relationships given for an orthotropic shell and to assume 


(14. 25) 


Vg = Yo =p. 


E,=E, aheoe CGy= 0", 


*L.I. Balabukh, Bending and torsion « f a conical shell, Trudy TsAGI, 
No. 577, 1946. 

**V.V. Novozhilov, New Method of calculation of thin shells, Izvestiya 
OTN AN SSSR, No. 1, 1946. 


cy Let the principal directione of elasticity at each point be nor- 
mal to the median surface of the shell. In this case it is necessary to use 
the relationships given for an isotrepic shell and tc assume 


F,=F,=€E, Gy=G, Vy = Vy =. (14. 26) 


SECTION 15. FURTHER REMARKS CONCERNING ELASTICITY 
RELATIONSI. eS 


Examining elasticity relationships (9.1)-(9.16), we note that they 
differ fundamentally from the corresponding elasticity reiationships for homo- 
geneous anisotropic shells (14.5), (14.6) or shells consisting of an odd number 
of anisotropic layers symmetrically arra zed relative to the coordinate 
surfo:e of the shell (12.5), (13.6). This difference is expressed, on the one 
hand, by the presence in (9.1)-(9.4) and (9.9)-(9.12) of terms accounting for 
the influence of changes in curvature of the coordinate surface of the shell on 
the tangential forces and, on the other hand, by the presence in (9.5)-(9. 8) 
and (9. 12)-(9.16) of terms taking into account the influence of deformations 
of elongation and shear of the coordinate surface cf the shell on the bending 
and torsiona! moments. Thus, the elasticity relationships in the general 
case of a multi-layer shell differ from the ccrresponding relationship - or 
a homogenous single-layer or symmetrically assembled multi-layer shell 
only in the terms which contain the interaction stiffnesses Kj- On the basis 


of the hypothesis of ncndeformable norinals it is easily established that, inde- 
pendent of *.e location of the coordinate surface of the shell, all internal forces 
and moments in the general case depend both on the tensile and shear strains, 
and on the parameters of variation in curvature of the coordinate surtace of 

the shell. In this connection the initial location of the coordinate surface of the 
sne!l is of no importance. Hence itis of interest to determine that location 

of the coordinate surface of the shell for which all interaction stiffnesses Kix 


become zero and for a mul.i-layer shell we obtain the simpler elasticity re- 
lationship of type (13.5) and (13.6). Assuming that Kj, = 9, from (8.4) we 


obtain: 


Bw Bin (8-1) 


ty 


Ret Wee, ote, Ree (15.1) 
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s=Ay = eee Ky iss 0; (15.2) 


m:n 
Dd Bi (85 — 82) 
A= beg hag — —. Kg=0; (15.3) 
2 pa Bey (8; — 85-1) 
Sz 














m-. 
D Bi: (8 — 81) 
Eile SN eg: (15. 4) 
2D Bi (8 — 851) 
Sul 
ms 2 2 
>» Big (85 — 81) 
=A, = 2 Ky, = 0; (15.5) 


—~ nn 
2 Das Bis (5 — 3,_1) 
el 
D Boe (85 — 85_1) 
A= Ay = $t_____, Ky, = 0. (15.6) 
2 py Big (45 — 85-1) 
Sa 


Examining (15.1)-(15.6), we note that in the general case of anisotropy 
of the layers of a shell all values of A=4A,, differ. Hence we conclude that in 


the general case of an anisotropic laminar shell, when there are no limits 
placed on the elastic characteristics of the mo‘ :rials of the layers, there is 
no single location cf the coordinate surface o. ine shell for which all interac- 
tion stiffnesses Kix become zero. 


In the presence of a single coordinate surface for the shell all interaction 
stiffnesses Ky, become zero if we assume the followirg condition: 


A=A,,= Nog == Meg = Ayy = Ayg = Ang: (15.7) 


but th*s condition -ositively imposes substantial .imitations on the elastic 
characteristics of the materials of the layers. As an example let us dis- 
cuss the two-layer shell (Figure 16). 


57 


ra eee 


? ay 
4 I 


Figure 16 


Assuming 


mtn=2, B=, BB", 5. 8) 


from (15.7), by virtue of (15.1)-(15.6), we obtain 


_ waht (SB) wah + Ba) 
By + Bu (2—%) Bp +Bn(—%) 
— Biah + BE (88) Bast + B(8—H) 
Best + Bes (02 — 44) Biot + By (0) — 41) 
_ Bigdt +- Big (83 — ti) ee By 33} + Bie (23 — ¢) 














= a, gM ae) Sek 7 ; 7 (15. 9) 
Bygb, + Big(z— 1) Bigg + Byg (82 — 81) 
Hence, it is easily seen that the equalities in (15.9) will apply if 
By _ Bm _ Bin _ Bes _ Big _ Bas (15. 10) 
By By, By, Beg By, Bx 


which is a substantial limitation for the presented problem. 


In the special case of an isotropic shell we have from (12.9) for the 
elastic characteristics of the layers: 





MY E , if == E 
Ri be je* fan Fe san ws! 
E zi (15. 11) 
” =: ” = 2 ; B’. = B’, B’. bes a 
Bi, = By i_¥ w=" 6 Fa 4) 


where E, and Ep are the elastic moduli of the first and second layers, respective- 
ly; »% and », are the Poisson's ratios for the first and second layers respec- 


tively. 
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Inserting the values of Bix from (15.11) into (15.10), we obtain: 


E,(1---) ae ¥£, (1 —*3) Fis) 
E,I—¥) yk (Ivy) 2E, (b+ 4) © 








(15 12) 





Here it is easily seen that these equalities apply only in the case of equality 
of the Poisson's ratios of the shell layers, that is, whenv,==»,= vy. In this 


case, from (15.9) it is easy to obtain the value of A defining the position of 
the coordinate surface of the shell for which the stiffnesses Kix become zero: 


EM + E,(3—¥) 


Thus, we conclude that in the general case of a multi-layer shell in 
the absence of limitation (15.7) there does not exist such a position of the 
coordinate surface of the shell at which we also obtain elasticity relation- 
ships of type (13.5) and (13.6) for the multi-layer shell. It must be noted 
that in a few special cases there may be chosen such a position of the coor- 
dinate surface of the shell that certain of the interaction stiffnesses Kjk be- 


come zero; herein only certain elasticity relationships will be of type (13.5) 
and (13.6). 


The question of selection of the initial coordinate surface in the case 
of isotropic plates and shells is discussed in the literature* , **,***. 


SECTION 16. CALCULATION OF STIFFNESSES FOR 
ARBITRARY DIRECTIONS 


In Section 4 of Chapter I it was shown that the elastic constants Aik of 


an anisotropic body change with a transformation from one system of coordin- 
ates to another. Using (4.5), we easily see that this also occurs for coefficients 


Bi: 


*I,I. Yenikeyev, Some problems in the bending of nonuniform plates with 
transverse structural asymmetry. Author's abstract, 1954. 
**V.I. Korolev, Thin two-layer plates and shells, Inzhenernyy sbornik, 
Vol. XXII, 1955, 
***FE I. Grigolyvk, Selection of the initial surface in the theory ofnon- 
uniform shells, Izvestiya OTN AN SSSR, No. 8, 1956. 
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As before, let us discuss the generalized plane s‘ress of an aniso- 
tropic plate, the material of which at each point has only one plane of elastic 
symmetry parallel to the median plane of the plate, which coincides with the 
coincident coordinate plates af and a’f’. 


Let the coordinate systems (a, 6. ,;) and (a’, 8’, 7’) be obtained from 
one another by rotation through a certain angle about the y axis. Moreover, 
in system (a, ?, 7) let the coefficients Bix be equal to Buy Boo» Bio» Beg: 


7 , , 4 ! 
Big: Bog and correspondingly in the system (a’, 8’, 7’) be equal to B WW B'o5) 


B B B B' Then, following the known procedure, * we obtain 


' ' ' 
12’ ~ 66’ ~ 16’ ~ 26° 
the following transformation formulas: 


Bi, = 8, costo + 2(B,, + 2B eg) sin? 9 cos? ¢ + 
+ By sin‘ o + 2 (By, cos? y + By, sin? g) sin 29; 
By, = By, sing + 2(B,, + 2B¢Q) sin? pcos? p + 
+ Boy cost p — 2 (By, sin? + Byg cos? g) sin 29; 
By = Ey +: [By + Baz — 2 (By + 2 Bgg)] sin? p cos? @ + 
+ (By, — By) cos 2y sin 29; 
By = Beg +(B,, + Boy — 2 (Bi + 2Beg)I sin? p cos? p + (16.1) 
+ (Bo, — By.) cos 29 sin 29; 
B= 518m sin? p — B,, cos? » + (By + 2B¢_) cos 29] sin 2p + 
+ By, cos? @ (cos? p — 3 sin? ¢) + By, sin? » (3 cos? @ — sin? g); 
Bo.= 5 (By cos? 9 — B,, sin? ¢ — (By + 2B¢g) cos 29) sin 20 + 


+ Byg sin? 9 (3 cos? ¢ — sin? 4) + Bog cos? y(cos?p — 3sin?<). J 


Thus, having the values of Bix for each layer, by means of formulas 
(16.1) we may find the values of B' jk in the new system of coordinates for cach 
discussed layer. Inserting the values of [8’,}° into formulas (8.3)-(8.5) or 
(8.6)-(8.8), it is not difficult to find the values of stiffnesses Clik: K's and 


D' in the coordinated system of (a’, 8’, 7’). If stiffnesses Chk Ki, and Di 


*S.G. Lekhnitskiy, see pp. 274-276 of work cited in footnote * on p. 27. 
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are known in coordinate system (2, 8, y).then by means of similar trans- 
formation formulas (16.1) it is easy to find the values of stiffnesses Clk K' jk 


and D'j, in coordinate system (a’, 8’, 7')") 


lu the special case of an orthotropic plate, when the directions of 
coordinate lines a, 6, 7 coincide with the principal directions of elasticity 
of the plate, transformation formulas (16.1) are substantially simplified and 
take the following form: 
Bi, = 8, cost ¢ + 2 (By. + 2B, sin? » cos? + By, sin‘ g; 
By, = 8, sint 9 + 2 (By + 2B¢) sin? p cos? p++ By cos! g; 
By, = By +18) + 3x — 2 (Byy + 2B¢)} sin? 9 cos? 9; 
Bog = Beg t+ 18, + By — 2(Byy + 25g) sin? pcos. | 


Here the secondary coefficients B' 16 and B og: which in the system 


(16. 2) 


of coordinates (2, 8, 7) are equal to zero, in the system of coordinates 
(a, 6’. 1’) have the form 


’ 1 5 
Bie= 7lBn sin? p — B,, cos? 9 -+-(Byy + 2 Beg} cos 2¢] sin 29; 


1 (16. 3) 
B= 7 (By cos? 9 — B,, sin? p — (By +- 2Bgg) cos 29] sin 29. 
Let us also list the following invariants: 
By, + By t+ 2B), = By + By + 2B, (16. 4) 


By eo B, = By — Bp. 


*See the last cited work by S.G. Lekhnitskiy 
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CHAPTER II Y 
MEMBRANE THEORY OF ANISOTROPIC SHELLS 
SECTION 1. GENERAL PREMISES AND INITIAL RELATIONSHIPS IN 
THE MEMBRANE THEORY OF SINGLE-LAYER ISOTROPIC SHELLS 
Here, as in the case of isotropic shells,* by ''membrane theory" we 

shall understand that arproximate method of calculation in which in the first 
three equilibrium equations (2.7.4) we disregard the transverse forces (Nj, 
No) and in the sixth equation we disregard the torsional moments (H5o> Ho): 
In view of this, in order to construct a membrane theory of anisotropic 
shells from the general equations of the theory of anisotropic shells we have 


the following initial equations and relationships. 


Equiiibrium equations (Chapter II, Section 7): 

















BT 0A 

brie pe sou 4 8 # Sj = — ABX; | 

3AT, OA ans 1.1 
car ee de Su, 9B 5. —— ABY; (1.1) 

kT, +47, = 2; 
oP 4 ea F OA Fy, 0B M ABN;; 
ae at = 
aa 2B 428 ao M, = ABN; (1.2) 


nae — Sq = 0. 





*A.A. Gol'denvevzer Teoriy: unre Ach te adh ahalocts" Ge t “hie 
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Elasticity relationships (Chapter II, Section 14): 


T, = A(Byye, + Byytg + Bygw); TM, == h (Bogtg + Bye, + Bog): ney 
S = Syq = Sy = A (Begw +- Bye + Boge) 
or by virtue of (2.4.1)-(2.4.6), 
& =F (ay Tt 0497, +0465); | 
as + (0427 +- 0427 + O65); (1. 3°) 
o= < (2467) + 22672 + A665); | 


M,= r (31% + Bigg + Big), 
M,= + (Bap%_ + Bye, + Bost); (1. 4) 
3 
H= Ay, = Ny = iz (Bggt + Byg*, + Bog%)- 


Formulas associating the :omponents of deformation and change in 
curvature with the components of displacement are (Chapter 1, Section 2): 


=A oa + AB op OTe 
1 dv , 1 AB 

=F 35 + AB Oe u-+ how; (1.5) 
ey oe) rae 


i eee ou )— AB? op OF * Od: A” OB B 
er 1 @ ov 1 OB a. | Gt wy Oky U 42, 
4=~— pHs St) BB oe be tg Ato BT Be (1. 6) 
2 





In examining the presented equations, relationships and formulas we 
note that they fall essentially into two groups. In the first group we have: 
equilibrium equations (1.1), elasticity relationships (1.3) and formulas 
associating the relative deforriations of elongation and shear of the median 
surface with the components cf displacement (1.£). In the second group 
we have equilibrium equations (1.2), elasticity relationships (1.4) and 
formulas associating the relative changes in curvature and torsion with 
the components of displacement (1.6). These groups are fundarnentally 
different. 
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The first group consists of ten equations, dealing with the ten unknown 
functions 7,, 7). S, &. & 4, 4 vw. It constitutes a system of differential 


equations and in the presence of given boundary conditions gives the solution 
of the problem of a shell according to the membrane theory, that is, it permits 
determining the tangential forces (Ty, To: S), the relative deformations of 


the median surface (¢,, «,, w) and dispiacements (u, v, w) without dependence 
on the bending and torsional moments (M,, M,. H).the lateral forces (N;. N2) 


and the bendi:g and torsional deformations (x,, x). +). 


The second group of relationships which has no value in calculation 
may be used for 2 rough estimate of the error in the membrane theory. Using 
the values of displacements u, v, w, obtained from solution of the equations of 
the first group, by m<aus of the relationships in the second group it is easy 
to determine the values of the moments and transverse forces. In order to 
appiy the membrane theory in the solution of various problems of anisotropic 
shells it is necessary that the stresses from the moments and transverse 
forces be practically negligible in comparison with stresses from tangential 
forces T,, T., S. 

1’ “2 

Thus, if the membrane theory is applicable for solution of a given prob- 
lem, the solution according to this theory is considered complete if we have 
determined the internal tangential forces Ty: Tp» S (and thereby also stresses 


34, 93, T3) and the corresponding displacements u, v, w.* Herein the equations 
of the second group are replaced by the approximate relationships 


N,=N.= M, = M, = Ay = Hy = 0~ (1.7) 


which is equivalent to assumption of the well-known hypothesis concerning 
uniform distribution of stresses over the thickness of the sheli, **, *** in 
accordance with which we obtain the following well-known formulas for 
determining the stresses: 

a=tt, g=-t, way. (1.8) 


*S.A. Ambartsumyan, Membrane theory of anisotropic shells, Izvestiya 
AN Arm SSR (FMYeiT nauki), Vol. I, No. 6, 1948. 
**V.V. Novozhilov, Teoriya tonkikh obolochek, Sudpromgiz, 1951, pp. 85- 
89. 
***AL. Gol'denveyzer, see pp. 421-422 of work cited in footnote * on p. 61. 
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SECTION 2. BOUNDARY CONDITIONS 


In Section 10 of Chapter II it was stated that the boundary conditions 
of the gene al (moment) theory of anisotropic sheils do not differ from the 
corresponcing boundary conditions for a homogeneous isotropic shell. 
Naturally ‘he same may be said in the case of the membrane theory of ani- 
sotropic shells. In this connection, without going into detail concerning the 
general aspects of boundary conditions in the membrane theory of shells,*,**, 
let us present a few examples of the boundary conditions which naturally 
follow from the boundary conditions in the general theory of shells. For the 
sake of '»srevity we shall l'st the boundary conditions only tor the edge which 
is defin:d by the coordinate line a = a, —const. 


I. Uniform Boundary Conditions: 
a) Free edge (2.10.1) 
T,=0. Sy =:0; (2.1) 


b) Hinged edge free in the tangential direction (2.10.3), (2.10. 4) 


T,=0, v=0 
or (2.2) 
Sp=0, a= | 


c) Absolutely fixed edge (2.10.2), (2.10.4), (2.10.5) 
u=0, v=0. (2.3) 
Il. Nonuniform Boundary Conditions: 
a) Loaded edge (2.10.7) 
T=T. Sy =Sy (2. 4) 


b) Hinged edge free in the tangential direction and loaded by a 
tangential force (2.10.9), (2.10.10) 


T= Ti; v=0 | 
or } (2.5) 
Sip = Si u=0; 


*A.L. Gol'denveyzer, see pp. 109-110 of work cited in footnote *, p.61. 
**V.V. Novozhilov, see pp. 89-91 of work cited in footnote **, p. 63. 
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c) Displaced edge (2.10.12) 
“oa u’, Ose uv". (2. 6) 


In similar manner we may also describe the boundary conditions for 
the edge defined vy coordinate line 4 == 4, = const. 


Of course, other boundary conditions are possible, but as a rule they 
may be represented only by means of tangential forces T, and S;, and tangen- 


tial displacements u and v. 


SECTICN 3. AREA OF APPLICARILITY OF THF MEMBRANE 
THECRY 


The ynembrane theory, being an approximate theory for calculation 
of shells, provides an approximately correct picture of the stress and dis- 
placement of a shell only upon the fulfillment of certain conditions. Five 
sufficient conditions for applicability of the membrane theory to isotropic 
shells were first formulated by A. L. Gol'denveyzer.* Without any changes 
the conditions described by A.L. Gol'denveyzer may be extended to aniso- 
tropic shells. These five ::onditions for applicability of the membrane thec.rv 
of shells are given here witout detailed explanation (detailed discussion 
will be found in the work by A. L. Gol'denveyzer). 


First Condition. The lines cf distortion at the median surface of 
the shell must not form an excessively dense network. 


Secoud Condition. None of the lines of distortion may touch asymp- 
totic lines of the median surface, that is, those lines at this eurface along 
which the normal curvature of the surface vanishes. 


Third Condition. External lcads and reactions must change smoothly, 
that is, they must not have a extremely large variability index. 


Fourth Condition. The median surface of the shell must not possess 
certain properties: 


a) A cylindrical sheli inust not be excessively long: 
b) A conical shell must not include a conical vertex; 


c) The median surface of the shell must not touch the plane along 
the closed curve. 





*A.L. Gol'denveyzer, see pp. 423-432 of work cited in footnote on 
p. 61. 
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Fifth Condition. The so-called condition of V.V. Novodvorskiy. * 
The mec_an surface of the shell must be rigid, that is, it must not be 
deformed without elongation (compression) and shear. 


Let us also pcint out that these conditions, being sufficient, are not 
necessary and, as A. L. Gol'denveyzer has snoown, when they are not ful- 
filled, calculation according io the membrane theory may, under known 
circumstances remain valid. Without dwelling further on the general pre- 
mises of the membrane theory of anisotropic shells, let us turn to discus- 
sion of specific problems and examples. 


SECTION 4. FUNDAMENTAL EQUATIONS OF THE MEMBRANE 
THEORY OF SYMMETRICALLY LOADED SHELLS OF 
REVOLUTION 


Let us discuss a shell whose median surface is a surface of revolu- 
tion with axis of revolution z. The location of any point M of the median 
surface of the shell will be defined by Gaussian coordinates: the angle 


y= Z . which is the azimuth of the plane extended through point M and the 


axis of revolution z, and the meridian arc s—a, taken along the meridian 
from a certain initial point M,: 


In such a system of coordinates lines »=const are meridians of the 
meridian surface, s=const are parallel circles (Figure 17). For the dis- 
cussed surface let us introduce two more geometric quantities: r, repre- 
senting the distance MM» from point M to the axis of revolution z, and J, 


representing the angle between the tangent to tue meridian and the axis of 
revolution 2 (Figure 18). 





*V.V. Novodvorskiy, Concerning the 'momentless" theory of shells, 
Stroitel'naya promyshlennost', No. 1, 1933. 
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Figure 18 


In the chosen coordinate system we have for the principal curvatures 
of the surface of revolution 


1 _ dé — | cos® 
ho pea b=RA Got) 


where Ry is the radius of curvature of the meridian; Ro is the second radius 


of curvature of the surface, representing the length of the segment of the norma’ 
to the surface to the axis of revolution. 


For the square of a linear element of the discussed surface, in virtue 
of (1.1.4), (1.1.5) and (2.1.1), we have 


df = ds? +r? dg’, (4.2) 
Hence for the coefficients of the first quadratic form we obtain 


A=l, B=R,cos#—r, (4.3) 
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Let us list a few relationships which will be used in subsequent dis- 
cussion: 





dr . d 1 
B= 8 (A= 


m= Re) (4-4) 


The system of coordinates presented here may be examined in detail 
in the work by A.I. Lur'ye.* 


In the adopted coordinate system for an arbitrarily loaded shell of 
revolution we obtain: from (1.1), the following equilibrium equations: 


T 8 
Fe Hh— +5 ah (4.5) 
ds sin 8 1 OT, : 
T T, : 
RRS (4.7) 





Ou @ 

"= Os" R° 
1 dv sin 8 w. 
OF oe Fe TR,’ 
1 ou sind 
=F og tos te % 


from (1.3) the following elasticity relationships: 


+ (an 7, + 0127, + 2465); 
= (0497, + 2597, + G65); 
w= (a7, + Gog7q + GegS). 


Finally, by means of the last two groups of relationships we obtain 
the following inhomogeneous geometric equations: 


a ote a= ; (04,7, + 2497, + 2465); (4. 8) 
+H-u: R= i (aT, + 42 T, + 965); (4. 9) 
FAR TF eH 5 (ou + a7 + 567) (4. 10) 


*A.I. Lur'ye, Statika tonkostennykh uprugykh obolochek, Gostekhizdat, 
1947, pp. 7-12. 
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where, as usual, aj; are the elastic constants of the shell material (Chapter 


I, Section 3). 


For symmetvically loaded shells we must assume that the external load- 
ing may only be a function of arc s, that is, 


X=X(s), Y==V(s). Z=Z(s). (4.11) 


while the boundary conditions are independent of anguiar coordinate y. Con- 
sidering this as well as the fact that in the case of shells of revolution 


R, = R, (s), Ry = R, (s), r=r (s), § = $(s), (4. 12) 


on the basis of equations (4.5)-(4.6) it is easy to establish that in the case 
of a symmetrically loaded sheil of revolutim the ‘ternal forces (Tj, Tg, S) 


and displacements (u,v, Ww) cannot be functions of angular coordinate ». By 
virtue of this, from (4.5)-(4.7) we obtain the following equilibrium equations: 








aT; 8 
E40, —-1) = —%; (4. 13) 
dS sin 8 : 
aS _gssn8 __y; (4.14) 
R; 
T=RzZ— BT. (4.15) 


Following V.V. Novozhilov,* let us introduce the new unknowns 
U=T,rcos8, V == Sr?. (4.16) 


From the first two equilibrium equations (4.13) and (4.14), by virtue of 
(4.15) and (4.16), we obtain 


== — r(Xcos 8 +- Z sin 4); (4.17) 
—=— =— ry, (4.18) 
Integrating the latter for the new sought functions, we obtain 


U==— f r(Xcos8+ Zsin8) ds-+ Uy; (4.19) 
So 


v= — J rY ds+-Vo, (4. 20) 


50 





*V.V. Novozhilov, see p. 95 of work cited in footnote **, p. 63. 
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where Uy and Vo are integration constants which are determined from the 
boundary conditions of the shell wkile the lower limit of integration of 69 may 


be arbitrarily chosen. Inserting the values of U and V from (4.19) and (4.20) 
into (4.16) and then into (4.15), we obtain for the internal forces T,, T, andS 





s 
rem gtans| frexoosd +Zanmyas—uy); (4.21) 
T= Riots [ reecosd-+ 2:in9)as—Ug| + Re (4. 22) 
So ; 
s=— Patt ; fora—v), (4.23) 


which, as was to be expected, do not differ from the corresponding formuias 
in the theory of a symmetrically loaded isotropic sheil of revolution. 


Let us turn to definition of the displacements. As in the case of th> 
statical problem, from (4. 8)-(4. 10) we have 





d 1 
a+ R= EMT tH a2M +465); (4. 24) 
1 
2 = F (qT, + 2497, + 29S); (4. 25) 
5 1 
BO og SO yg = 5 (GigTy +2067, + 0565). (4. 26) 





From (4.24), considering (4.15), for the normal displacement we 
obtain 


w= 2 [(en — nn Ft B21) 7, + aygS +.0,.R,Z]—R, 4; (4.27) 


inserting the value of ‘) into (4.25) and (4.26) and with conside” ation of 
(4.15), we obtain 





dus Ry sin® 5. Rs R2\ 7, 
at R- + (24200 Ft bem Fr) rots 
R,\ & 
+ (a1 —a26-R) 4p + (ti—aor-gt) GZ: (4-28) 
d st 8 R. ‘ S R ea 
Det Ap Y= (21 Om Be) tae gt aan Bz: (4.29) 


As before, following V.V. Novozhilov,* let us introduce the new un- 
knowns 


*V.V. Novozhilov, see p. 96 of work cited in footnote **, p. 63. 
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0= —,_,. pas: (4.30) 


cos 8 


then instead of (4.28) and (4.29) we obtain 


dp Ri\ R, T 
# o[e, 2a1. 4am Gr) tht 
R:i\ Rr S | R,\, Re 
+ (01— en x) r 5 +(0n—anZ) aS Z; (4.31) 
d' R R. 
az =(45— O26 a) zt Lt ee sy + O06 Fp 2: (4. 32) 


Integrating the latter, for the new sought functions we obtain 


P Ry RA\R 
=i J | (u—20m ton SE) M27, + 


+ (ayp— app) = S+(ay— ant) 2 Ri 2] as} +9 (4.33) 


r 


| Feat ®) 2 og pak Z| + (4.34) 


where 7, and 4, are integration constants which are determined from the 


y= 


boundary conditions of the shell, while the lower limit of integration s, is 


chosen as in the case of the statical problem. Inserting the values of © and ~ 
from (4.33) and (4.34) into (4.30) and then into (4 27), we obtain for displace- 
ments u, v and w 


_ cot | tL [en —2008 +a» ar, + 
dctpisdecatad as} + qs (4.35) 
i eee ag 26 


in 8 R R 
= Lf {on ten oe, a )atn 5 a 


+ (a,,— 6 3) Aes +(a,— ay ze) fa z| ashe 


+ leash) ter ens-+en2] base ay 
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The formulas derived here for the displacements are fundamentally different 
from the corresponding formulas obtained in the case of a symmetrically 
loaded, isotropic shell of revolution. Here, in distinction from the proklem 
of an isotropic shell, each displacement (u,v,w) depends on all three com- 
ponents (X, Y,Z) of the external surface load. By virtue of this it is easily 
seen that when a symmetrically loaded anisotropic shell of revolution is 
statically indeterminate (that is, when the boundary conditions are stich that 
the integration constants Ug and Vg may not be determined without use of 


relationships (4.35)-(4.37)), each internal force (T, Ty, S) depends on all 


three components of the external surface load. In the case where the shell 
is statically determinate (that is, the boundary conditions are such that 
integration constants U, and Vo are determined directly from the boundary 


conditions and relationships (4.21)-(4.23) without use of (4. 35)-(4.37)), then, 
as in isotropic shells, the components of the external load X and Z in the 
shell cause only internal forces T and To» while component Y causes only 


internal force S. The same remarks apply to the displacements, each of 
them depending on all three components of the external surface load. 


In the special case of an orthotropic shell (Chapter II, Section 14), 
when at each point of the shell one of the planes of elastic symmetry is 
parallel to the median surface of the shell and the remaining two planes 
are perpendicular to coordinate lines s —const, and » = const, the formulas 
for internal forces (4.21)-(4.23) remain unchanged and for the displacements 
we obtain 





| RE\ R 
= cos [feu — sen + an nt | 2 7, + 
% 
R,\ RI | 4.38 
+ (a, one) 2 | sa cos 9 ( ) 
; (4. 39) 


+ F2 [(er— am Rt) Ty + amRaZ|+ goin 8. (4. 40) 
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Here, as in the case of a symmetrically loaded, isotropic shell of revolu- 
tion, displacements uandw are caused by only two components (X and Z) of 
the external load, while displacement v is caused by only one component (Y) 

of the external load. Generally, in the case of a symmetrically loaded, ortho- 
tropic sbeil* of revolution components of the external load X and Z in the shell 
cause only the internal forces T, and To: while the Y component causes only 


the internal force S. 


We will note that the first group of final relationships (4. 21)-(4. 23) for 
the statical problem of a symmetrically loaded shell of revolution contains 
two integration constants (Ug, Vg), while the second group of final relation- 
ships (4.35)-(4. 37) for the geometric problem of a symmetrically loaded, 
anisotropic shell of revolution contains four integration constants Up, Vo, 


Po: o- Hence, as in the case of an isotropic shell, for definiteness of 


solution of the presented problem, at ench of the two parallel circles delimit- 
ing the shell two boundary conditions must be given, of which conditions at 
least two must be given in displacements, otherwise the shell may undergo 
pure shear deformation or will be displaced as a solid body. In the special 
case in which the sheli of revolution has one edge (that is, it is closed at the 
vertex), the number of boundary conditions is decreased by half. ** 


SECTION 5. EXAMPLES OF CALCULATION OF SYMMETRICALLY LOADED 
SHELLS OF REVOLUTION 


A. Cylindrical Shells.*** For the median (coordinate) surface of a 
circular cylindrical shell, by virtue of (4.1)-(4.3), we have (Figure 19): 





A=1, B=r==R,==R, R,=00, $=0. (5.1) 
Then, from (4.21) -(4. 23}, for the internal forces we obtain 
s 
ee Uo. 
=— f xas+; (5.2) 
Sq 
T,= RZ; (5. 3) 


*Here and hereafter, unless otherwise indicated, the term "orthotropic 
shell" will signif, 4 shell of orthotropic material for which the principal direc- 
tions of elasticity ¢t each point of the shell coincide with the directiona of the 
coordinate lines. 

**V.V. Novozhilov, see p. 99 of work cited in footnote ** on p. 63. 
***1T,.A. Movsisyan, Some specific characteristics of anisotropic shells, 
Izvestiya AN ArmSSR (fiz.-mat. nauki), Vol. XI, No. 4, 1958. 
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$s 


ee fras+—Z.. (5. 4) 
a 


From (4.35)-(4. 37) we obtain for the displacements 


u =} f (01,7; + 44g5 + a,.RZ)ds+ 9; (5.5) 
v=4 i (A467, + aegS + aogRZ) ds + oR; (5. 6) 
w= 5 (ayg7, + aS + GyRZ). (5.7) 


Let us solve a few examples of cylindrical shells. 


1. A closed circular shell (radius of curvature R, length L), supports 
a uniformly distributed, normally applied surface load of intensity q. The 
shell boundaries are defined by two transverse sections perpendicular to the 
axis of revolution z. One of the ends (s,—0) of the shell is completely fixed 


and the other end (s,—<) is completely free. 


(5. 8) 
(5.9) 





and the components of the surface load 


15 


X=—0, Y=0, Z=4. (5.10) 


From (5. 2)-(5.4), by virtue of (5.9) and (5.10), for the internal forces we 
obtain 


7, =0, S=0, T= Rg. (5.11) 
Inserting the values of Ty Ty and S from (5.11) into (5.5)-(5.7) and perform- 


ing appropriate transformations (here and in the following examples it is 
assumed that the lower limit of integration s,—0). for the displacements we 


obtain 
R 
u = O12 89+ Fo 
R 
U= A > 59 +-$R; 


R 
Ww = 4-7, 4 


Hence, by virtue of (5.8) for the integration constants we obtain 9,—0, and 
$,-=0, and, finally, for the displacements we obtain 


R R R 
B= Oy 98, V=O— 9S Way >=-q. (5.12) 


In the special case of an orthotropic shell and the interna! forces (5.11) re- 
main unchanged and for the displacements we obtain 


3 
u = ay + 98. v=0, w= dng. (5. 33) 


2. A closed circular shell hus one end (s,=0) compietely fixed and 
the other (s, = L) sustains a uniformly distributed shear force of intensity S*. 
We have the following boundary conditions: 


for s== 0: u=0, v =0; (5. 14) 
for s=L: T, =0, §=S*, (5,15) 


and the components of the surface load 


¥20- ¥=0, -ZA0 (5. 16) 
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From (5.2)-(5.4), by virtue of (5.15) and (5.16), for the internal forces we 
obtain 


T,=0, T%=0 S=S. (5.17) 
Inserting the values of T,: T, and S from (5.17) into (5.5)-(5. 7) and per- 


forming transformations, for the displacements we obtain 


W = O45 S* +04 
0 = gg | S* +R: 


W = A, Ss. 


z|% 


Hence, on the basis of (5.14), for the integraticn constants we obtain ¢, = 0, 


and }=090, and, finally, for the displacements we have 


In the special case of an orthotropic shell the internal forces (5.17} remain 
unchanged and we obtain for the displacements 


u=0, v=a65S', w= 0. (5.19) 


3. A closed circular shell sustains a uniformly distributed, normally 
applied aurface load of intensity q. The ends of the shell (s,=0 ands, =L) 


are completely fixed. Here we have the following boundary conditions: 


s= 0: u=0O, v—0; (5. 20) 
=L: u=0, v—Q, (5.21) 

and the components of the surface load 
x=0, Y=0, Z2=4. (5. 22) 


From (5. 2)-(5.4), by virtue of (5.22), for the internal forces we have 


=F. =k S=z. (5. 23) 


where, in distribution from the two previous examples, the integration 
constants Up and Vo cannot be determined vy means of (5.23) and boundary 


7 


conditions (5.29) and (5.21). Thus we have an external statically indeter- 
minate problem and the integration constants Ug and Vo may be determined 


only with the use of formulas (5.5) and (5.6) for the tangential displacements 
u and v. 


From (5.5) and (5.6) by virtue of (5.22) and (5.23), for the tangentiai 
displacements we obtain 


V, 
Rr - (a, vay 16a + a,.Rq) + 7%: 


(5. 24) 
= + (a5 + ea BET :6Ro) + WR 


Hence, from the boundary conditions in (5.20) and (5.21), for the integra-ion 
constants Yo, and Po, Uy and Vp we obtain 


Fo= 9, Hy = 0; 
U,= =) nba at Rg; 
811295 — Aig 
V.— Austra = Stas R3q. 
21 265 — 246 


Then from (5.23) and (5.24), for the internal forces and displacements we 
finally obtain 


7, = ite = Auto po, 


8119665 — Sig (5. 25) 
Take: (5. 26) 
i folk lol Ra: (5. 27) 
G14 —a 
u=0; aoa : (5.28) 
— (utente) 05 — ante + Paratretrg — ents Ra A220) 
811455 — Sig h 


In the special case of an orthotropic shell, for the internal forces and 
displacements we obtain 


T= — 3 Ra: T,=Rq; S=50; (5. 30) 
u=0; v=0, papa ne Ee (5. 31) 


B. Conical Shells. On the basis of the fourth condition of applicability 
of the me.:nbrane theory of shells it is here assumed that the investigated 
conical shells do not cantain the vertex of a cone. 
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For the median surface of a circular conical shell, by virtue of (4.1) and 
(4.3), we have (Figure 20) 


A=1, 
r= B= (s' —s)sina, 
R, = 0, 
R, = (s’ — s) tg 2, 
d=a, (5. 32) 


where s' is the length of the generatrix of the complete cone. 





Figure 20 


On the Lasis of (5.32), from (4.21)-(4.23) for the internal forces we 


obtain 
; : ff (Xcosa'pz si 1s) sinads—U, |: (5. 33) 
ie = py cos acini Xcosa+Z sina)(s’—s)sinads—U, |: 
So 
T, == Z (s' — s) tg a; (5. 34) 
. 1 
1 P pen 
S=- gaa | J ¥ (' — 9 sinta ds — Vo (5. 35) 
So 


From (4.35)-(4. 37) we have for the displacements 


s 


a= af tout + ay6S + a, (s’ — 5)Z te a] ds+- 9 cos a, (5. 36) 


So 





ae 3 , d. 
va FEN lot, + agS bans! — 9 Zeal gs + 


; + by (s’ — $) sin a; (5. 37) 
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£ 


2 Re ff tanT, + aS + an (6! — 8) Z tga) ds+ 





So 
+ Gases 1097, + aog5 + @y, (s’ — 5) Z tga] + sina. (5.38) 


Let us discuss a few exampies of calculation of conical shells. 


1. A closed truncated cone sustains a uniformly distributed, normally 
applied surface load of intensity q. The boundarier of the shell are defined by 
two transverse sections perpendicuiar to the axis of revolution z. One of the 
ends of the shell (s,—0) is completely fixed and the other end (s,~ZL) is 


completely free. We have the following boundary conditions: 


for s=0: uw=0, v=0: (5.39) 
for s=L: T,=6, S=0, (5. 40) 


and the components cf the surface load 


X=0, Y=0, Z=g. (5.41) 


From (5.33)-(5.35), by virtue of (5.41) we have for the internal forces 


1 , s?\. 
ee (s’ —s) sina cosa [¢(s’s —--) sin? a — Ug] 
, V, 
T, = q (s’ — s) tg 2, S=rosyomte* 


Hence, from the boundary conditions in (5.40), for the integration constants 
Ug and Vo we obiain 


U = q(s‘L — =) sinta, Vi=—0, 


Then, finally, for the internal forces we write 


s? — L? + 2s’ (L—s) 
“2(s’—s) 
T,==q(s'’ —s)tga; S=0. 


T= 4 











tga! 
(5, 42) 
Inserting the values of Ty S and Z from (5.42) and (5.41) into (5.36) and 


(5.37) and performing transformations, for the tangential displacements we 
obtain 
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u=qia,fs's — S(s' — LP In(s’ — s+ 
2 a 
+ 2a2(s’s — > )t ee + % cos 2; 





s—(s’' — LP? —— | pee 
aes 7 . Fle iage| gee ye pae 





Hence, from the boundary conditions in (5.39), for the integration constants 
we obtain 





%=— a ‘Be [a,, (s’ — L)* Ins’); 


cosa 
(s’ —L)? 


q 1 
Y= 25 cosa 2" 





Then, finally, for the displacements we obtain 


u=ta, [ss —~F +6" —yrin(1 —z)|+ 


+ 2a,,(s’s— +) Be a, (5. 43) 
om [HGS] tone} ee 6.48) 
o= {far Snes 2ao9(s’ — s)| (s’— s) + 
+a), [s’s — S48" — Ly in( — =-)] + 
+ 2a,, (ss —_ +) aa q. (5. 45) 


In the special case of an orthotropic shell all the internal forces and 
displacements except tangential displacement v remain unchanged. Displace- 
ment v becomes zero. 


2. A closed truncated conical shell is completely fixed at one end (5) = 0) 
and the other end section (s, =) without undergoing any longitudinal 


displacement, sustains a uniformly distributed shear force of intensity S*. 
Here we have the following boundary conditions: 


for s=6: u=0, v=; (5. 46) 
for re r= 0). SS", (5. 47) 


and the components of the surface luad 
X=0, Y=0, Z=0. (5. 48) 


From (5.33)-(5.35), by virtue of (5.48), for the internal forces we 
have 


81 
= U penne eae 
Hrs @oyunece at 2G =)" ae a” (5. 49) 


From the second boundary condition (5.47) and the last relationship for S 
we obtain the following value for integration constant V9: 


Vy) = S*(s’ — L}* sin? a; 


finally, for s we find 





eee OR (5.50) 


~ (s'—s} 

Integration constant Ug cannot be determined by means of the boundary 
conditions and relationship (5.49) derived for Ty: Here, as in the case 7f the 
third example of a cylindrical shell, we have an external statically indeter- 
minate problem and integration constant U, may be determined only with use 


of the formulas for tangential displacement u. 


From (5.36), by virtue of (5. 48)-(5.50), for displacement u we have 


‘_osgpy 
In(s’ — s)+-a,, S i Ey Gay S+% cos a. 





u=—a Yo 
a Nl Asin a cosa 


Hence, by means of the first of the boundary conditions (5.46) and (5. 47) for 
the integration constants Ug and Yo we obtain 


a (s'—L)L 

a a Fea 
Ss in(1——) 

s 


a= Sit aes —o) az 





sin acos a; 


s‘in(1—Z) cosa * 
s 





Inserting the resulting val «s of the integration constants into the forrnulas 
for internal force Ty and tangential displacement u, we finally obtain 








T, = Se (s'—=)L Ss: (5.51) 
, au (s’—5)s" in(1— >) : 
s’—L 
- Lint = , 
e=0.5 pe de or ae S’rL ow (5. 52) 
s'—s 7 L r 
$s in(1—-) 


Inserting the values of T, Z and 8 into (5.37) and considering the 
second of the boundary conditions in (5.46), after conversions we obtain for 
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the tangential displacements v 


el ee lee LE (gee) eee eed (5. 53) 


an ais’)? in(1— =) ah 


Finaiiy, from (5.38), for the normal displacement w we find: 


Qy94;g (S'—L)L (s’ — 1)? 
ga | ons 6 ha 
| ay s' in(t——;) 36 (s’— s) 


s’—L 
rayie 0] Seb inl) 
(ard 


es | 
>|8 

i] 

+ 











= | = Ss. (5.54) 


In the speciai case of an orthotropic shell, for the internal forces and 
displacements we have: 


‘_oyy 
T,=0; T,=0; s=Ga3s; (5.55) 
u=0; w=); v= Hs’ —LY[ 5 — Fs. (5.36) 


C. Spherical Shells. In the case of a spherical shell, if it is assumed 
that are s is reckoned from the equator of the sphere, for the median surface 
of the spherical shell, on the basis of (4.1) and (4.3), we have (Figure 21) 


R 


(5.57) 


A=1; B=r=Roeos<; | 


R,=R,=R; t= 5. 


where R is the radius of the sphere. 





Figure 21 
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Using (5.57), from (4.21)-(4. 23) for the interna! forces we obtain 





--—1,|f (Xcos-, + Zsin- RK) ROS -p és—u,); (5. 58) 
Res? es 
R 
T,= ] -| (x05 RtZ sin 7) R cos + « s—u,|4R2; (5.59) 
Rk cos4 = 3 Sn J 
sf YR js ds V9). (5.60) 
2 cus? k 


From (4. 35)-(4.37) for the displacements we have 








a =—" [(@y, — 2049 + doy) T, + (@5 — Gog) S + 
+ (ay. — ay,) RZ} yt % cose: (5. 61) 
cos -— 
R 
tet 2 
0 = — Pf Caye—ay) T+ a6gS-+056RZ] E+ Ross; (5.62) 
So cos +z 


D- aes [(@,; 2049 + 49) Ty + (yg — Ag) S + (442 — By) RLZIX 
as R + Ss 2 18 
x eae + = ICa2 — 4n) 1 +4965 + ayRZ} + 9 sin FB. 


C03 -+5 


R 


(5. 63) 


Let us: discuss a few examples of calculation of spherical shells. 

1. One of the ends (s,)=0) of a closed spherical section is completely 
fixed and the other end (s,-= ZL) sustains a uniformly distributed tangential 
force of intensity T*. We have the following boundary conditions: 


s-=0: u ==0, I= 0; (5. 64) 
s=L: T=T. S=0, (5. 65) 


and the components of the surface load 
X=0, Y=0, Z=0. (5. 66) 


From (5.58)-(5.60), by virtue of (5.66), for the internal forces we have 
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Us Us = 


V, 
Ret Rete ets 
cos R cos R cos‘ — 


hence, by virtue of the boundary conditions in (5.65), for the integration 
constants Ug and Vo we obtain 


Uy =T°R cos? = 


5» Vo=0. 


Then, finally, for the internal forces we write 


cos? 5 cos? 
e Ss , S=0. (5. 67) 


s 
2 a 
cos? — cos 
R 








T= 


Inserting the values of T,, S and Z into (5.61) and (5.62), for the tangential 
displacements we obtain 





R cost : 2 : . 
us Th - (2, — 2049 +- ayy) [inte (se + 4)cose tes ]Te+ 
+ % cosa; 
R cos? — E 


v= 





(4g — gg) [In tg (55 + FG) tie ge | T+ 
+R cos. 


Hence, from the boundary conditions in (5.64), for the integration constants we 
obtain 9,=0, aud 4—0. Then, finally, for the displacements we find 


s 


T* 
i= pie (2, — 20,.+ @y,) [te Rt 
s s i L 
+cos(+)In te(ap + ) cos’ =, (5. 68) 
v= a (215 — Ogg) [cos () In tg oR +7) + te + cos? a (5.69) 
RT 8 Rr 
w=] (912 — 8x9) -——- + 9g (nn — 202 + Om) X 


x [sin( +s : )in ta (oe +— z) tte? | cos? = (5.70) 
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In the special case of an orthotropic shell all internal forces and displacements 
(except tangential displacement v) remain unchanged. Displacement v be- 
comes zero. 

2. A closed hemispherical shell (shell with a pole) sustains a uni- 
formly distributed, normally applied surface load of intensity q. The one 
edge of the shell (s,—0), which coincides with the equatorial line is 
completely fixed. 

We have the following boundary conditions: 

for s=0: u=0, v=0, (5.71) 
and the components of the surface load are 

xXx=—0, Y=0, Z=q. (5. 72) 
From (5.58)-(5. 60), on the basis of (5.72) we obtain for the internal forces 


R U, V, 
7, = 444% _; = -—>-; S= : 


R cos? 5 R cos? z 


R* cos? z ° 
From the condition that the internal forces at ‘he pole of the sphere (s= **) 
are finite, we conclude that U,—0, and V,=9; finally, for the internal 
ferces we obtain 
Lea =) =: mL, S=0. (5.73) 
Inserting the values of Ty S and Z into (5.61) and (5.62), for the 
tangential displacements we obtain 
“= Bal (ay, -— Gm) cos(F-) In tr ( 55 t= 5) t+ ecos 
v= FH (arg — 0) cos (5 R) inte (ae +, 1) + ¥0R cos 


Hence, by virtue of the boundary conditions in (5.71), for the integration 
constants we obtain ,,=0, and }=—0 and, finally, for the displacements 


we obtain 


w= FF (a,,— am) cos (Vin te(sn +4): (5. 74) 
o= Ra (ay — ay¢) cos (5 Intg (se + i)i (5. 75) 
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w= _ [ten — Qqy) sin (+) Intg (5 + +) + (a), 4- an)] . (5. 76) 


In the spec.al case of an orthotropic shell all the internal forces and 
displacements except tangential displacement v remain unchanged; v becomes 
zero. 


SECTION 6. EVALUATION OF RESULTS OBTAINED IN THE PRECEDING 
SECTION 


The examples discussed in the preceding section permit us to draw 
certain conclusions concerning the specific characteristics of the stress and 
displacement of anisotropic shells in which moments are absent. 


Analysis of the first examples of cylindrical and conicai shells as 
well as of both examples of a spherical shell shows that, in distinction from 
isotropic shells, in anisotropic symmetrical shells under the action of uniformly 
distributed, normally applied load q or of a load T* uniformly applied to the 
edge there appear tangential displacements v (that is, there occurs twictiug 
relative to the axis of revolution z); after deformation initially plane meridian 
lines of the shell become helical. It is also characteristic that when a nor- 
mally applied surface load q or an external edgewise force T* change sign, 
the discussed shells undergo twisting in the opposite direction (that is, the 
sign of tangential displacement v a!so changes). 


In examining the second examples of cylindrical and conical shelis it 
is easily seen that, in distinction from the similar problems cf isotropic 
shells, the longitudinal inteinal forces T, as well as the normzal and tangential 


displacements « and u are different from zero. Desnite the absence of nor- 
mal Z component and tangential X, Y components of externa! surface load as 
well as the presence of complete axial symmetry, in the discussed shells, 
uncer the action of uniformly distributed edgewise shear forces S* (or, which 
is the same thing, under the action of the corresponding torsional moments), 
there appear longitudinal forces Ty: normal w and longitudinal u displace- 


ments which, depending on the direction of torsion, change sign (tuat is, if, 
for example, in the one case there appear in the shell tensile forces T, or 


there is a decrsase in the radius of curvature of the shell, while in the other 
c..se, when the external force (or moment) changes sign, there appear in 

the shell compressive forces Ty or there is an increase in the radius of curva- 
ture of the shell). 


Finally, from the third example of a cylindrical shell it follows that, 
despite the complete axial symmetry of the discussed shell, under the action 
of a normally aprlied uniformly distributed surface load q there appear in it 
internal shear forces S. 
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In the case of orthotropic shells, when the principal directions of 
elasticity at each point of the shell coincide with the directions of the co- 
ordinate lines, we encounter problems in which the derived results, differ- 
ing quantitatively from similar results for the corresponding isotropic shells, 
do not contain any fundamental differences. However, probleme of ortho- 
tropic shells often contain qualitatively new results which differ fundamentally 
from the similar results for the corresponding isotropic shel!s. For example, 
in the second example of a spherical shell the tangential u displacement and 
normal u: displacements contain terms with the factor (a,, -—a,.), which, de- 


pending on the ratio vi may lead to results which are fundamentally 


different from the corresponding results for isotropic shells. 


SECTION 7. CONTINUATION OF SECTION 5 


The conclusions of the prev:ous section may also be extended to other 
types of shells of revolution. In this connection the present section discusses 
additiona: examples of shells of revolution. 


A. Shells of Revolution Generated by Revolution of an Arc of a Circle. 
Let a shell of positive curvature be generated by reduction of a certain part 
of the arc of a circle of radius R about the axis of revolution of the shell z, 
removed from the axis 0-0 of the corresponding sphe’’e (of radius R) by a 
distance c (Figure 22). If we assuyne that the arc s is reckoned from the 
equator of the corresponding sphere, then for the median surface of the 
discussed shell of revolution, by virtue of (4.1) and (4.3), we obtain 


A= 1, B=r=Rcos-% —¢, 


(7.1) 





Figure 22 
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By virtue of (7.1), from (4. 21)-(4. 23) we obtain for the internal forces 


=—, 


x{f Rear p—e)(Xcorf +2 sn $)d0— Ul, (7.2) 
T, = —~ [(Reos # —«)(Xcos-% + Z sin R) ds—Uy|+ 


Reos 7 etd 


Z; 








+ 


“3 


4) 


was 
“v3 p> 


a erap|f medrol (7.4) 


(R cos z - c) E 
while for the displacements, from (4. 35)-(4.37), we have 


cos [ ? R R T 
u- ms | 1209 Ft tong) et 





cos -— 
0 R 


R cos = --e 
fete RY ol Ss Sige 
+ (16 O06 X) cos © +(a. an R) are | | i 
R R 
+ cos 5; (7.5) 


sre iG = fs) 7, fe 
oe ape le i id 2 Reos —e 











$—] as} +40(Reos % —<) F8) 

















Ros  —¢ 


(7.7) 
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On the basis of the general formulas far internal torces (7.2)-(7. 4) 
and displacements (7.5)-(7.7), let us examine an example. Let a barrel- 
shaped shell sustain a uniformly distributed, normal surface load of intensity 
q. Let the boundaries of the shell be defined by two transverse sections per- 
pendicular to the axis of revolution z. One of the ends of the shell (s = — s)) 


is completely fixed and the other end (s=s,) is completely free. We have 


the following boundary conditions: 


for s=—S): u-=Q v= 0; 
= —§,' =0, =: 0; : 
for 3 = So: T, = 0, s=0 (7.8) 
and the components of the surface load 
X=0, Y¥—0O, Z=4q. (7.9) 


In the same manner as in the case of the first example of a cylindri- 
cal shell (Chapter I, Section 5), for the internal forces and displacements 
of the discussed shell we obtain 


qR? (cos +. — cos? +) — 2gRe( ios = — cos +) 














R R R). 
a 2 cos 4, (Reos-%-—e) ea 
T= +4q ee S=0, (7.11) 
peng EN (apse (a tog =e) x 
7 te(3 +37) gy | 
X In +[(.+ 4) Re+ 


+ “F(a 2 funy %)| (text $)+ 








$s 
ey dae 


(R + ¢)tg 
iger et a Eee 
. (R+ 08 oR -VR—e 





— In ———- 


(R+ ots of —VRI—a 
Rtgs +VR—A 
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ee sin = sin 52 \ } (7.12) 
+ On |G re sas mc t i 
R R/) 
Reos  —c ; Rt Re 
ae h { %6| syara ~~ 2(R8— ety 
A°R R? R? 
+ “2. (3 VR—o (R? — c2)") )] + 
ie Rit + RAG ee 
% o31/ pia 2c? VR—a = | 5 Sf et EN ine oo 





(R +) oe —-VR-a 


ee WS op 5 -VR =a --¢ 
"Rt OR a3 +VYR—2 





' Ss So 
[ Re. ORSAY x | mR ao eR, 
— ay 2(R?—c3) 2c(R? — c4) Risse Reos So = 
R R 


Tr s 
lato 
# Ao 4 ' 2R RA 
— (Ao + 446) Re Atel leg +e%)| (7.13) 
a(G— 38 
where 
AP = (Reos fo — 2c) cos“. (7.14) 


In view of its extreme unwieldiness we shall not derive the expression for 
normal displacement w. 


In examining the derived 1ormulas it. is easily see’ that in the sufficiently 


gereral case of a symmetrical loaded anisotropic shell of revolution /even 

if the shell is externally statically determinate) the derived design formulas 
are complex. In this connection it is of particular interest to examine a shell 
of revolution for which the meridian arc is shallow, the ratio of the rise f of 
the rueridian arc to the length 285 of the arc itself (or to the length of the 


chord of the arc 00; ) being small (Figure 23). 

. Shells of Revolution With Extreinely Shallow Mer‘a'an Are. Lec 
a shell . generated by the revolution of an extremely sha:low arc of a certain 
curve around the axis of revolution z; herein the chord of the meridian arc 
00, is parallel to the axis of revolution z or, if it is not parallel, the angle 


formed by the z axis and chord 00; must be so small that angle § (Figure 23) 
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at all points of the sheil remains small). 





Ke: 
Figure 23 


For shells of the described type we assume that the coefficients of the 
first quadratic form A and B and the principal radii of curvature R, and Ro 


behave as con: tants*, **, ***,****, ***** upon differentiation. Of course, this 
assumption refers to shells in which the Gaussian curvavurs ci 2!! noints retains 
one and the same sign. ****** Considering this, on the basis of (4.1)-(4. 4), 

for the coefficients of the first quadratic form we obtain 


A= 1; B=r=R,. (7.15) 


Then, from (4. 21)-(4.23), for the internal forces we have 


s 
1 \ 
naka fxas— uy): (7.16) 
naa | xas—u,) +902 (7.17) 
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(Investigations in the theory of structures), Gosstroyizdat, 1939. 

**Yu.N. Rabvinov, Boundary zone equations in the theory of shells, DAN 
SSSR, Vol. XVII, No. 5, 1945. 
***S,A. Ambartsumyan, Approximate method for calculation of shallow thin 
shells, DAN ArmSSR, VI, No. 3, 1947. 
****S,.A. Ambartsumyan, Calcuiation of shallow shells, PMM, Vol. XI, No. 
5, 1947. 
*4eeekA TL. Gol'denveyzer, see pp. 458-460 of work cited on p. 61. 
*4**e*eV 7. Viasov, Obshchaya teoriya ohoiuchek, Gostekhizdat, 1949, pp. 436- 
438, : 
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sS=— 


I- 


(as [ras—v,), (7.18) 


and for the displacements, from (4. 35)-(4.37), we obtain 


Ss 


20 / R 
| (2 — 209 3+ One) T+ 
So : 
+ (ayg— O95 5 R, Ft) S+ (an—onz i +) a ds + Gq) (7.19) 
oa Ft f (lemon) 4 ous 8 + ee as + wh (7-20) 


R 7.21 
w=" [(a2— an RB RYT + aygS + Og RyZ |. ( ) 
Here, as is easily seen, we have the approximate assumption that the internal 
geometry of the discussed shell does not differ from the internal geometry 
of a circular cylindrical shell of radius Ry (5. 1) and (7.15). However, not- 


withstanding this, the design formulas for these two types of shells (5. 2)- 
(5.7) and (7.16)-(7.21) are fundamentally different. The formulas for 
shallow shells, in distinction from the corresponding formulas for cylindri- 
cal shells, contain terms with the factor 1/R,. 


let us examine few examples. 


1. A barrel-shaped shell sustains a uniformly distributed, normally 
applied surface load of intensity q. The boundaries of the shall are defined 
by two lateral cross-sections perpendicular to the axis of revolution z. One 
of the ends of the shell (s==0) is completely fixed and the other end (s = L) 
is completely free. We have the following boundary conditions: 

for s=0: u=0, amped 

for ac L: T,=9, S=-0, ) (7.22) 


and the components of the surface load are 
X=0, Y=0, Z=g. (7.23) 


Proceeding as in the previous analogous cases (Chapter II, Section 5), for 
the internal forces and displacements we obtain 


T,=0, T=Rg, S=0; (7.24) 


R. 
ee sees oa): (7.25) 


ny eee 


2 
U = Ox > Ry. w= On = 9. 
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In the special case where the shell is generatec by the revolution of 
a certain part of a circular arc (the first example in this section) by virtue 
of (7.1) we obtain the following formulas. 











Ss 
Ros —¢ 
T,=0, iS S=0; (7.26) 
COS 
§ s 
Rcos = —c Rceos — —c 
u=q x £ (sen ' (7.27) 
cos - R cos 
; Reos B —e 
oe As (7.28) 
Fos 
a 
Roos — ¢) 
_ 1 ( R (7.29) 
oe ae ee 
oR 


or, in view of the small value of angle 9, assuming cos ~ 1, we obtain, 





u=9(R—c) = (a2— On A); 


7,=0, T,=(R—c)q. S=0; | 
| (7.30) 


U= 90x, (R—¢), @ = Gay + (R— c)*. 


Comparing the resulting approximate formulas (7.26)-(7.30) with the cor- 

responding exact formulas (7.10)-(7.13), we note that with sufficient flatness 
idi Soret. of ee 

of the meridian arc ( = < 6° 00, < 7) the approximate formulas, from the 

standpoint of the membrane theory, provide wholly acceptable results. In 

this case the approximate calculations differ from the exact calculations 

by not more than 15 percent; with a decrease in the relative rise of the 

meridian arc thre is a decrease in this difference. For example, when 


= < = that is, when - Se this difference does not exceed 5-6 percent. 
The investigations and numerical] calculations performed by the author 

show that the limit of applicability of the approxin.ate theory of calculation 

established here is not so exclusive that it may not be extended to other 

types of <ymmetrically loaded anisotropic shells of revolution with shallow 

meridian arc. 


2. Let the shell of the previous example be filled with liquid. For 
simplicity of calculation it is assumed (with sufficient accuracy) that the 
hydrostatic pressure is replaced by a distributed load which varies linearly 
over the arc of meridian. Assuming that the pressure at the bottom point of 
the shell (s = 0) is q, for the components of surface load we have 
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R20 YSU Z=q(1—+). (7.31) 


From (7.16)-(7.21), by virtue of the boundary conditions (7.22) and by 
proceeding in the usual manner, we obtain for the internal forces and displace - 


ments 


T=0, Ty=9R,(1— +), S=0; (7,32) 
w= (a. — Zt am)s(I — sr : (7.33) 
v= 9 FP ans (| — gr); (7.34) 
w= 9-4 om(I — ): (7.35) 


In the special case where the shell is formed by revolution of the halfwave of 
a sinusoid about the axis of revolution z at a distance c from the axis of the 
sinusoid 90; (Figure 23), for the principal radii of curvature of the shell 


we have, with sufficient accuracy 


R=—, R=fsin™ +e. (7.36) 


Sr? sin = 
(In determining the radii of curvature it is here assumed tuat & < 1.). 
Inserting the values of R, and R, from (7.36) into formulas (7. 32)- 


(7.35), we obtain for the internal forces and displacements 


r=, T,=4(f sin +e)(1 —+}, S=0; 














a(rsin =" +c) (fsin 7 +c) sat sin = | 4 
fe ease = (erae 
rat lies oy , 
v=4q ‘i a5 (1 — 9) 
(rain. +0) 
wg h am (1 —=-) 


3. A barrel-shaped shell sustains a uniformly distributed, normally 
applied surface loaa of intensity q. The ends of the shell (s=0,s=L) are 
completely fixed. Here we have the following boundary conditions: 


for s=0: u=0; 


v=0; 
for s=L: u=0, v=, | (7.37) 
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and the components of the external surface load are 


X=0, ¥=0, Z=q. (7.38) 


The discussed external statically indeterminate problern is solved just as 
simply as the corresponding problem of acylindrical shell. Proceeding ‘nthe same 
manner as in the case of the third example of a. cylindrica! shell (Chapter I, Section 
5) we obtain for the internal forces anc “isplacements 


T=CRyg. Ty=(1—C, 3 Bt) Re. S=C,Rygi (7.39) 
1=3|(on —tey tel) 
+(a,;— a O76 7 $2) C1 +(an—0n 3 R, Re) | Ret (7.40) 
vs (ay — ar R a) + 064C + dye] Rog (7.41) 
w= 4 [(412 - 42 RK, R)c + OnCy + dn| Rg. (7.42) 
where 
Z ass (10 — 20-Gt) — 24 (412 — en 2) 43 
ee epee 
Ons eats R, + G33 =) (2u—on R, 
016 (12 — ant) — On (an — an Ge) (7.44) 
Sa Re 
Gee (211 —20u 72 — + 43—> R 3)- (210— on R, ) 


In the special case, assuring in the derived formulas a,,= a, = 0, 
we find the formulas for the corresponding orthotropic shells. 


In the case where the meridian arc of the shell is shallow all problems 
of symmetrically }oaded anisotropic shells of revolution are simply soived 
without unwieldy calculations and design formulas. 


SECTION 8. AN ARBITRARILY LOADED CYLINDRICAL SHELL OF 
ARBITRARY SHAPE 


Let us discuss a cylindrical shell of arbitrary shape. The location ai 
any point M on the median surface of the shell is defined by orthogonal coordin- 
ates a and §, where 8# is the distance from any initial cross-section to the 
cross-section containing point M (a,8), and § is the length of arc of the 
directing curve from a certain initial generatix to point M (@, 8). The 
coordinate lines of the given system are the generating and directing lines 
of the discussed cylinder (Figure 24). 
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Figure 24 


The coefficients of the first quadratic form A and 5 and the principal 
radii of curvature of the median surface of the discussed cylindrical shell 
are defined as follows: 


A=}, B=l, R=ZHoO, B= E=RO. (8.1) 


By virtue of (8.1), from (1.1) we obtain the followiny equilibrium 
equations 





oT, , OS __ (8.2) 
gt =O 
OS 3 OT yes igs: (8.3) 
a top OY 

T, = RZ, {8. 4) 


For the elasticity relationships we have from (1. 3) 
1 
1 F nT +4127, + ayg5); 
1 
by =F (G127y + qT, + 2965); 


1 
w= 5 (2467, + Org 7y + Oeg5). 
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From the last two groups of relationships we ob{ain the following 
inhomogeneous geometric equations: 


Ou 


1 : . 
2. s&h (1,7, +- G27, + 0465); (8.5) 
ov w 1 + : 
re + ke = 7 (4,97; + aT, O65); (8. 6) 
0 C7] 1 
2 + oe =f (GigT, +: 4x72 + 26S). (3.7) 


Integration of the systems of differential equations in (8.2)-(&. 4) 
and (8.5)-(8.7) is not difficult and may be completed in general form. * 
However, for greater clarity the discussed examples will be solved by 
successive integration of the indicated equations. ** 





. Figure 25 


1. A horizontal circular tube (cf radius R and length 1), one end of 
which (2 =/) is completely fixed and the other (2=—0) is completely free, 
is entirely filled with a liquid of specific gravity y. The weight of the tube 
itself is not considered. Angle ~ = 8/R is reckoned from the low point of 
the tube (Figure 25). 


We have the following boundary conditions: 


for a= 0: qT, =0, S=0; (8. 8) 
for axl; u=0, v=0, (8. 9) 


*A.L. Gel'denveyzer, see pp. 125-129 of work cited in footnote on p. 

61. 
**V.V. Novozhilov, see pp. 154-159 of work cited in footnote ** on p. 

63. 
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and the components of the surface load are 
ae = = 8 
xX=0, Y=0, Z=Rz(1+cos£), (8. 10) 
From (8.4), by virtue of (8.10), for the internal force To we have 
T,== Ry (1 +-cos % 
a= R¥q(1+cos-p). (8.11) 


Inserting the value of Ty from (8.11) into (8.3) and considering (8.10) 
and the second Loundary condition in (8.8), we obtain for internal force S 
S= Ryasin 5. (8.12) 


Inserting the value S from (8.12) into (8.2) and considering (8.10) 
anc (8.8), we obtain for internal force T, 


T=— sco. (8.13) 


Inserting the values of Ty) Ty and S from (8.11)-(8.13) into (8.5), 


integrating with respect to a and considering (8.9), we obtain for tangential 
displacement u 


tlen aoe cos $ + a(a— Ly R2(I at + 
Rsin F (8.14) 





4-45 — 


Inserting the values of Ty: Ty) S and u from (8. 11)-(8. 14) into (8.7), 


integrating with respect to @ and consicering (8.9), we obtain for tangential 
displacement v 


v= 7 [St (Bal? — 203 — L8)cos + 








+ digg (a —L)R?(1 +008 ) + Og —F " R3 ink + 
a a‘ 4 onus 
+ ER (at —ZL')sin +a, 4 on (@ 15) 


From (8.6), by virtue of (8.15), we obtain for the normal displacement 
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w= —t ae (a ee raul be 
say,R (a? — ul +> 5 3) ora +¢y— L’ Revs £ + 
+ Si (209 + 13 — 3a) sin -& ee —L)R'sin 1, (8. 16) 


2. A closed cylindrical shell of arbitrary cross-section (radius of 
curvature R,= R(§),length L) sustains a uniformly distributed, nor:nally applied 


surface load of intensity q. One of the ends of the shell (20) is completely 
fixed and the other end (2 =L) is completely free. For the discussed shell 
we have the following boundary conditions: 


for 20: uw=0, v=0; 
for a=15 TF, =0, S=0, (8.17) 


and the components of the surface load are 
X=0, Y=0, Z=g. (8. 18) 


Proceeding as in the previous example, we obtain for the internal 
forces and displacements of the discussed shell 


dR 
T%=Rq S=ql—ay a. 





or ay en. (8. 19) 
aaj [auR bare! — 5) “ae + 
+on(5—-F +4) Srl: 
el tae aged ee. 
tas ab +3) ig — (8. 20) 


0 (49+) ar} 
Wag, ff aR + 296 (L — ar lem (core +a?) — 
- tat $))SE au (Ee 2) SF 4 


ati? aL d-R | 
+ ay (“-= +e) ae ae 


Let us discuss a numerical example. Let the discussed shell have an 
elliptical cruss-section for which* where a and b are the major and minor semi 


*V.V. Novozhilov, see pp. 157-158 of work cited in footnote **, on p. 1¢ 
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62 1 
a (1 —e? cos? 4)’: 


axes of the ellipse, ¢€ is the eccentricity of the ellipse (2 = =] —5) and y is the 


angle formed by the normal to the ellipse with its minor axis (Figure 26). 





Figure 26 


In addition to the value of R, we shall also be interested in 


dR 3 in Qe 
“ds COO ecosPD 
aR a | 22 £08 24 — «2 cos? 4 | 

dst BP “Viadeote 

q 2 ~ F 1 : 
an = ~ a0 —+ ema e(1 ~3) cos? 4] sin 2: 

4 12 « 
oa i 2?(1 — 2? cos? yp)” [( _ ee 

—5e( —ts 2) (cos? — 3 sin? 4) cos? 4| 


Let the shell be made on an orthotropic material with the following elasti: 
characteristics:** 


E,=2-10kgiew?, EF, =0,5- 10° Kg /ew?: 
v= 0,2; y= 0,03; G --0,455- 10° kg jew, 


The material of the shell is so arranged that at each point of the shell one 
principal direction of elasticity of the material coincides with coordinate y 

and the other two do not coincide with coordinate lines @ andb. At each 

point of the shell let the principal directior of elastici.y of a material with a 
subscript 1 form with direction @ an angle ~ = 30°; then, by means of formulas 
(1.4. 8)-(1.4.13), we find the elastic constants Bik for the coordinate system 


*V.V. Novozhilov, see pp. 157-158 of work cited in footnote **, p. 63. 
**S.G. Lekhnitskiy, Anizotropnyye plastinki, Gostekhizdat, 1947, p. 48. 
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qaand 8: 


@y, = 0,781 - 10°? car/kg; v= 1,531» 107° ewig; 
G49 = —0,006 - 107° cag; Ogg = 2,575 + 107° cue: 
0y4 = — 0,541 - 107° cw?/kg; ao = — 0,753 - 107° cag, 


The internal forces and displacements within a tube of elliptical cross- 
section are easily obtained by use of the above data. in view of the fact that the 
discussed shell is externally statically determinate, the internel forces ox the 
anisotropic shell do not differ from the internal forces of the corresponding 
isotronic shell. 


Let us determine the displacements ir cross-sectiona—=ZL. We shall 
limit ourselves 1o the investigation of points m,(~=0) and mg () = 7/2). For 


the sake of clarity and by way of example we shall also assume that b/a = 0.5 
and assign three different values (2,3,4) for ratio L/b. Representing the 
displacements as follows: 


32 : 3 
w= q5-K,-107> cw, vg K+ 107° cm, w= Gg Ky 10> cw 


(the values of b and h must be expressed in centimeters and the value of q in 
kg/cm), for coefficients K,. K,, K,, we have the quantities listed in the 
following table: 

Table of Values of K,, K,, Ky 


q K, Ky Ky | 
y 
U 


med 


2,0 | —2,39 | 4,68 | —7,68 | 2,49 | 82,40 | —35,88 


= n) 0 





| 0 














30 | 798 | i581 | -1457 | 981 | 186,96 | —150,60 








40 | 18,85 | 37,49 | —25,i2 | 24,4L | 392,80 | 058 


ee 


In the special case of an orthotropic shell, as befuie, at points m, and 
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Mo the tangential displacements v become zero. Here, in the sufficiently 
general case of anisotropy, points m; and mg have tangential displacements 
v which are of ‘he same order of magnitude as tangential displacements u. 

3. Let us derive the general integral of the equations of the membrane 
theory of arbitrarily loaded anisotropic cylincrical shells of a:bitrary shape. 
The general integral is constructed in the same manner as in the case of an 
isotropic shell.* Assuming 

R=TN4+T, 1=TN+T), S=S4+8', (8.21) 
where (7}. T;, S*)are the pariial integrals of the inhomogeneous system of 


equations in (8.2)-(8.4) while (7;, 7), S’) is the general integral of the 


corresponding hcmogeneous system, we obtair for 7; and 7’ 


4 


ae [ras f o| | (2 c32 a Haale | 
a, a) : J (8.22) 


T,=RZ, S=— J [RRD+ Vyas: 


(8. 23) 


where f, = f, (3) and /, = f,(3) are arbitrary functions of integration and the 
lower limit of integration @ is arbitrarily chosen. 
With known Ty: Ty and S, the svstem of equations in (8.5)-(8.7) is 
also invegrated in an elementary manner. 
Assuming 
yesusteu's-u", v=vbwtv, s= ww tw", (8.24) 
where w’, vu’, w*) and (u’, uv’, w’) are partial in.egrals of the inhomogenecus 


syst2rn in (8.5)-(8.7) which correspond to the group of internal forces 


*A.L. Gol'denveyzer, see footnote *, p. 97. 
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", w") is the general integral of che 


(T. T, S*) and(7;. T,. S’\respectively; (u”, 
‘, uw we obtain 


corresponding homogeneous system; for 4 yp Bp 4 
aus 
= fur O27 + Oy—S*) da 
a, 
= ictoas (4,,7, + 44,7, + agS*) da — 
iY 2 
= faa f SeuM+ayh+a,8 yaa: 
ie (8. 25) 


wae, T+ aT, + 465°) -- 


wey + 


+ fe Leoni a,,T, +4, ae} 


ut = — bf au (fa fH oft da — J tate) mou frael; 
lat fa f ah ae — ft) =e i a 


= fe OigT {+ O67) + Ogg5°) da + 


Reis fa [#u)— 


— a4, fda [4 oh ia) 


ac am [3 Oia. a 4 doef, + 


: 0) 
+ oul | da 2% da — ic. i] Pe ft da — 


J 
af. 
=o( fo fof sel ua - fu ff 2 


Q2 
+d fa ps © | 
j 
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(8.27) 





where /;= /,(3). /4=/,(3) are arbitrary functions of integration and the lower 
limit of integration @ (as in the case of a,) is arbitrarily chosen. The formulas 


derived here by elementary means may be generalized for the case of a coni- 
cal shell. 


SECTION 9. SOME REMARKS CONCERNING THE MEMBRANE THEORY 
OF ANISOTROPIC LAMINAR SHELLS 


The results obtained in the previous sections may. without significant 
changes, be extended to the case of a shell consisting of an odd nu:nber of 
layers symmetrically arranged relative to the coordinate surface of the shell* 
(Chapter II, Section 13). 


As is known, in the case of an anisotropic laminar shell the equilibrium 
equations (1.1), (1.°) and the formulas associating the deformations with dis- 
placements (1.5), (1.6) remain unchanged; only the elasticity relationships 
change, whick in this case have the form of (2.13.15) 





Ty = Cue, + Cygig +Cyems 
7 Pe Canin +C\ 3, + Cy; (9.1) 
s= Coyt = Cy) = Cogio- 
where 
4s 
Cip = 2 Bie lima + Biath,— b,.0| (9. 2) 
s=l 
Solving system (9.1) for deformations :,. :,, and w. we obtain 


em AnTy b Aas thes] 
f= ALT bt Amel, + Aas; | (9.3) 
4 


*S.A. Ambartsumyan, see footnote *, p. 63. 
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where 








C26. — Co CCa>Cy } 
i =. Ay = ——— =; | 
slr — Cn€ een Ore 
Ay) °= oe aise Agg= se R. 5 (9.4) 
Aig = Ola — Cn€is . A. == Cilia ~ CiiCrg 
16 °~ 4 area | Agg == ry , 
A= (Cy,Cop a Ci) Cop + 2C(2C 6C 25 — CyCas == Cx.Cis- (9.5) 


Comparing (9.9) with {1.3), it is easily seen that they differ only in 
the coefficients of T,, T, andS. Here, instead of <j) in the presence of 
internal forces Ty Ty and S, we have the new coefficients Ajk: 


Thus, in solution of problems of membrane thecry of symmetricaily 
arranged multi-layer shells wide use may be made of the results obtained 
in the solucion of the corresponding problems in the membrane theory of 
single-layer shells. For this purpose, in all design formulas for single- 
layer shells, instead of coefficients Bike it is necessary to insert coefficients 


hAy.- As for the determination of stresses, here, in distincticn from single- 


layer shells (where the stresses are obtained by direct division of the values 
of internal forces by the thickness of the shell h), it is necessary to use the 

well-known :ormulas (2.4.2)-(2.4.4), which for the i-th layer of a moment~ 
less shell have the form* 


0, = Byes + Bie ar Bi: | 
of —= Bye} ao Binney + Bigw; (9. 6) 
T,, = Bigti + Biger +- Beow. | 


Inserting the values of deformations «,, «,.. » from (9.3) into (9.6), 
we obtain for the stresses 


*By direct substitution it may be seen ihat in the case of a single-layer 
shell the formulas in (9.6) are transformed to (1.8). 
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of = (Ay Bi, ALB: + Andi T HALA: HALA & 

4 Ay Big) 7, + (AB + AnBiy + AwBis) S; 
eee (Ay, Big + Ay Bi + AB) Ti + (ABis + Ax Buy + 

+ Ax6Big) Ty 4- (AygBi 2 + AnyBo: + Aw Bn) S; | 
ai, = (An Bis + ArBic + AwBin) T) + {Ar Bio + AB, + | 

+ AxBrg) 7: +-(AryBis + ArxBlg + AwBi) S. | 


(9.7) 


Thus, with the exception of the above-mentioned slight differences, the 
entire problem of the membrane theory of an anisotropic laminar shell consist- 
ing of an odd number of layers symmetrically arranged relative to the coordin- 
ate surface of the shell coincides completely with the problem of the membrane 
theory of a single-layer shell. 


Let us examine an example. A three-layer circular cylindrical shell 
(radius of curvature R, length L) sustains a uniformly distributed, normally 
applied surface load of intensity q. The ends of the shell (s = 0, s = L) are 
completely fixed (Chapter II, Section 5, the third problem of a cylinarical 
shell). For the layers of the shell we are given: 


Layers I and III are steel. The layer thicknesses are 8, —2,=0,2 cx, 


the moduli of elasticity and the Poisson ratios of the material of the layers are 





Figure 27 
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EM) = EB = ES) = EY 9-10 kgjsa® TY = Gi = 0.77 x 10 kgiew’, oy! = vf = 
=v" 40,3"). 


Layer Ii is made of plastic wood. The layer thicikncss is é = 5.0 cm: 
the moduli of elasticity and the Poisson ratio of the material are 


EM 0,5-10°kg cu’, Ex? = 2-10° kgyeu?, G2 = 0,5-10°kgica’? vf) = 0,05, +4 = 0.2. 
The outer layers of the shell (I and III) are made of isotropic material 
and the inne:: lay ~r (11) is made of an ortrotropic material. The principal 
directions oi elasticity of the material of the inner layer coincide with the 
coordinate directions of the shell (Figyre 27). 
From (2.12.2), for the coefficients Bi we obtain 
Layers I and DI = a\) = 8? — BS) — BS =2,2. 10° kg/eu’, Bi = 
= Bi) = 0,66 - 10°kgicw’, BY = BY = 0,77 - 10° kg jeu’. 
Layer IT By) = 0,505 - 10° kg/ew’, BY = 2,02-10° kg/ex’, 
BY = 0,101 - 10° kgicw’, BG = 0,5- 10° kg/ew’, 
For the design thicknesses of the shell we have (Figure 27) 


hy == hy= 4,2 cw, + = 4,0 cm. 


From (9.2), for the stiffnesses Ck we obtain 


C,, = 1.28 - 10%@kg/em, Cy = 2,50- 10% kgiew, 
Cig = 0,345 - 10 kgicm, Cog = 0,71 - 108 kg/cm. 


In calculating the stiffnesses Cik it is considered that for a three-layer shell 


m = 1 (Chapter II, Section 12, Figure 13). 


From (9.4) and (9.5), for coefficients Ax we have 


A, =0,812-10°° ew/kg, — Apy = 0,416 - 107° cur/kg; 
Aig = — 0,112 + 107° ca/kg, Age = 1.41 107° cu/kg. 


*The parenthesized superscripts indicate the layer numbers. 
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Having all the design data for the shell, we may proceed to the calcu- 
lation of the internal forces, displacements and stresses. In design formulas 
(5.30)-(5.31), by replacing aK with bA,,, we obtain 

7,=—4" Rg, T=Rq. S=0; 
| oo Aj, q. , ae q. — ws 


Ay, An — Ab 
wa R%. 
WwW 


Inserting the values of Ajx: we finally obtain for th.: design quantities 
with values other than zero, 


T, = 0,138 Ry kgjem, T,=Rq kgica, 
w—0.401- 10° Ry CAN. 


(here and henceforth the vaiue of R must be expressed in centimeters and the 
value of q in kg/cm2). 

Yrom (9.9), considering that for an orthotropic shell A,,= A,,= 0 
(since BY; "= By; = 0), from the values of the internal forces we ob- 
tain for the deformations 

e,=0, ©, =0.401-10°°Rg, wm =9, 

From (9.6), considering the values of coefficients 4', as well as of 

the deformations = ¢,, :,. w, for the stresses within the layers we obtain 
31" = 3) == 0,264Rg kg icu®, of) = 0,004Rg kg c w?, 


at!) == 33) = 0,881Rq kgicw?, of =: 0,081 Ry kg.c.u’. 


eH) me (th = ght =: 0, 
fy Sy Sy f 


The stresses in the layers may alse be derived directly by means of 
formulas (9.7). 


In similar manner we may solve other, more complex problems for 
multi-layer anisotropic shells. 
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he 
CHAPTER IV YV 


SYMMETRICALLY LOADED ANISOTROPIC SHELLS OF REVOLUTION 


SECTION 1. BASIC PREMISES, iNITIAL RELATIONSHIPS AND EQUATIONS. 


{ is assumed that the coordinate surface (y= 0) is a surface of revolu- 
tion with axis of symmetry z and that it coincides with the internal surface of 
the shell. The loca! .on of any point M of the coordinate surface of the shell is 
defined by angle ¢ (the azimuth of the plane extended through point M and the 
axis of revolution z) and by the meridian arc s reckoned along the meridian 
from a certain initial point My (Figu.ces 17 and 28). For the discussed surface 


we introduce two more geometric quantities: +, which is the distance MM, 


from point M to the axis of revolution z, and §, which is the angle between the 
tangent to the meridian and the axis of revolution z (Figures 18 and 28). 


In the chosen system of coordinates, for the principal curvatures and 
coefficients of the first quadratic form we have (Chapter II, Scction 4) 


Le dy 1 cos $ 
a, ds he z (1.1) 





It is considered that the discussed she'l is symmetrically loaded relative to the 
axis of revolution (X= 0, Y= 0, Z = ‘) and that it has corresponding symmetri- 
cal boundary conditions. It cunsists of layers of orthotropic material so ar- 
ranged that at each point cf each layer one of the planes of elastic symmetry is 
parallel to the coordinate surface and the other two planes are perpendicular to 
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the corresponding meridians and parallels*,**,;***, The shell as a whole repre- 
sents an orthotropic bodv of revolution possessing anisotropy of revolution. 





Since at the same time the shell will be deformed while remaining a 
body of revolution, its internal forces and displacements will not be functions of 
angular coordinate o and within it there will arise only internal stresses 7,, T,, 
N,=WN and bending moments M, and M,,, while only u and w of the displace- 


ments will differ from zero. 

From the general equations and relationships in the theory of anisotropic 
laminar shells (Chapter II), for a symmetrically loaded anisotropic laminar s 
shell, considering (1.1), ve obtain: 


the equilibrium equations (Chapter I, Section 7) 


e (F7)-+ Ty sin 84 - N =— rX; (1.2) 
T, T 
SeN)—r( a + yh) = — rz (1.3) 


1 sor 
os (rM,) + M, sin - rN,— 0; (1.4) 


*S.A. Ambartsumyan, Symmetrically loaded anisotropic sheils of revo- 
lution, DAN ArmSSR, Vol. IX, No. 5, 1948. 
**S.A Ambartsumyan, Calculation of laminar shells of revolution, 
DAN ArmSSR, Vol. XI, No. 2, 1949. 
***S.A. Ambartsumyan, On Calculation of laminar anisotropic shells, 
Izvestiya AN ArmSSR (FMYeiT nauki), Vol. VI. No. 3, 1953. 
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formulas associating the components «. deformations, changes in curvature 
with the components of displacement (Chapter II, Section 2) where W is the 


d 1 
a=agtRi e-— - = (wcos 8 — usin 8); (1.5) 
y= — 4: n= w ant (1.6) 
angle of rotation of a normal element of the shell in the plane of a meridian and 
has the following form: 





»_ dw sou, 
Wi ae Re (1.7) 
The equation of compatibility of deformations (Chapter IJ, Section 3) 

diy 


are — (22 —- 2,) sin} — Weos} =0. (1.8) 


Equation (1. 8) may be derived both from (1.3.3) anc from relationships (. . 5)- 
(1.7) by elimination of displacements u and w. 


The equations and relationships ovteined so far in this chapter do not 
differ from the corresponding equations and relationships in the theory of sym- 
metrically loaded isotropic shells of revolution*; 


the elasticity relationships (Chapter I, Sections 8 and 12) 


Ty = Cys, + Cya2g + Kit + Kaen’ (1.9) 
Ty = Cogtg + Cyt) + Kae, Kyo (1. 10) 
M, == Dye, + D,y%s —K yt, -1- Kyokai (1. 11) 
My = Dy9%_ + Dyge; 4-Ko98) + K i281. (1, 12) 


where, in view of the fact that the coordinate surface ccincides with the internal 
surface of the shell, that is, A=0 (Figures 8 and 11), we have for the stiffnesses 


P 
Creve DBs - bos (1. 13) 
1 ~ 
Kip = 7 Dy Be (2? ad 83-1); (1. 14) 
s=l1 
1 ‘< ° , 
Dy 3 Wy Boa ls — 8!_,), (1. 15) 


*A. L. Lur'ye, Statika tor:kostennykh obolochek, Gostekh’zdat, 1947,pp. 
7-34, 
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where p= m +nis the total number of layers, 8}, is the same as in (2.12.2); 


the stresses within the layers are (Chapter Il, Section 12) (Figure 29) 


Et . 
of = Pet ea! (21 + vi29 + 1 (%4 4- vey); (1. 16) 


s Pays 


(1,17) 





Inserting the values a‘, and at into (2.4.7), after certain transforma- 
tions we obtain with an accuracy of &,h, the following value for the shearing 
Stress v=: 

P r—¥_y 
ae (Oj) A (Bh 2) — ——- A (Bigt) +9 (8): (i. 18) 
where for the operators 4, (&,,.7) we have 
1 f f { np 
4 (Bj29) ars Vie [r (Big, + Bi:99) + (Bia, + Big) sin o]} . (1. 19) 


From the conditions of contact of adjacent layers (2.5.2) and at the 
outer surfaces of the shell (2.5.3) and (1.5.4), we obtain for the integration 
function 

< * oe nt ry 
(9) = — Yi [ OFA (Bjae) +g A (Byax)] — 0. (1. 20) 


sa 
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Then, finally, for tl we have* 
: i pt ae i 
t' — ty = 44) MBit) — y=" A (Biige) — 


om 
ql 


a2 3: ae. 5 
= N[@ = 4,_,)A(B 8) + y= A (Bixx) | — X (1.21) 


vel 


SECTION 2, EQUATIONS OF SOLUTION AND DESIGN FORMULAS 


After E. Meissner**, ***, let us introduce the auxiliary function V - V(s), 
by means of which the internal forces are reprecented as follows: 


§ 1 
ha Thy=—SeV+ Tr (2.1) 
N= v4 7 Fy) (2.2) 


Here Fj(s) are functions of the outer surface load and are defined by the following 


formulas: 
, { ps _ 
F, == Sint} [ re, as ee oe ff rt,as , (2, 3) 
Ss, So 
¢ p" s 
Fy, = — cos [ re, as-+ sno (5 — fre,as), (2.4) 
Ss, S. 


where F, and /:, are the components of the external surface load in the r and z 
directions, respectively, and Pp is the value of the principal vector of the ex- 


ternal forces applied to the parallel circle ss, with radius r,. It is evident 


Stresses t! (determined by meens of (1.1)) are satisfied by ail conditions 
of contact of the layers and by conditions at the outer surfaces. However, from 
(1.21) this is not always evident. In checking this it is necessary to consider 
equation (1.2) and formula (1.7.1) as well as the fact that 1, =o. 

**—, Meissner, Das Elastizitdtsproblem ftir dtnne Schalen von Ringflachen, 
Kugel-oder Kegelform, Phys. Zs., XIV, No. 8, 1914. 
***A I, Lur'ye, see pp. 24-25 of work cited in footnote *, p. 111. 


that E,. £, and P: have the following form (Figure 30): 


a 


E,=: Zcost — Xsin i, (2,5) 
E,=Zsiné+ Xcosi, (2, 6) 
P} == (Ti cos Bo + No sin 9) orzo. (2.7) 


The lower limit of integration s, may be arbitrarily chosen on the basis of con- 


venience of calculation. 





Figure 30 


Inserting the values of 7,, 7,, and \ from (2.1) and (2.2) into (1.2) and 


(1.3), we identically satisfy the first two equilibrium equations. The third equi- 
librium equaticu (1.4), by virtue of (2.2), takes the following form: 


4 (rM,)+ My sind —V cos? = Fy, (2.8) 


Simultaneous solution 2f relationships (1.9) and (1.10) for deformations 
z, and :,, taking into account (2,1) and (1.6), yields 





1 sin d s an 
oS ay [Cm “V+ Cae ae ae (K,2Co2 — K.€ 4) — . 
— (Ky\Co — Ky2Cy2) se Cu a ah (2.9) 
1 in 8 sl vy 
QT + [Cn =F = V+Cy x — Kyl — es Wi + 
+ (KC —KyCy) 4 ed = Cyt F 1(8)]; (2, 10) 
2 = C,,Cy — Cir (2.11) 


Inserting the values of x,,and x from (1.6) and of e,,and «, from (2,9) 


and (2.16) into (2.11) and (1.12), we obtain for the bending moments 


W 
M, =S=_ [(D,, ra’ Din) Le 


{ 
1a eu nC» Kulu so 8 paar 
2 Aun Cia— Kiri a ae Ku@n— Ku $ V 


i Kiba Kya 1 ~ F, (s)], 


? sin 9 
M, = [Pn = Di) ae = (Dy rom Dn) ae Ww — 
— Kali — he a“ _ Kaba KieCo2 sin aS oY s 


v 


+ KC Kun 1 =F, (9)], 


where, along with the known stiffnesses (1.13)-(1.15), we have 


Di, = (Kur)? Coy — 2K Kia Cis + (Kia)? Cus, 
i 


pes (Kaa)? Cy) — 2K 3K i2C yy + (Kia)? Coe 

= EEE eee 

p= KiiKi2Cag — [Kis Kaa + (Kia)?) Cin + Kaa Kia Cir 
= ee eee 
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(2.12) 


(2. 13) 


(2. 14) 
(2, 15) 


(2. 16) 


Inserting the values of «, and e, from (2.9) and (2.10) into (1.8) and the 


values of M, and M, from (2.12) and (2.13) into (2.8), after transformation we 


obtain 




















d7V mnt (ee 1 _ oa tly = 

ds? a | Cu R MS Ci ri i, 
7" ay —P, sin & aS 1 
= Gis “ds? +5 rom “T le. R + 
KnGu—Kili. 1 ee ats ; 

a Cu RR, Cu r? es a (s); 
ay sing dW Dy — D}, } Du — D>, sin? § W == 
ody? rds "| DD, — De, RRs Di — Bh ae 

PtP sin a 


2(D,,— D9) 4" * Q(D,— De) 46 4s 
1 Dy KuGas — KiaCis 
(Di,— Di) Rt (Dy, — DI) 


Rik 
a P, sin? 3 v- 
2 (D1 = D4) tee (ee “a 





(2.17) 


(2,18) 
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where we have used the following notation: 


Py = Kyi — Kyu: 


; : | 2.19 
Py = Kyl — Ky Cr: l ( ) 

Py =K oC. — Kiln: J 
0, = Ci 1 dp F,(s) Cu 2 F, (8); (2, 20) 

u 7 ds Cy, 
KyCn— Kia 1 d Fels l F5(s) 
=e ——— — Fp PAA p= 
: 2(Du— Di) rds 1(S) r(Du— Di) 

— KarCi2— Ki2Ca ain gd F, (s). (2.21) 


vw (Dy, — D),) rt 


Equations (2.17) and (2.18) comprise a complete system of differential 
equations in terms of the two required auxiliary functions of Meissner, and W, 
by means of which (using formulas (2.1), (2.2), (2.12), and (2.13)) we deter- 
mine all the design forces of the problem*. 


From (1.16) and (1.17), by virtue of (1.6), (2.9) and (2.10), we cbtain 
for the stresses in each layer of the shell 





pees d 
ear (ab met Ah i-)+ 
! dW ly 
+ ls (K,,412 -- Kyi) = 18i| =: —_-— [5 (Ky oAtv —_ Kyi) a 








s 4 2,22 
— 18h] 4 mh wy 4 52 2 Fs); ere) 
§ 
of == 4 (ab * sind ys al. aw) 
_ [2 (et ea K 28h) + 1B | a ae K yA) 4. 
t sin 8 

Bi Pera ee F; 

FY 2 | 78 (s); (2. 23) 
i al 1 

Ann = ByCy, — ByC,,, Abs = Bi Cig — BiCoy: ™ ner 


Alp = Bil —r Bi2C jp. Ay = = Bint, _ BiC yp. 


The only shearing stress t differing from zero is determined from (2.18). 


The final expression for the shearing stress tt for the general case is not de- 
rived here due to its unwieldiness. 





*S. A. Ambartsumyan, see footnote *** on p. 110. 
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The tctal displacement vector, as is known, may be represented not only 
by means of the usual displacement components u and w but also by means of 
two other components e. and en where e. is the displacement in the direction of 
the z axis and e. is the displacement in the direction of the radius r (Figure 30), 


It is evident that these displacement components are associated by the relation- 
ships* 


e,-=ucos§+ w sind; (2. 25) 


e, — weos$ +-u sind. 
Hence, by virtue of (1.5) and (1.7), the displacement components e, and e. will 
be represented in terms of deformations <,.«, by means of the following 


formulas: 
Ss 
C,=- Fey, 0, = e+ fe cos0 + W sin 9) ds. (2. 26) 


From (2.25), on the basis of (2.26), for the other pai: of displacement 
components we obtain 


Ss 
ui — tor sno [et J ccond + W anda) cas §; 


Ss. 


(2,277) 


Ry 
w =e orcos) + Je+ fe cos} + W sin as] sin 8. 
. 5 


In these formulas e? is a constant defining the translation of the shell along the 
z axis, 
SECTION 3, SHELLS OF RE.OLUTION CONSISTING OF AN ODD NUMBER 
OF LAYERS SYMMETRICALLY ARRANGED RELATIVE TO THE MEDIAN 
SURFACE OF THE SHELL 
et us examine a symmetrically loaded orthotropic shell of revolution 


consisting of an odd number (2m + 1) of homogeneous orthotropic layers (Figure 
15) (Chapter 0, Section 13). 


*A. I, Lur'ye, see pp, 12-15 of work cited in footnote on p, 111. 
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In this case, for the stiffnesses we have (1. 13.2)-(1. 13.4) 





Cn =2| BR hae a D sien, a haw | (3.1) 

Dp = 3 BN ahaa + Bhan — mea]: (3. 2) 
Sat 

Ky, =0. (3.3) 


Then, from (1.9)-(1.12), for the internal forces and moments we obtain 








3.4 
FH Cyey FO yregs Ty = Coytg +O yn 213 ce 
M, = Dye + Dygtgs Mg = Dygtg + Dior. (3.5) 
For changes in curvature »,, x, formulas (1.6) remain valid _ . ile for 
the deformations, from (2.9) and (2.10), we obtain 
1 sin 3 . dV l 
g=—7(Cn - V+C,; is — Cz Pudi (3.6) 
Ley In 8 dV 1 
a= 7(Ca- Vi Cy Caz Fi): (3.7) 


For normal stresses in the shell layers we obtain from (2.22) and (2.23) 





ame (OV tah Se) — 
5 (ai Le 4 Md. py (3.8) 
o= 4 (2: Sah y 4 at, )— 
(0 Ge — a Mw) BL (3.9) 


For shearing stresses ti, after transformations, we obiain from (1.21): 


for the outer aoe 
tix’ —t A(B3r*?- ae) 


Mh a(pige ) + Agd(Rin* 2); (3. 10) 
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for the inner layers (¢=1, 2,.... m+1) 
= a i i hy 
te—X — FA (Bjgx) — 7A (Biye) + = A (Phan) — hod (Rise), (3. 11) 


where for the given elasticity coefficients we have 


~ 
Pia = r E Bin + pas V Bi, (8 — 30) (3. 12) 


l doe 


(aL 
i I], . 
Rr= ho Ba ote > By 6, — 0) ’ (3. 13) 


sel 


where 2h,—h (See Figure 15). 


The internal forces 7,, 7,, N are expressed through fundamental function 


V by formulas (2.1) and (2.2), while for the moments, from (2.12) and (2.13), 
on the basis of (3.3) we obtain 


aw in 8 
M,=—D,,7-+ Py = 





(3, 14) 


sin 8 





M, = Ben Pec ds LA 5 W. (3.15 


The formulas for displacements (2.26. and (2.27) remain unchanged. 


Finally, from (2.17) and (2.18) we obtain as a solution the system of 
differential equations 








d?V nn sin § dav Ci 1 _ Car sin?d nt _ @ ao i : 3, 16) 
ds* r +(e RR, Cu a) = TRY +h ( 
daw an sin § dW Diy 1 = Oy sin? 8 1 3 vi 
dsi rds (5 RR, ' Dy 7 )W=— ae V+ oO, eel) 


where for 9, we have (2.20) and for ,, from (2.21), we obtain 


o,=—j-+F, (3, 18) 
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SECTION 4. SINGLE-LAYER SHELLS OF REVOLUTION 
Let us discuss a symmetrically loaded orthotropic sheil of revolution 
consisting of one homogeneous layer*. Assuming that the coordinate surface 
(y=0) coincides with the median surface of the shell, for stiffnesses C,, and 


Di, we obtain (Chapter II, Section 14) 
n3 
Cin = hByp. Dy = WT Bix: (4.1) 
Then for the internal forces and moments we find 


T, =A (Bye, + Bye), Ty = A( Beg +- Byy@,); 
Aj A 
M, = (By + 549%); My = WT (Byyxy + Byp7,). (4.3) 


For changes in curvature formulas (1.6) remain unchenged and for the 
deformations, frem (3.6) and (3.7), we obtain 





1 ap tiay lee MEV at — ay LF] (4-4 

“>a, ey seb y 4 9, 47 —By 7 Fi}. (4.5) 
For the normal stresses, from (3.8) and (3.9), we have 

o,--— Fy (a, Hs, Me w\4 tp; (4.6) 

ord AY (By SE — ty Ew), (4.7) 


The internal forces 7,. 7,, N are expressed in terms of the fundamental 


function V by formulas (2.1) and (2.2) and for the moments, from (3.14) and 
(3.15), we obtain 





hs dw in ® 4.8 
M, == — Fy (By ds —B, “"w); ( ) 
ns d sin 
M,=— Ww (2, ds Byy w). (4.9) 





*S. A. Ambartsumyan, see footnote *, on p. 110. 
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As before, the formulas for displacements (2.26) and (2.27) remain 
unchanged. 


The system of equations of solution (3.16) and (3.17) take the following 


form: 
ay sin § dV By, i By sin? d _ 
ds? or ds +(32 RR, 8, 7 ) ~~ 
h( By. By, — Bio) | WV @ ry (4, 10) 
= ea ee 
ay sin ® 2 ae 1, Bu ny _ 
“ds? ~~ p¢ ds B,, Rik, By r? = 
i en’ 
— Bane BME Oe (4.11) 
where for ®, and®,, from (2.20) and (3.18), we have 
By 1d x By sind 4,12 
®, B., r ds PF : B,, r? A ( 
125 Te 48 
®, = Bae En (4.13) 


Comparing the results of the last two sections, we note ‘hat the funda- 
mental equations and design formulas for a single-layer shell (Section 4) are 
derived from the corresponding ecvations and formulas tor a symmetrically 
assembled laminar shell (Section 3) by elementary substitutions. In this connec- 
tion, henceforth we shall be chiefly concerned with the general case, that is, 
with laminar shells. 


SECTION 5. REDUCTION OF THE SYSTEM OF EQUATIONS IN (3.16) AND 
(3.17) TO A SINGLE EQUATION. A PARTICULAR SOLUTION OF 
THE INHOMOGENEOUS EQUATION, 


We make the approximate assumption 


Git ph (5.1) 
Where y is an arbitrary constant. 
However, as is easily shown, condition (5.1) is precisely satisfied in the 


case of a single-layer shell as well as in the case in which the ratio BL for all 
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layers of the shell has identical value. We return again to approximate condi- 
tion (5.1) in the present section of this chapter. 


Considering (5.1), for the equations of solution of the system (3.16) and 
(3.17) we huve 


(5.2) 


l : 
LW + et a Yt BM MO 
l 
LO) — BY BY =— Ty HY +26 (5.3) 


where, for the sake of brevity, we have introduced the known linear operator 


L da? sin? d ; sin? 3 
“ds? rds at 





(5.4) 


We then follow the reasoning presented by A. I. Lur'ye* in the case of an iso- 
tropic shell. Multiplying (5.2) by the still undetcrmined factor a and combining 
with (5.3), we obtain 


Lw)—(B" et onal tele + 








Dy Ry 
Ge te oe 5 
+(42 eta) l= Mtoe P22) 
Assuming 

ee eer ener 
Det 65.6) 
Ci Voge A espn: ; 
Cy. R, 2D\, 


for determination of a we obtain the following quadratic equation: 


Cc Dy Ci. a Cu eet 5.7 
at Su (pe + Gi let: Dae = 0. ( ) 





Comparing one of the roots of this equation with (5.6), with an accuracy of 


2 (discarding terms of the order of ie i comparison with unity), we obtain 


Q 


P=V op 8= EW cp en 


*A. I, Lur'ye, see pp. 36-37 of work cited in footnote on p. 111. 
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Now, inserting the value of a from (5.8) into (5.5) and discarding terms 
of the order of e in comparison with unity, we obtain the differential equation 


of solution of the problem 


Lin ti’ ap = P(s), (5.9) 

where for the new soughi function we have 
C 5.10 
enw iy ey, ( ) 


while for the load term we obtain 


as 
F, i Vv Cy Dy dF, sin 9 
r 


a) aay SRT -— eu | 12 “Gs ~~ &22 





F,]. (5.11) 


Numerous investigations*, ** have shown that a particular solution of 
equation (5.9) corresponding to the right side of the equation, with sufficiently 
smooth change in external load may be constructed from the membrane theory. 
Generally, for the loads ordinarily encountered in practice the particular solu- 
tion of inhomogeneous equation (5.9) is obtained by various approximate 
methods***, A method of determining the particular integrals for certain spe- 
cial types of loading of a shell may be found in V. M. Darevskiy****, 


The particular integral of the inhomogeneous equation (5.9) is obtained 
on the basis of membrane theory. Proc :eding from the basic premises of thig 
theory (Chapter III, Section 1), in the ase of a symmetrically loaded shell of 
revolutioiu we assume (3.1.7) 


M, = 0, M,=0, N=0Q., (5. 12) 


From (2,2), (3.14) and (3.15), by virtue of (5.12), as the particular integral of 
inhomogeneous system (5.2) and (5.3) we obtain 


wo=0, Yor——/s (5. 13) 


cos 0’ 








*A. I. Lurtye, see pp. 38-39 of work cited in footnote on p, 111. 
**V. V. Novozhilov, Teoriya tonkikh obolochek, Sudpromgiz, 1951, pp. 
180-183 and 247-255, 
***A, L. Gol'dexveyzer, Teoriya uprugikh tonkikh obolochek, Goste- 
khizdat, 1953, part V. 
****V_ M. Darevskiy, On a theory of cylindrical shells PMM, Vol. XV, 
No, 5, 1951. 


124 


Hence, on fs:: basis of (5.10), the sought particular solution of inhomogeneous 
equation (5.9) has the form 


_ Ci Vv a” Ff, 
dy = I Cudiu cos 9 (5. 14) 


The values of forces Ty and Ty corresponding to particular solution (5.14) are 


determined from (2.1). After certain transformations for 7) and T; 


we obtain 
pp s 
t= gdan| e — f re,as}} (5. 15) 
So 
ns b|% i E,d z 
2 Reo | oe yf Tests | Re: (5. 16) 


T and 7T?may easily be derived directly from the corresponding formulas in the 
membrane theory of shells of revolution (Chapter I, Section 4). From (3.4.21) 
and (3.4.22), by means of (2. 3)-(2.7) we obtain for 7? and 7? the same formulas 
as (5.15) and (5.16). As was to be expected, the formulas for 7 and 7? do not 
differ from the corresponding formulas derived for the case of an isotropic shell 
of revolution*. 
SECTION 6. ASYMPTCTIC INTEGRATION OF THE 
EQUATION OF SOLUTION (5, 9) 

Assuming that the particular solution of inhomogeneous equation (5.9) is 
precisely or approximately derived, we shall here concern ourselves only with 
problems of determining the general solution of the corresponding homogeneous 
equation. 

The principal method of obtaining the general solution of the homogeneous 
equation of a symmetrically loaded anisotropic shell of revolution will be con- 


sidered to be the method of asymptotic integration, which, as correctly pointed 
out in the cited works by A. L. Gol'denveyzer, A. L. Lur'ye and V. V. 


*A, I, Lur'ye, see footnote 1 on p. 123. 
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Novozhilov, can provide the required accuracy corresponding to the accuracy of 
equation of solution (5.9). We shall not concern ourselves with the other 
methods of solution of problems of anisotropic shells of revolution*. 

We shall describe the method of asymptotic integration of the equation 
of solution (5.9) used by A. L. Gol'denveyzer**, in whose work many important 
and interesting details concerning asymptotic integration in the theory of shells 
are discussed. 


In expanded form this homogeneous equation is as follows: 
dao sin §ds sin? § “ae 3 
fa ge et oy fe =O. (6.1) 
The coefficient cf the last term of equation (6.1) is a large parameter 


ror 1 “b 
A=W oe mo) 


where a and b are c. rtain constants depending on the elastic properties of the 
layer and on the ratios of the thicknesses of the individual layers to the half- 
thickness of the entire shell (k= 2h,). It is evident that these constants have the 


dimension of 4,, (see (3.1) and (3.2)). Introducing the notation 
en, 
R= A, ra on , (6.3) 
the integrals of equation (6.3) will be sought in the form. 


o= G(s, ker), (6, 4) 


where <(s, &) is a function of intensity and f(s) is a function of variability***. 


The intensity function may be represented in the form an asymptotic 
series 


¥(s, h) er ay(s) +f 4 AO 4. +O (ey £0), (6.5) 





*Ye. F, Burmistrov, Symmetrical deformation of a near-cylindrical 
shell, PMM, Vol, XIII, No. 4, 1949, 
**A.L. Gol'denveyzer, see pp. 282-326 of work cited in footnote *** on p. 


***/.L. Gol'denveyzer, see p. 287 of work cited in footnote ***, on p. 123. 
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in which ;,. 3,..... 3,.... do not depend on k. Inserting the value of o from 


(6.4) into (6.1), considering (6.3) and (6.5) and canceling e*’, we obtain, 


U , 
Vv aa (Zy ie 7] LN mi [Se ea dfidin — slusdf 
and ? ) 9, + Rh," a ona [y2 "a iy is ds aj 
now 


: ae dis? 74 ‘ 

: (6.6) 
4v | [d?, a sin i 13, ays su? # 3 | =0. 
aed hk" | st rods a 


n2U 


Requiring that the coefficients in (6.6) for all powers of k vanish, we 
obtain an infinite system of recursion formulas for determination of /, 3, o,, ..., 


3 


arose 


dt ' 
Gack De ie = 0; 





4 Af diy , ee sin Wf — 0- 
Sd TN oe tts )20 = ; 

df dz df sn ddfy (6.7) 
9 OF Oin Loon as : . 
ws ae (5a r ds) a 
ree (Se — sin 9 d3y_1 ae on? 9 
aa ds? rds" ft Onn) 


(n= 1, 2, 3, ...). 
Limiting ourselves to the first approximation of asymptotic integration (that is, 


examining only those equations which are obtained when the coefficients of 2 
and k vanish), we obtain 


(if 2 i. (6. 8) 
4s) ~~" R,’ 

9 af as af sinddf\ 

2 eae + (Ga — ge) 0= 0 (6.9) 


Tr am (6.8) for the variability function we find 


ei Tg ce ees 
fia= tog) 0 Fe (6. 10) 


Inserting the values of f(s) from (6.10) into (6.9), in order to determine 
3y(s) we obtain the following differential first-orcer equation: 


are (iy Bla Xo, (6.11) 
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From (6,11) for 2, we have 


te 


cy) = Ry. (6, 12) 


Inserting the values of 3, and f from (6.12) and (6.10), respectively, into (6.4) 
and considering (6.3), we obtain for o 


ont, eee BL Ee OF oi aay, (5. 13) 
where 
i=VE I fe (6. 14) 
C, and C, are arbitrary complex constants. 
Inserting the value of r in terms of Cy into (6.13), we finally obtain foro 


1 [Cie -(l- OF Sey): (6, 15) 


o 


Y R, crs? 3 


The solution (6.15) derived in this manner is the first approximation of 
the general solution of differential equation (6.1). 


Examining the procedure for obtaining solution (6.15), it is easily seen 
that with the same accuracy the solution may be obtained directly from the initial 
homogeneous equations (3.16) and (3.17) if we disregard therein the third and 
fourth terms (that is, those terms which contain ratios C,,/C,, and D,,.'D,,._ By 


virtue of this it may be asserted that the limiting assumption in (5.1) loses its 
force; that is, if we limit ourselves to the accuracy of the first approximation 
of the asymptotic integration, condition (5.1) wil] not have any effect on the sub- 
sequent calculations for a shell of revolution in the general case of symmetrical 
lamination and orthotropic anisotropy. 


By elementary reasoning it may be shown that the first approximation in as- 
ymptotic integration of the equations of solution of symmetrically loaded orthotropic 
shells of revolution has an error of the order of Y 4/R,in comparison with unity*, **. 





*V. V. Novozhilov, see pp. 255-267 of work cited in footnote ** on 
p. 123, 


**A. I, Lur'ye, see pp. 147-148 of work cited in footnote on p. 111. 
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In the present work we shail limit ourselves only to the first approximation, 

since ‘or purposes of engineering calculatio-. its accuracy is quite adequate*. 
With these remarks in mind, it is easily shown that with ar. accuracy of 


the first approximation the factor in formula (6.15), ere , upon differentia-~ 


\/R, cos? 3 





tion, behaves as a constant. Then, including the mentioned factor in the inte- 
gration constants, we obtain from (6,15) 


o=Cye-U-95 4 C,el-08, (6. 16) 


Considering that 
Cy=E,+1F;; Cy==E,+iFy; 


e-G-0% = e-4(cosA+ésin§); eC-4* = e* (cos8 — isin 3), 


we finally obtain for ¢ 


o = (E,cosB — F, sin 3) e~*+-(E,cos3 + Fy sin 3) e* + 
+-i{(E, sin @ + F, cos B) e-4 —.(E, sin 3 — F, cos 8) e*}. (6.17) 
Since the general solution of the equation of solution (5.9) is the sum of 
solutions (5.14) and (6.17), on the basis of (5.10) we obtain 
W—IA Eu V ==(E, cos #8 — F, sin $) e-° + (E, cos B + Fy sin 8) e* + 
+ 1 {(E, sin B + F, cos) e~# — (E, sin 8 — F, cos 8) e*)] + 
4.160 ahs (s) (6.18) 
g 


cos $ * 





Hence, separating the imaginary and real parts, we obtain 


W ==(E, cos — F, sin #) e~* +(E,cosf + Fy sin Be’, (6, 19) 
V=—ae {(E, sin B ++ F, cos B) e~§ — 
Fa (s) (6. 20) 


cos }° 


— (E, sin 8 — F, cos 8) ¢*] — 


*If desired, proceeding frum the system of equations in (3.16) and (3.17), 
we may obtain the second approximation, the accuracy of which will not be less 
than that of the initial system of equations. 
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Following A. I. Lur'ye*, the solution of equation (6.1) may be repre- 
sented with the aid of 
0 = (Cy — 1C3)(@ — 212, + (Cy — 1C,) (2, — 219), (6.21) 


where C,...C,are arbitrary constants, 2,(3) are A. N. Krylov's functions (See 


Table 1), which are linear combinations of e~'- and e(!-98, From (6,21) and 
(5.14), on the basis of (5.10), we obtain 


W—1ASV = (C, —IC,)(2, — 212,) (6, 22) 
(Cy 1) (2, — 212) $1 A BO), 
hence, by analogy with (6.19) and (6.20), we have 
W =C,2, +C,2, — 2C,2, — 2C,2,; (6,23 
Fi (s) (6, 24) 





V — AD, (C,2, +C,2, + 2C,23-++ 2C,2,) = COS r) . 
Table 1 


A. N. Krylov's :unctions 





























k 2, (3) | a | “ at | sa 3 
3 ch B cos 8 | —4u, | — 4, | — 4, —~ 49, 
2 H z (ch B sin B + shB cos 8) | Q, | — 4, — 4Q, — 4, 
3 | ge zh B sin B | Q, | Q, | —4, | ~49, 
4 Tce + (ch B sin B — sh cos §) Q, | Q, | W | — 4X, 








The solution of equativn (5,9) may be presented in slightly different 
form**, Let us introduce the new icaiadd (Figures 18 and 28) 


3, = V3S a V3 lt VR (6, 25) 





*A. I, Lur'ye, see pp. 68-69 of work cited in footnote on p. 111. 
**A, I. Lur'ye, see pp. 59-61 of work cited in foomote on p. 111. 
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considering (G6. 14) and introducing for the constant the notation 


wa BS fe (6. 26) 





Table 2 
| a | # (3) | 43) | 0 (3) | 6 (3) 
| 0 1,0000 1,0000 1,0000 0 

0,1 0,9307 0,8100 0,9003 0,0903 
0,2 0,9651 0,6398 0,8024 0,1627 
03 0,9267 0,4888 0,7077 0,2189 
04 0,8784 0,3564 0,6174 0,2610 
05 0,8231 0,2415 0,5323 0,2908 
06 0,7628 0,1431 0,4530 0,3099 
0,7 0,6997 0,0599 0,3798 0,3199 
0.8 0, ,0093 0,3131 0,3223 
0,9 0,5712 —0,0657 0,2527 0,3185 
1,0 0, —0,1108 0,1988 0, 

11 0,4467 —0,1457 0,1510 0,2967 
12 0,3899 —0,1716 0,1091 0,2807 
13 0,3355 —0,1807 0,0729 0,2626 
1,4 0,2849 —0,2011 0,0419 0,2430 
1,5 0.2384 —0,2068 0,0158 0,2226 
1,6 0,1959 —0,2077 —0,0059 0,2018 
1,7 0,1576 —0,2047 —0,0235 0,1812 
1,8 0,1234 —0,1985 —0,0376 0,160 
1,9 0,0932 —0,1899 i 0,1415 
2,0 0.0667 —0.1794 —0,0563 € 1230 
2,1 0,0439 —0,1675 —0,0618 0,1057 
2,2 0,0244 —0,1548 —0,0652 0,0895 
2,3 0; —0,1416 —0,0668 0,0748 
24 —0,0056 —0,1282 —6,0669 0,0613 
2,5 —0,0166 —0.1149 —0,0658 0,0492 
2,6 —0,0254 —0,1019 —0,0636 0; 

27 —0,0320 —0,0895 —0,06C8 0,0287 
2.8 —0,0369 —0,0777 —0,0573 0,0204 
2,9 i 4 0534 0,0132 
3,0 —0,0423 —0,0563 —0,0493 0,0071 
3,1 —0,9431 —0,0469 —-0,0450 0,0019 
4,2 —0,0431 —0,0383 —0,0407 —0,0024 
3,3 —0,0422 —0,0306 x —0,0058 
3,4 —0,0408 —0,0237 —0,0323 ~~0,0085 
3,5 —0,0389 —0,0177 —0,0283 —0,0106 
3,6 —0.0366 —0,0124 —0,0245 —0,0121 
3,7 —0,0341 —0.0079 —0,0210 —0,0131 
3,8 —0,0314 —0,0040 ~0,0177 —0,0137 
3,9 —0,0286 —0,0008 --0,0147 —0,2140 
4,0 —0,0258 0,0019 —0,0120 ~0,0139 
41 —0,0204 0,0057 —0,0074 —0,0131 
4) 0,0057 —0,0074 —0,0131 
43 —0,0179 0,0070 0004 | —0,0125 
4,4 —0,0155 0,0079 —0,0038 —0,0117 
4,5 —0,0132 0,0085 —0,0023 —0,0108 
4.6 —0,0111 0,0089 —0,0011 —0,0100 
4,7 --0, 0, —0; —0,0091 
48 -0,0075 0,0089 0,0007 —0,0082 
49 ,0059 0,0087 0,0014 —0,0073 





Note: Comma represents decimal point. 
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Table 2 Continued 








a. 4 | 9 (3) | +4) | U (3) | 043) 
50 —0,0046 0,0084 0,0019 —0,0065 
51 —0,0033 0,0080 0,0023 —0,0057 
59 —V),0023 0.0075 0,020 | —0,0049 
53 —0.0014 0,006 0,0023 —00042 
54 —0,008 0,004 0,0029 —0,0035 
55 0,0000 0,0058 0,0029 —0,0029 
55 01,0005 0,0052 0,0029 —N,0029 
5,7 0,0010 0,0046 0,0028 —0,0018 
5.8 0,0013 0,0041 0,0027 —(1,0014 
59 0,0015 0,0036 0,0026 —0,0010 

| 6,0 0,0013 0,0031 0,0024 —-0,0007 

Note: Comma represents decimal point. 

for the independent variable we obtain 
Pp =a) — §). (6. 27) 


Inserting the value of 8 from (6, 27) into (6.19), we obtain 


W = (E,cos3 — F, sin 3)e-* + [(E, cosa) + Fy sin 2) cos8, + 
+ (E, sin ay — F,cos 2p) sin 3] es, 


Introducing the new constants 


A,=E, Ay=(E, cosa, +- Fy sin a4) e*; 
B,=—F;,; B, => (E, sin ay — Fy cosa)) e%, (6. 28) 
for the sought W we obtain 
W = A,e-*cosB + Bye~* sin3 + A,e-* cos B, + B,e-% sin 3). (6. 29) 
Similarly, from (6.20), for the sought V we obtain 
y is 
V=— 57 (Aje~’ sin§ — Bye-* cos 3 + A,e-® sin 8, — 
A 
Cu Fa(s) (6.30) 


- f 
— Bye~*' cos Boose 


For tne tabulated functions let us introduce the following notation; 


O(%)==e-"cos 8, 6(3) = e-* sin 3, | 


(8) = 43) -+568), p(B) = 9 (GB) — CB). ‘6. 31) 
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Table 2 lists the values of these functions for values of arguinents 0<6 <6. (The 
takle was taken from A. I. Lur'ye., See his frequently cited work.) Between 
these functions theye exists the following relationships: 





-£@)=—9@) %°0)=$Q). 
we - (6, 32) 
agi 4 (B)== 2543), gga +(B) = — 29 68). 
Considering (6.31), from (6.29) and (6.60) we finally obtain for the 
sought functions 
W = A8(8) + BG) +.A,9(8,) + Bah (@,): Se 
F. 
V= 4c; I— A,5(8) + 8,8 (B) — 46 (8,) + BaF (BI — ae : (6. 34) 


SECTION 7, INTERNAL FORCES, MOMENTS, 
STRESSES AND DISPLACEMENTS 


Inserting the value of the homogeneous part of V from (6, 24) into homo- 
geneous formulas (2.1) and adding the corresponding particular solutions (5.15) 
and (5.18), we obtain for internal forces T and T, 


: sin é 
T, -= AD, (C32, +€,2, + 2C,2, + 2C,2,) = + 
cl 7.1) 
1 Pe See ( 
+ tan (3 | reas): 
So 
T.= DY ja (CQL 2C,2y + 2C,2, — 4C,0,] — 
Sate 8 3, Pe : Ed \ L RZ 
R, cos?) \2n 2 *] ee Nae (7.2) 


Ss, 


Inserting the value of V from (6.24) into (2.2), we obtain for the lateral 
force 


N = ADyIC,2, + C,2, + 20,2, + 26,9, 25". (7.3) 


Inserting the value of W from (6.23) into (3.14) and (3.15), and disre- 


garding the terms of the order of Vy z , we obtain for the moments 
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M, = D,, vy , [—C,2 + 20,2, — 20,2, —4C,2,); (7.4) 
“A ; . 
M,= Dy BR; '— a2, + 20,2 + 20,2, + 46,2) + 
, . in§ 
+ Dp {C,8, +-C,2, — 2C,2, — 2€,2,) = : (7.5) 


From (3.8) and (3.9), for the normal stresses we have 





Midv  Ainz sind F . dW (7.6) 
{ it i2 s l . . 
= TY — 7) 1 ai 
Mn av Ay /,,sin® — F, 1 dW ron 
qe EE + PVF) (8G Baw). (7.7) 


Considering (1.16), (1.19), (3.6) and (3.7), from (3.10) and (3.11), with 
the accuracy of calculations adopted here, we obtain for the shearing stresser 


in each layer of the shell: 
for the outer layers ({=m+1, m4+2, ..., 2m +1) 


re les 
aera g Bt Gat x 


Be AMS  Neeege oa aid ae 
‘ Gente aes eS age (7.8) 
5p Sie (aE = C1) ie 
oy Re East 
for the interna) layer (== 1. 2. 3, .... m+ 1) 


v2 21) ’ \ 2 
ya ag a ree alt cl cl as 
+> On ay ( 
2 ame ©: es S8e 
his yp PW CR (RL Cy) V (7.9) 
drat eet Pe 


Inserting the values of -, and <, from (3.6) and (3.7) into formulas (2.26), 
we obtain for the two components of displacement 


= rte 4 SAY sin — 2 FAs) (7.10) 
_ oo ame Ci. dV Cy f,,sin 8 ~—F (8) H 
a f [¥ sin) — = cos 05- mae (VE — “”)] ds. (7.41) 


The components of displacement may be represented in slightly differ- 
ent form. From (3,4) for the deformations we have 
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a Goel Cid egg nT Col, (7.12) 


&) 


Inserting the values of <, and :, from (7,12) into (2.26), for the displacements 
we obtain A 


- 


— , Luti= Cut | (7.13) 


= C 


Cat Cali. 
v 


jaded f (w sin) + cos) ds. (7, 14) 
5, 


The vaJues of functions V and W in design formulas (7. 6)-(7. 14) are not 
represerited here due to unwieldiness of the formulas derived thereform. In 
oraer to facilitate calculations associated with the indicated design quantities 
let us present the final expressions for the required derivatives of the sought 
functions V and W 


dV "a AS 
ds = PuV aR, (C2. +2C,2) + 26,2; — 4C,2,) — 


1 (Pf 
2 
~""R, cos? & x f ré,4s +R,Z; 
So 


d2v AT 
gar = Ou V ge (2C,2, + 2C,2, — 4C,2; — 4C,9,); 


aw Ia sa 

asc met V (C,Q, — Se 2C,2, = 2C,2, eo 4€,2,); 
aw A ion 

Ast Fs V 20,2, + 2€,2, ae 2C,2, a 4C,2,). 


In deriving these formulas terms of the order of vy B were discarded in com- 
parison with unity. 

Proceeding from (6.33) and (6,34), then following the procedure given 
at the beginning of this section, for the design quantities of the problem we 
obtain the following formulas: 


sin 8 


T, = .AD,, A, (8) — B,9 (8) + AQ6 (8,) — 88 (8) —— + 
1 et J ; 5 
+ ara f et): vo 


$o 


T= Dy Ve l— A @ — 59 (8) 4- Aad (By) + 8,9 8)! — 


0 s 
: (E- f esas) +RyZ: (7. 16) 
So 


~~ "R, cos? 8 | 2x 
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N = AD,,{B,8 (8) — A,6() + B29 (By) — 426 (819) S22: (7.17) 


M,=Dy V {Ay2 (8) — Bye (8) — a2 (31) + Boe GDI (7. 18) 
M,~= Dy"! f= 14,9Q)-— By Q) ~ Ave Gy) + B29 QL 
sin = 


+ Dy {A,9 (8) + 8,6 (3) + Ag® (B,) + By. (5) =— (7.19) 


The formulas for determining the stresses and displacements (7.6)- 
(7.14) remain unchanged. As before, let us present the final expressions for 
the required derivatives of the sought functions V and W: 


a = =D, Var A,y (8) — By? (8) + Azy (3) 4+ Bz BDI — 


5 
1 [Pe 
~ aden (FH f vteas] +-R,Z; 


Sy 


oe = Tg (APO) + BEG) + AD) + BA CD 


“= -/ +4 {Aye (3) — Byy (3) — Age (3) + Boh GDI: 


ew = inl’ 13 (3) — By 0 (3) + Ag 3 (21) — Bb BY. 


In deriving these formulas: we have discarded terms of the order of Vi in 
comparison with unity. 


We will note that we cannot expect that from the design formulas de- 
rived here all points of the shell will have an accuracy of the first approxima - 
tion of asymptotic integration. At singular points of equation (.1) the design 
formuias may yield unacceytable results. The radii of curvature Rj and Rz 


of the discussed shells must be sufficiently smooth functions of coordinate s. 
In the special case of a cylindrical shell, wherein UR, = 0, R, =R= 


cunst and ‘ = 0, the derived design formulas in the first approximation of 
asymptciic integration are precise, that is, they have the accuracy of the 
initial equations. This is easily seen by introducing appropriate changes in the 
oe of deriving all of the equations and design formulas of the present 
chapter. 
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SECTION 8. EDGE EFFECT IN ANISOTROPIC SHELLS* 


If the point of reckoning of coordinate s coincides with one edge of the 
shell and the length of the shell over the meridian arc is designated as L, for 
values of 8 corresponding to the edges of the shell we will have (6,14) and (6.26) 


paagny 4 fo-=a, (8.1) 


Then, as is easily seen from (6,27), the coordinate of the current cross-section 
of the shell reckoned from edge s = 1. (Figure 31) will be expressed in terms of 
Bye 








S=L,(8 = Gy) (8,= 0) 


S*QOF7-O 13-4) 
Figure 31 


Examining the functions entering into solutions (6.33) and (6.34), it is 
easily seen that functions @ (8) and € (8) decrease with distance from edge 
s = 0 and functions 6 (8) and C (By) decrease with distance from edge s = L. 


As is seen from Table 2, inese functions are of the order of 0.04 even with 
B=. Hence, if the investigated point lies on the periphery of a cross-section 
of the shell which is sufficiently removed from the edge of the sbell that with 
the glven elastic constants 8 2 7, the influence oi this edge on the stress of 
points of the investigated periphery or more remote points, within the accuracy 
of engineering calculations, may be disregarded. This condition may be ex- 
pressed in slightly different terms: if the elastic constants (Cj}, C22, Cj2, 


Dj}) of the material of the shell are such that 8 2 7 with given s, then the 


influence of the edge on the stress of the part of the shell corresponding to s 
may be disregarded, 


_— 


*§.A. Ambartsumyen, Long anisotropic shells, Izvestiya AN ArmSSR 
(FMYeiT nauki), Vol. IV, No. 6, 1951. 
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If in expression (6,14) we disregard the variability of Ra, for 8 we obtain 


A 
= Ve s. (8.2) 
Inserting 7 instead of B, we obtair the length (over the meridian arc) of the zone 
of extension of the edge effect 
sar (8.3) 


Hence, if the length of shell over a meridian arc L 2 8*, the interaction of the 
edges may be disregarded. This means that with L 2 s* the load applied to the 
edge 8 = 0 has practically no effect on the stress of the other edge (R = 9) and 
vice versa. 


For homogeneous anisotropic shells, on the basis of (6.2), (2.11\, (4.1) 
and (2.14.9), we have 


a=zV 3(2—¥). (8.4) 


Inserting the vaJue of A from (8.4) into (8.3), we obtain the length of the zone of 
edge effect in the case of a homogeneous orthotropic shell of thickness h: 


s° = TR, a et eee (8 Py 5) 
In the special case of an anisotropic shell, considering that Ey = E, and v2. = 


< » for the zone of edge effect we obtain the well-known formula uf A.!, Lur'ye* 





ge = h f/m 
s = mR, Vit Timi —1) . (8. 6) 


Although formulas (8.3)-(8.6) are precise for a circular cylindrical 
shell, they elsewhere introduce a certain error for reasons of simplicity and 
in order to obtain general formulas for all types of she'ls of revolution. How- 
ever, where necessary, in each special case the quadrature in formula (6. 14) 
may be calculated precisely and we may find the required value of length of 
the edge effect zone. 





*A.I, Lur'ye, see p. 61 of work cited in footnote on p. 111. 


138 


Comparing formulas (8.3) and (8.6), we note that in distinction from 
isotropic shells, by appropriate selection of the elastic constants in the case of 
anisotropic shells we may substantially change the effect of the edge conditions 
(with a given length of shell) on the overall stress of the shell. 


Let us examine two examples. 


First example: 





i %, SO. & 

Ep Bee Rg oe Rae 
from formula (8.5) we obtain for s* 
gr = 21402 p — 0.256R,. 
¥% 
Second example: 

2? __ 0,083 0, + =00 B20. 
Ef aa ea 


from formula (8.5) we obtain for s* 


st = 314-02 p _ gar, 


4 —_ 
) 0.25 





It is seen from these examples that in the first case the :-ngth of the edge effect 
is less than the length of the shell L = 0.4 Ro > ..256Ro, while in the second 


case, conversely, the length of the edge effect is greater ‘!.an we length of the 
Shell L = 0.8Ro < 0.88R2. Hence, it is evident at in the first case the edges 


of the shell will have no effect on one another and interaction may be disregarded, 
whereas in the second case the edges of the shell will effect one another and 
there will] be no justification for disregarding interaction of the edges. 


In shell theory long sheils are considered to be those shells for which 
interaction of the edges may be disregarded and short shells are those for 
which the interaction of the edges cannct be disregarded. From this stand- 
point, in discussing anisotropic shells we notice a certain contradiction be- 
tween the geometric and mechanical concepts of length of a shell. 


If from the geometric standpoint an anisotropic shell is considered long 
(or short), this still does not mean that from the point of view of mechanics it 
may be regarded as a long (or short) shell; this is also true of the converse 
condition. 
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This is easily seen by examination of the examples given above. Despite 
the fact that from the geometric point of view the length of the shell in the first 
case is half the length of the shell in the second case, we must consider the 
shell in the first case to be long and in the second case to be short. 


The results derived in the previous sections are wholly acceptable and 
sufficient for solution of the various problems for jong shells as well as for 
short shells. However, in subsequent discussicn we shall deal only with long 
shells as being most important from the standpoint of application. An under- 
standing of the procedures for calculation of short shells may be obtained from 
an examination of the work by A.I. Lur'ye. * 


SECTION 9. LONG SHELLS OF REVOLUTION** 


The anisotropic shells of revolution used in engineering practice are 
largely long shells (for which the interaction of the edges may be disregarded). 


Let us discuss a long shell of revolution along the edges (s = 0, s = L} of 


which there act the bending moments My and MY’ and the intersecting forces n? 
and wh (Figure 32). We will note that My and My are positive if they increase 
the curvature of the coordinate surface of a shell with positive Gaussian 


curvature or if the atresses caused by them at the outer grain of the: shell are 
tensile forces and on the inner grain of the skell are compressive; the inter- 


secting forces n? and ni are positive if, being applied to areas with positive 
external normals, they are directed toward the positive normal to the coordinate 
surface. The positive directions of the forces and moments are shown in 

Figur. 32. 


In consideration of the basic property of long sheils, we shall discard 
functions fy in calculating quantities referring to edge s = 0 and functions 8 in 


calculating quantities referring to edge s = L. 
With s = 0 (which, on the basis c. ,6.14) and (8.1), is equivalent to 


assuming 8 = 0) for the transverse forces and moments we obtain from (7.17) 
and (7,18) (Figure 33) 





§ AD 
N =N° = AD,, = ° B= aie B; (9.1) 
2 


*A.I. Lur'ye, see pp. 68-80 of work cited in foomote on p. 111. 
**§.A. Ambartsumyan, see footnote on p. 136. 
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“A 
M,=M=D,, V wa — 80. (9.2) 


With s = L (which is equivalent to 8) = 0) for the transverse forces and mo- 


ments we obtain from (7.17) and (7.18) 


(9. 3) 


N=NE= 


ADiu yp, 
“yl B,; 


by 4 


A 
M, = Mr =D, V ape (B2— Ar). (9.4) 


By simultaneous solution of (9.1), (9.2) and (9.3), (9.+) for constants 
Aj, By, A> and Bg we obtain new values which are represented by means of the 


initial parameters 








RS RS 1 /% 9.5 
_ 2 0. ee. oy. 2 Ayo. (9.5) 
B=75N A=paN +p, V aM 

RE Ri 1 yf , 
B,=3p,Ni A=paN—pV aM (9.6) 


Inserting the values of Aj ... Bo into (6.33), (6.34) and (7. 15)-(7.15), 


for the principie required functions and internal forces we obtain the following 
fo; mulas: 


Le aD- [RQN% (8) +V 2Roa. 19 (8) ne 
+R3N*9 (8,) — V 2REAMi6 (8,)]; (9.7) 





Figure 33 


V = [RIN (8) — V 2REAME (8) + - 


+ RIN“) (B,) +. 7 2REAME (3,)] — 29); 


cos § 
T, = [ — RIN} (G) + V 2REAMP (B) — 
— REN"Y(B,) — V 2REAMY. (8,)] = 


sin 8 ee 


1 Pe : 
+ "R, cos? 8 (2 pre, is) 


ct 


T= sy. [ —2R5N" () — V 2RIAMY (G) — 
— 2REN‘ G,)— V IRFAMEY G,)) + RZ — 


s 


1 P, 
— ars (aE — f reas): 


= [RY (8) — V 2RUAMN (8) + 
+ REN“) (8,) + Y 2REAME @,)] cost; 


M, = 2R3 en Net V2 RB, Mie @) — 


-- QR} — N4C(8,) + /2# Mie (B,); 


My = 52 My + 72" [REN% (8) + 


a. V 2R3AMI9 (B) + REN49 (B,) — V 2REAM{6 (B,)). 
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(9. 8) 


(9.9) 


(9. 10) 


(9. 11) 


(9. 12) 


(9. 13) 
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The formulas for determining the stresses and displacements (7.6)- 
(7.14) remain unchanged. In determining the design stresses and displacements 
we shall also be interested in the following quantities: 


“= — V +. { ae 2R2N%G (8) — V 2RYAM" (3) — 
—- 2REN46(8,) — V 2REAM!$(B,)] + Roz — 


1 a 9.14 
—~ R, cos? 9 — [ea ( ) 
dw RS ay, 
a =~? pV mRaN@ — ze Me 
E cae 
+2 5° V oma NO) — B, V8 Meats) (9, 15) 


As in the general case, the boundary conditions do not differ from those for an 
isotropic shell of revolution.* Let us present the three basic variants of 
boundary conditions (see Chapter II, Section 19): 
edge B= 0 is free (2.10.1) 
NO-=0, M?=0: (9. 16) 
edge B= 0 is hinged (2.10, 3) 
M)=-0, w=0; (9.17) 
edge B = 0 is fixed (2.10. 6) 
RON? + VY 2R°AM = 0, w == 0. (9. 18) 


The corresponding boundary conditions for edge f) = 0 have the form 


NtE=0, Mi=0; (9. 19) 
RINE—Y2REAME=0, w=0. (9.21) 


For the normal displacement w, by virtue of (2.27), (7.13), and (7.14), 
we have 


*A.I, Lurtye, see p. 64 of work cited in footnote on p. 111. 
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w=. SoTL et LED rcos$—- 


Ss 


( ! 
a ee. ff (win + only Cle cos 9\ ds es 9. (9. 22) 


SECTION 10, ! XAMPLES OF CALCULATION OF LONG 
SHELLS OF REVOLUTION 


In all the examples we shall limit ourselves to only the first approxima- 
tion of the asynptotic integration. 


1. A long cylindrical shell possesses two nondeformable end plates 
which may be displaced in the axial direction. The edges of the shell are fixed 
in the end plates. The shell is loaded by a uniformly distributed normal load 
of intensity q. The radius of curvature of the shellis R. Using (2.%:-(2.7), 
for the load terms we have 


_sRt Rp! - (10. 1) 
since for a cylindrical shell $ = 0 and r = R; for the lower limit of integration 
we take 69 = 0. 

From (9.9) and (9.10), considering that the edges of the sheel are fixed 


in the end plates (that is, with consideration of (9.18) and (9.21)) and that for a 
cylindrical shell sin $ = 0, for the internal tangential forces we obtain 


Pe _R 10.2 
foe ( ) 
=— YF RINX% @) — N49 (G,)1+ Re. (10. 3) 


Then from (9.22) we have 


Ci Ta — Cal = RG 28 al ae 


w=R a 


ees Vz A Nog (8) — Neue Q,)}. (10. 4) 


Assuming a shell length L, for the values of 8 corresponding to the edges of the 
shell we obtain from (8. 1) 
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Since with these values of 8 the normal displacement w becomes zero, we obtain 


for the initial parameters n? and nb 
nig Cir — OSG, IR Cy ~0,5C,, 2R 
Nine Su ORG IR gy. — Sr 08Cn VIR, (10. 5) 


Further, from (9.18) and (9.19), for the initial parameters M} and mi’ we have 


MD = —F4 Cu 05Ci (10. 6) 
ae, Cu , 
Rg C,,—05C, 
aa Gee (10.7) 


Using the values of N and Mj in (10.5) and (10.6), from (9.7) and (9,8) 


we obtain for the principal required functions 


W =ah y= cua 8Cn (8) — £(8,)|; (10, 8) 


PIR Cy —08C, 
V=oRY 916 G) — 01+ Ras. (10.9) 


Inserting the values of W and V from (10.8) and (10.%) into (7.6) and (7.7), we 
obtain for the normal stresses 


Ci, —0,5C, fd 


a = Ra — pa i 9) + #1 — 
1th PC +9an}—" ee) #029) 
al = pg ie = [9 @) +98) + 
4 Pea he@alma (eee). (0.10 


From (9.22) we finally obtain for the normal displacement 


w=! (C,, —0,5C,.) {1 — 198 +9 (BI)- (10, 12) 


Let us discuss an example of a three-layer shell. Let the outer layers 
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(1) _ 


ly isotropic (Es Et = E') = oa = E), while the inner layer is orthotropic 


(EM, Bl, For simplicity we shal) assume that t!:2 Poisson ratios of all 


layers are equal to zero. We shall con: der that hy = hg = ho» ho = kho (Figures 
15, 27, 34), From (3.1) and (3,2) we obtain for the stiffnessea 


Cy, = 2Eh, (1 — & +m,k): Coy == 2F hy (1 —& +m, ky;, 
Dd. = : EAX(1 — ko + myk*), 


with the following notation: 


pl An 
St eee - ae m,=—, 


For the stresses in each layer we obtain 


A ] (Pras U 
0, = RIE se — ah) + Han: 


5 EB " 
ot re Rg Gy 11 —{; (8) +3 (3))))- 


Comparing these formulas with the corresponding formulas in the membrane 
theory, it is easily seen that changes in the normal stresses, associated with 
torsional phenomena (the second terms in the formulas), are local in nature 
and at a certain distance from the edges these changes may be disregarded. 
In view of this it will be of interest .o examine the stresses at the edge of the 
shell, where in addition to stresses of the membrane state we have greater 
stresses from bending. 


Considering thet with 8 = 0, $(8)= 9(p} = 1.0. »(8,)=¢(3,) ~O0, we obtain 
i 
for 0, 
a. & = 1 1 203 00 
$” 4hy EF L(—R+ mk) hy VL AP em gk) (1 — RE mye) | 
With A = 9 atresscs Ws are equal to zerc. 


For the sake of clarity we shall discuss a numerical example. Let all 
the layers of the shell be isotropic and for the ratios of the elastic moduli of 
‘he layers we have Mg = Mp= 0.1. Let ue further assume that k= 0,8, 
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Figure 34 


Representing the normal stress o, in the form 


Rq 


i 
a cae 
s= Nga 


for individual points of the end section of the shell (Figure 34) and for ); we 


obtain the following values: 





The results of these calculations are represented graphically in Figure 34. 


2. An infinitely long cylindrical shell is loaded by forces and mo- 
ments uniformly distributed over the periphery of the cross-section, The 
load intensity is q kg/cm and the intensity of moment m kg (Figure 35). 


Let us first examine the case wherein the shell is ]oaded only by uni- 
form transversely peripheral distributed forces q. Let the origin for the 
reckoning of coordinates s aid 8 coincide with the plane of the loaded cross- 
section, 
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Let us examine the part of the shell to the right of the loaded section. 
Then, with g—0, for the right portion of the shell we have 


1 
W==0, N= oq; (10. 13) 
further, from (9.193, we obtain 
9. _ Ra (10. 14) 
a 2¥2RA 
Inserting the values of N°and M° into formulas (9.7}-(9.13), for the design 


quantities we obtain (0 < 8 < vo) 





Rq ; _ ka + 
v= Mo@), wait ce: | 
= => 4 6 2); 
M, = vm N (2); (10. 15) 
R? Cu 
LS a AV Fee w= ay & ¥ (3). | 
Similarly, for the left portion of the shell we obtain (0 > 3 >— 0) 
R 
=— FF: WH -oFE5 0 
My = — Ps N=— $5.0) 
: 2yorauN” rae (10. 16) 
Rq,/ A 
7,=— " op %1 QB): w = — 29Cu ES Aa). 
where we introduce the notation: 
6,(8)=e'cosB; 4, (8) =e sin 8; 
10.17 
91(8)==8,8)—%@; 1G) = 8, 8) +5 ae 
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Among these functions we have the following relationships: 


d a a js = ’ 
a 6, (3) = 9, (8). ai” = @) (10, 18) 


2 d? , 
#1 @) = —22,(8). gaa 1 (B) = 28, 6). 


In the case where the shell is loaded only by moments with uniform dis- 
tribution over the transverse periphery, all the design quantities of the problem 
are derived in elementary fashion on the basis of the solutions obtained in the 
fir3t case (that is, when the shcil is loaded only by uniformly distributed 
forces q). 


Assuming that the shell is loaded by two systems of uniformly distri- 
buted annular forces (Figure 36) (each of intensity q) which act in opposite 


directions and as 7 approaches zero form a distributed pair with intensity 
m=q-v7. from (10.15) we obtaia* for the right portion of the shell 


ikke Astni}= 


ly As|—e (5+%) _ 
Rm lV Via IV se Wl aes A |: 
a =o as ° V xsl; 








or, finally, 


= Rao 6), Mn aR am (10. 19) 


Similarly, from (10.15) we obtain for the remaining quantities 


M=59(8); N=—4F A 9): 
a en iV ine (10, 20) 
T= FAQ); w= >a Ar@). 


*S. P. Timeshenko, Soprotivleniye materialov, Vol. II, Gostekhizdat, 
1946, p. 17. 
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Gesartdocesison eee co0n til aiibrs 






pethee 


Figure 36. 


In like manner, from (10.106) we obtain for the left part of the shell: 


= oi rae 910); WV= Tare , (B); 


2D,,V2RA 
M=—F 9, (8); B=—7Yy A ae: (10. 21) 
T, = 5 4x18): w = RM Cw 426). 


Now let the shell be loaded voth by an annular force q and distributed 
moment m. We also assume that the origin of coordinate s (as of 8) lies not in 
the plane of the loaded cross-section, but to the left by a distance b from the 
loaded section* (Figure 35). 


Assuming that in the coordinate system (0, — 8) to the quantity b there 


corresponds t= 6) A/2k, for the sought W and V, from (10.15), (10.16), 
(10.19) and (10.21), we obtain: 


in t!? sector 0<8<t 


Ws — oo *€—-B + a5 VWs nama — 8 (10. 22) 
va—Po¢—p— ey Agee —B: 
in the sector t<8B co 
qR_«( — tf) 
WS Tap Yop, yaa (10, 23) 
vaog—n—my A ogo. 





*S. A, Ambartsumyan, Toward calculation of anisotropic cylindrical 
— of revolution fastened with transverse ribs, Izvestiya OTN AN SSSR, 
oO. 12, 1955, 
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{Inserting the values of W and V from (10.22) and (10.23) into tormulas 
(2.1), (2.2), (3.14), (3.15) and (7.10) or by direct use of formulas (10. 15)- 
(10.21), we obtain for the design quantities: 


in the sector 0<3<t 


Ro A 9 — 9 ae Bp (10, 24) 
M, = onmtaciiars (10. 25) 
n=—45¢—9—5V sh ot—P: mee) 
aside Maye 8) — 5 At — Bs (10. 27) 


in the sector f<ji<-o 








2 10.28 
w= OV ieee 1) +28 Gu a2 G9) hee 
eee 18 —O+5 § (8 — t); (10, 29) 

=40@—n—Sy/ Agg—n (1020) 
=~ FV gp eG—O+5AG—9. (10. 31) 


Let us analyze the stress of the shell in the case where the shell is 
loaded only by a uniformly distributed annular force of intensity q. From (7.6) 
and (7.7), in virtue of (10.15), (2.24) and (1.12.2), we obtain for the normal 
stresses in the shell layers: 


a A [S (1-2) e@+ 75-40) 8 (10. 32) 
ates =a va [S#(1 422) 9) ty ge vp) |. (10, 33) 


In the vicinity of the sections where the load q is applied we have for the normal 


stresses 
Se —sV SH (4 — e) + ab |S; 


~ Taviv 


Et aa |S C ™m | Rq 
Bi et ee) ul i 12 oes ete 
= l-y vj 2R (1— " a)+ AD} 2° J 


am 
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Let the orthotropic shell be a single-layer shell and the Poisson ratio of 
the shell material be zero. Then, for the stresses entering into (10.34), we 
obtain from (4. 1) 


. EA} 
Cy = Ek, Cy==F hk, Dy=-jr, Cy=9. 


and further, from (6.2), for A we obtain 


-2 ye 
Bie ec. 


On the basis of the above relationsi:ips for the maximum normal stresses a, 


and «o, we obtain from (10. 34) 


By means of these formulas it is easy to establish the nature of the 
change in normal stresses o, and », in accordance with e=E,/E,, that 1s, de- 


pending on the ratio of the elastic moduli of the principal directions. Modifying 
the formulas, we obtain 














: h 
—- eV RE idee RE 
0, = — LVR 0 660 —— 2 US 


The coefficients of these formulas 4, and),, are represented in the following 


form: 





























em 

















For the sake of convenience the data of this table are represented in graphical 
form (Figure 37), whence it is easily established that for the discussed problem 
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from the standpvint of strength it is more convenient to have greater stiff- 
nesses in the annular direction of the shell. It is also of interest that with a 
sufficiently wide range of change in e (from two to five) the normal stresses 
a, and o, have sufficiently close values. 

3. A semi-inifinite cylindrical shell is loaded by forces and moments 
uniformly distributed over the periphery of aloaded cross-section ata distance 


b(t==5) A/2R) from the free end of the shell, The origin of coordinates s and B 
is located inthe plane of the cross-section of the free end of the shell (Figure 38). 


The solution of this problem may be constructed by the method of super- 
position. That is to say, on the solution of the problem of an infinitely long 
cylindrical shell loaded at any intermediate cross-section by forces and mo- 
ments uniformly distributed over the periphery of the loaded section (Figure 35) 
we superpose the solution of a semi-infinite cylindrical shell loaded by the fol- 
lowing uniformly distributed (over the periphery of the end section) bending 
moments and intersecting forces (Figure 39): 


5 a Ore 6(t); (10. 35) 


A 
Nee SU(N +5 V #20. 


(10. 36) 

















14 if 20 Jd? 42 5A Od 70 29 40 G0R 


Figure 37. 


which with opposite sign are the values (10.25) and (10.26) when 





Figure 38. Figure 39, 
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From (9.7)-(9.13) and (9,22) for the second auxiliary problem (the 
problem of a semi-infinite shell with end loads) we obtain the following design 


formulas: 


W = a7 [RN% (8) + VERA Mi 9 (8); 


V = RN% (8) — V 2RA Mj © (8); 





w= — RY A [2RN% a) + VORA My DI: 
M, = at N% () + MY 9 (8 
N = Ny (3) — es M? +8); 


T= — YA [2RN% (8) + V2RA Mi (pI). 


(10. 37) 


(10, 38) 


(10. 39) 


(10. 40) 


(10. 41) 


(10. 42) 


Considering (10.35) and (10.36), from (10. 22)-(10.31) and (10.37)- 
(10.42) we obtain the following design formulas for the problem under consid- 


eration: 
over sector 
RC), Vf At 6 0 4 : 
w= —9 5 EY let —D+20G)9H+4H9Oi — 
— m2 aet— 8) +98) 9 +496)9O1 


Wey aa 3) +9 (8) 0()-+ 989) + 


at ==: (p(t — 8) +:4(8) ¢ (4) + 2908) 9); 


2D, es 
ae as 18(f— 8) — 4 (RO) +45) 9 Ol— 
— meV Ale p—9@ el + BGO! 
M, =: 4 sv5pal — o(t— 8) + 29 0M+¢8)9O1— 
= ; 14 (t -~ BY —S (8) 9 (4) — 9 (8) OM): 
Na 3 (9 ¢¢ — 8) — $8) OH) + FR) HO) — 


— mV Ae bet — 8) — $8) $(0-+ 20 (8) 8(0) 


(10. 43) 


(10. 44) 


(10. 45) 


(10, 46) 


(10.47) 
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T= — gk VW Ale --) +29 IOH+4@oO)— 
—m SUB 4-99 +4@ 00h 


over sector t <3 < 2% 


wg Ay G—H +-20)6H) +9@H Olt 
+m & SH A (a—t — 08) 9) —b@ HO! 
W=95 ap-l EC OL O 


Bo 2D, DAVEE 


V=9 5 198—) +40) —C@YO)— 
— meV J 9G—9—9G)9O+2%G) 0K 


Mi =4 spgq!—¥B-—N+KEHIO + eR HO1+ 


+m518@—)+6@eO+e@) oO): 


= 219@ —+49) 8) —S@)4Ol— 
se 5 Va Ip (8 — t) — p(B) 9 (t) + 26 (8) 8 (ADI; 


La=aqey + FIG D+ BOIO +ADHOIT 
mA c@——8 Ge) —9@8O) 


¥@@— 4) +98) ¢ 4) +28 (9 OI: 


(10. 48) 


(10. 49) 


(10. 50) 


(10. 51) 


(10. 52) 


(10. 53) 


(10. 54} 


4. A vertically positioned cylindrical reservoir with the upper edge 
free is filled to the top with liquid. The lower edge of the reservoir is closed. 
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Figure 40. 
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We shall assume that at the lower edge s — 0, (8 = 0), and at the upper edge 
s=L, (B= V A/2R s =!) (Figure 40). 


On the basis of (2.5) and (2.6), we have 
E,=Z=p(L—s), E,=0, 


where p is the volumetric weight of the liquid. From (2.3) and (2.4) we obtain 
F,=0, Fy=:—pRs(L— 5). 


From (5.13), (5.15) and (5.16), for the particular solutions corresponding to 
the given load we obtain 


T=0, T?=sR(L—s). V =pRs(L— 5). (10. 55) 


For the free upper edge of the shell we have, after (9.19), M{=0, and 


N* =v; then from (9. 8) we obtain the general solution for the sought V 


V = RN‘ (6) — V FRAME (8) +eRs (L— 5). (10. 56) 
For the normal displacement, from (9.22) and on the basis of (9.10), we have 
o=— RS y/ A [2RN% 6) + V BRAM (PI) + PR? S4(L— sy; (10.87) 
whence by virtue of (1.7) we obtain for the second sought W 
W = z7-[RN% (6) + V2RAM9 (B)] — pR? S, (19. 58) 


For the lower closed edge, from (9.18), 


for p=-0, W=0, w=0. 


For initial parameters Mj, N° we obtain 


wa — L—V3RIA oR; (19, 59) 
V2RA oR 
NO = (TRA 11) 2. (10, 60) 


Then, we finally obtain 
vp 1[R (RA 1 1)y + 
+-VIRA (6 — VIRIA)6@)] + eRs(L — 5); (10. 61) 
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W = PR zap—[R (RA ~-1)9:8)— 





--V DRA(L—V PRIA) @)| — pr? &; (10. 62) 
w= RSs Vom [28 (HE —1) 8+ 
4+YVIRA u_vRAvel +R? 21 (L—s), (10. 63) 


From (7.6) and (7.7) we obtain the formulas for determining the normal 
stresses in the shell layers 


Cro Al 2 (ee = ): 
(i= 2\V al rer gia al 
—y #). | + S( (4 — et) —s)— 


Cy 
2 
(c 
aoW mle (YRS c—1)@4- 
Sf 28 (gay) )>ca] fre (10. 64) 
svn (98) ELEC po 


qe vind 


iad ss 


we 








eV Slee (ees 
VB (e-V 4) ea] for (10, 68) 


In the case where the Poisson ratios of all the layers are equal to zero 
the design formulas are simplified; in this case, from (7.8) or (7.9), we obtain 
for the maximum tangential stress 
a OR PMT R (V2RA 
man = z Bee lz ees 1) 4G) + 


Sy Fle 7) <0] 


Examining formula (10.58), it is easily seer that in distinction from the 
previous examples W contains a component corresponding to the particular 
solution of inhomogeneous equation (5.9). If we were to retain tie premises of 
Section 5 of the present chapter, for W, instead of (10.58), we would obtain 





(10, 68) 
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W = 4p- [RN*9) + V 2RA M9). 


Then from the conditions for the lower closed edge the initial parameters 


and M? will be N° 6yayt 
mi=—pRL, N= py 2, (10, 67) 


Comparing (10.67) with (10.59) and (10.60), we note that in the expres- 
sions for the support moment (10.59) and the intersecting support force (10.60) 
componsiits not containing L are associated with the presence of the last term 
in (10.58), which represents the solution of inhomogeneous equation (5.9). Ia 
comparison with the principal components in (10.67), these components are of 
the order of 1/L and are proportional to the thickness of the shell*. By examj- 
nation of the design formulas in (10. 64)-{10. 66) it is not difficult to see that at 
a certain distance from the closed edge the stresses in the shell layers (deter-_ 
mined b; means of the homogeneous equation) will contain an error of the order 
of #/R. In considering the local stresses such an approach to the problem may 


result in an error of the order of VA/R *. 

By way of example let us examine the calculation of a 7 -layer container 
(Figure 41). Let R= 500 cm, L= 500 cm, p= 0.001 kg/om*. The elastic and 
geometric characteristic of the layers are listed in the table below, It is seen 


from the table that the ceatral and outer layers are isotropic and the other 
layers are orthotropic. 5 





Figure 41. 


*A. I. Lur'ye, see p. 77 of work cited in footnote on p. 111. 
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| : t i 
are 2s | 
oe i =. oe l _ Pr | 
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= = a C—"n a 
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stiffnesses 


Cy = 22,2E kg/cu, Cy = 22,7E kg’cu, 
C,, = 9, Dy = 788,3E kgcu. 


The stresses in each layer of the shell are determined by the use of formulas 
(10. 64)-(10.66). The results of calculation are listed in the tables. 


Table of Normal Stresses ¢! (kg'c«?) 





























| ; act aeeee I | Payer | (Payer bayer 
| Start | End | a ae a eee 
_ I 157 5 6 | 26 | no | oa 
| Pee. aie ; 08 | 7 | 0,7 v4 
Ceo esr ae es 
aa —o7 | a 46 | 19 in 











The stresses 3s‘ in the remaining laye s (VU, VI, V and at the end of 
layer TV) are correspondingly equal but of opposite sign. Stresses 3' in the 


second and third layers vary inconsiderably over the thickness of the layer, 
hence the table lists only one value of stress in each of the mentioned layers. 


With a zero Poisson ratio for the thicknes:, of each laver stresses 2) remain unchanged. 
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Table of Normal Stresses! (kg c.4?) 





| , ee eh 
, Layer I Layer II | Layer lit | Layer IV 








v 00 U0 | 0.9 ! 0,0 

a | Ss Ps 
PES 4 aa 13,4 57 
La 72 72 ina ie 

rn ; an 11) 60 yl 


Stresses :‘ in the remaining layers (VI, VI, V) will be of corresponding value. 
Examining the tables of stresses > and o/, it is easily seen that in cross- 
sections »_- /.‘2 the normal stresses 3‘ may be disregarded and calculation of 
stresses ;:' may be achieved from the membrane theory, that is, from the 
following formula: 


, OR 


J mE 
¥ Sa 


(L --s). (1u. 68) 


On the basis of (10.86), considering that in the case under discussion 
Pi '*)_. 1,2£ kg.c., for the maximum shearing stress (in cross-section s == v) 


we obtain <!Y) = 2.7 kg/c.w’. 


max 


5. A closed conical shell is loaded by a bending moment of intensity 
m kz uiormly distributed over the support contour (s = 0) (Figures 20 and 42). 


For the median surface of a circular conical shell we have, from 
(3.5, 32) 
\ , 


R= 0c, r=-(s’—s)sina, | 
1 _ cosa cig 2 v=] (10, 69) 


R; ro (8 == 3)" 





where s' is the length of the generatrix of the shell ,ti:at is, the value of s for 
the vertex of the cone), s is reckoned from the support section of the shell; 
is the vertex angle. 
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Figure 42. 


From (6.14) we obtain for 8 
4 — V2Aaga(Vs'—s— Vs). 
In view of the fact that the surface of the discussed shell is free of load and its 
vertex is thus not loaded, we have: 
E.=0, £,=0, P,=0, F,y=0. F,~=0. 


For the discussed shell the initial parameters have the following 
values*, **; 
Mj=m, N°=0, Mr=0, N‘=:0. 


Then from (9.7)-(9.13) we obtain for the fundamental design quantities 


W = 35~ 2As‘ tga 9 

Teese Aga (10. 70) 

vc _mViaes te aC(B); 

qT, = VAS tea (8); 
Saas! (10. 71) 

T, =—maA es h (8); 
N=— mee VAS’ tg tg @% (3); (10. 72) 

M,=m 78): 

(10.73) 


m D vee ee j 2As' tga 
M,= Be M, a= =hb" Az 9 @). 


a 


*A. I. Lur'ye see pp. 94-107 of work cited in footnote on p. 111, 
**V. V. Novozhilov, see p. 265 of work cited in footnote **onp. 123. 
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Tke stresses in the layers and the displacements are determined by means of 
formulas (7. 6)-(7. 14). 


We shall not discuss other problems of conicai shells, since they will be 
solved in precisely the same manner as the simiiar problems for cylindrical 
sheils. It is necessary only to consider that for a conical shell relationships 
(10.69) apply. If the shell is closed (coniains a conical vertex), then it is nec- 
essary to assume that 


B, =0, Ay=0, 


or, which is the same thing, to consider that initial parameters M‘ & N‘ are 
equal to zero (Figure 42). 


We will note also that in the vicinity of the vertex of the shell the pro- 
posed theory may not provide reliable values for the design quantities of the 
problem. 


6. A spherical shell is loaded by a uniformly distributed, normally 
applied load of intersity q kg/c«?. The edge of the shell (s=0) is fixed, Let us 
designat2 the radius of the sphere as R =azxd introduce into the discussion angle 
9 which is reckoned along the meridian from the pole (Figure 43). Let 2y, be 


the central angle corresponding to the edge of the shell. 





Figure 43. 


For the discussed shell we have 


R,=R,=R, b= 5-7 \ 


r=Rsing, Rdg=—ds; 
Z=—q. X=0, F,=—gqcosg, E,—=—gsing. 


(10. 74) 
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From (5.15) and (5.16) we obtain for 7} and 7? 


1 [ PB 
h=—— ate Fe refe, sna. | 


1 
‘sin? ¢ 


(10.75) 

= — i iatnain | 
In the case of a closed shell and in the absence of a concentrated force 

at the veriex, internal forces 7} and T}, calculated from (10.75), must be finite*. 


Then for ?? we obtain 


F, 
Pla 2 [E, sing dy = — =Rqy sin? 7. (10. 76) 
0 
From (10.75) for the particular solutions we find 
peel ge ae (10.77) 


In the case of the homogeneous problem, from (9.9) and (9.10) for the internal 


forces we have (N= Mj = 0) 





7, =(— RN) +V2RA My] 2; 
(10. 78) 
Re yo ip [— 2RNG(B) — aaah 
. , f “A . 
Considering that with s = 0 (a= A s), p=l, 8=1, 1=0, from (7.13) 


and by virtue of (10.77) and (10.78) for the radial displacement of the shell 
edge we obtain with accuracy of the order of the first approximation 


eA A1\ cosy 


{SV AR [VIRAM! + 2RN] + o> 


On the basis of (9.18), assuming that for the fixed edge 


oe : 
Cu V av 2RAM\ + 2RN'| + (Cy, — Cia) “7 = 0, 
RN° + V 2RAM) = 0, 


eee 


*A. I, Lurtye, see p. 110 of work cited in footnote on p. 111. 
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we obtain for the initial parameters 


a C,,—C Rq 
Mae a 
caer 10.79) 
0 Cc 1—C, 2A Pq ( 
No == — Cur ea pai a, 
Then, finally, for the principal unknowns we have from (9.7) and (9.8) 
ed Se aR eee, ) 
he te 10. 80) 
, V2RA Ci, — Cy RG F,(s) ( 
ana Cas Ci meg ME saege J 





From (9.9)-(9.13), by virtue of (10.77) and (10.79) we obtain for the internal 
forces and moments 


2A Cu—Cie Ra Rq. \ 

T.= ae )tg8 —="; 

Ra @tee— > | (10. 81) 

= ' Aq 

7, =e ; eG — of; 

Ney) 7A Ge Cue R46 (A); (10. 82) 
M, = 7? “TH (10. 83) 
My = 52M, — "8 FRC eee. 


The stresses within the layers may be determined by means of formulas 
(7.6) and (7.7). In the special case where the Poisson ratios of all layers are 
equal to zero, the formulas for the stresses are simplified and take the form 





V sind dWy\ EY F,(s) 
We =o I gate ; , 


ies (10. 84) 
dan h aw ws). 


Hence, limiting discussion to the stresses of the edge effect, that is, the 


stresses which arise from M) and A’,we obtain with an accuracy of VA/R, 


ae er, - & 
a = AT HR. = Zt > 98). (10. 85) 


Let it be pointed out that in order to determine the total stresses it is 
necessary to add to the stresses in (10, §5) the nominal stresses (stresses of 


the membrane state), which with known 7? and 7;(10.77) may be determined by 
elementary means by use of the formulas ir. (3.93.7). 
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Let us discuss d numerical example. Let a three-layer spherical shell 
t= hfs= 1,0 cw, and, further, let »,— 35°. Rjh == 30, g=1,0 kgjcu?. Moreover, 


for reasons of simplicity we shall assume that ihe Poisson ratios of all layers 
are equal to zero. Three different ratios between the elastic moduli of the 
layers are examined, namely: 


I. The elastic modulus of the middle layer is ten times greater than the 
elastic modulus of the outer iayers. 
ll. The elastic modulus of the middle layer is ten times smaller than the 
elastic modulus of the outer layers. 
IM. The elastic moduli of all layers are equal, that is, we have a hcmo- 
geneous isotropic shell. 


The elastic characteristics of the layers and the stiffness of each of the 
shells ara listed in the following table. 





























Elastic Moduli of !iyers! | | 
Case ee en, (nn EST (ee ae c D a 
Layer |Layer II" -yer III | 
i 
| E | 10E e | qe 3E | 20 
ae: MWe ee, Site) ale | 
u | we | ¢é | wef? 218E | 0,98 
ST ee) LER ree Rae ee LP ee oe 
| | | | * 
I E | —E | & | 3E 225E | 115 | 
| 





The values of stiffnesses C = C,, = Cy, D) = D,, = VD», and coefficients A are cal- 
culated. respectively, by means of formulas (3.1), (3.2) and (6.2). 

By mecns of formulas (10.85) it is easy to calculate the edge-effect 
stresses in all layers of the shell. The table of stresses lists only the maxi- 
mum values of edge-effect stress. It is easily seen in (10.85) that the edge- 
effect stresses a', and af reach their maximum in section s = 0 (s=0), where the 


furctions $() = 9(3)—1,0, that is, they have maximum value. 


From (3.9.7) and by virtue of (3.9.4), (3.9.5) and (10.77) we have for 
the nominal stresses 


E! @R 
>) . 


[2] = [t]=— (10, 86) 
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Table of stresses ! (kg/cm?) wo! (kg/cm?) in cross-section. 
































ig tee ‘ LayerI | Layer II | Layer m | 
ses Point 1|Point 2 Point 3| Point 4| Point 5| Point 6 

| ! | = 11.35 | 3765 | —37.50 | 37,50 | 3,75 | 11,25 

ra | =a90 | 1050 | —105{ 1.05 | 10,50 | 31,50 
as | 2538 | —8.66 | 66 | 8.66 | 8.66 | —25.98 

a = | 3,75 3.15 | 37.8 | 37,5 | 3,75 | 3,75 
a | 21,4 | 21,4 | 2.14 | 2,14 | 214 | 24 
—— ae 150 | 15,0 | 15,0 15,0 | 15,0 15,0 


The values of nominal stresses with opposite sign coincide wiih the values of 
a; in cross-section s = 0. The edge-effect stresses «; and co} in sections —Oare 


represented in Figure 44, 





figure 44, 


The problems discussed in this section may also be solved without 
particular difficulties in the second approximation of asymptotic integration 
(for a cylindrical shel), as has been stated, this is not necessary). However, 
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the second approximation is of no interest to us here, since, on the one hand, 
the formulas of the second approximation are extremely unwieldy and, on the 
other hand, our knowledge of the materials and structural characteristics of 
shells are such that for purposes of practical calculation the first approxima- 


tion is adequate’, **. 


SECTION 11. SOLUTION OF A FEW PROBLEMS OF 
SHELLS OF REVOLUTION OF ZERO GAUSSIAN 
CURVATURE CONSISTING OF AN ARBITRARY 
NUMBER OF LAYERS*** 


Here we shall investigate shells consisting of orthotropic layers whose 
planes of elastic symmetry are mutually parallel and whose principal direc- 
tions of elasticity coincide with the principal directions of the coordinate sur- 
face of the shell (see Section 1 of the present chapter). 


* ,suming R, = oo, from (2.17) and (2.18) we obtain the following system 


of differential equations of solution. 


Oy = inte a 8 es Bi We 
ono | i mean Or ds? 


“ds? or ds Cc, 


ee CL pee ee) 
os ert rds Ck: Cy FA W +, (5), 


aw sind dW Da D3, sin? ¥ 











at rds DD, (11.4) 
sh see = Ce SENS oe Pion, OE cy 
~ &(Diy—D),) ds? u(D,—Di) © 4s 
P; sin? + ] | 
at Ages Se 7 V + qd (s). 
. 2 (Di, — Dj) e Dy, — Di, ke ; 


Proceeding as in Section 5 of this chapter, let us assume 


Dit Sha oO Sy (11. 2) 


*V. V. Novozhilov, see pp. 260-261 of work cited in footnote onp, 11 
**A. I, Lur'ye, see pp. 77 and 125 of work cited in footnote on p. 111. 
***D, V. Peshtmaldzhyan, Toward calculation of symmctrically loaded 
anisotropic shells of revolution, Izvestiya AN Arm SSR (seriya fiz.-mat, nauk), 
Vol. X, No. 2, 1957. 
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then the system of differential equations in (11.1) may be reduced to a single 
second-order differential equation of solution of tne following form: 


d?s / Pi Tay 5 ee | sin § 
a( Vea H) Ge Vice (D,— 09) ] * 


/. iP, sin? § iVo cos ‘] 
se a a 
a | a y aay) \ aol 4 (11. 3) 


= Do (s)-+-/ oe 
b 














WV ae a “Dh ®, (s), 


where for the sought function, by analogy with (5.10), we have 


an 
eWay a ay 11.4 
o=W Bo 0 (11. 4) 


Thus, the problem of an asymmetrically assembled multi-layer sheli 
(upon fulfilment of condition (11.2)) reduces to the solution of differential equa- 
tion (11.3). Having the value of the sought so, from (11.4) it is easy to determine 
the values of the principal unknown W and V through which all the design quan- 
tities of the problem are expressed. 


As in the above cited work, let us present a detailed discussion of cases 
of conical and cylindrical shells. Therein we will examine only the correspcnd- 
ing homogeneous equations, since determination of the particular solutions 
corresponding to the right members of the inhomogeneous equaticus presents 
no particular difficulties (see Section 5 of this chapter). 


A, Conical Shell. Considering that for a conical shell we have (10.69), 
tnat is, 


(11.5) 








where s' is the length of the generatrix of the shell and 2: is the vertex angle 
(Figure 42), we obtain from (11. 3) 


Oem lf ee tin ES] = VO. (11.6) 


where 





7 ~ —_ _- 11. 7) 
aes Fo Cue (Di — Di) + Pi [P. iV Gut (Di -D},)]. ( 
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r,is the radius of the base of the cone, 


W(s) = ! CS (Dy — D2) O68) ~- 


“Cu2 (Dn — 01) + Fe | (11. 8) 
~ Cy,P,P, (s) + iV¥C,,2 (D, — D'\) [2,,9, (s) + Py, (s)]}- 


Following A. I. Lur've* and assuming 


2 VO TIT LW ¥s, (11. 9) 


x - 
yo 


from (11.5) we obtain 
dy eae ee er ee 
aa —((%~- 4) + iry}z=0, (11. 10) 
6 is the total thickness of the shell. 
Thus, we obtain one of the forms of the Bessel equation, the general in- 


tegral of which may be represented in the following form**: 


taeV x (Cx CV or dx) + Oh ve CV er Bal], tit) 
where /,,and Y, are Bessel functions of the first and second kind, respectively, 
with index: . C,, C, are complex constants, 


Let us limit discussion to shells with small angle a and deal cnly with 
points which are sufficiertly removed from the vertex of the cone. Then, 
together with x the argu:naent of the Bessel functions takes large values and for 
them asymptotic expansions will be valic. In order to obtain the latter let us 
examine the expansion of Hankel functions in terms of which the Bessel func- 
tions are represented ag follows: 


I, =F (H+ HH, Yeu ee H): 


whereupon for the Hankel functions we have the following expansions***: 


ee one 


*A. I, Lur'ye see p. 83 of work cited in foutnote on p, 111. 
**G, N. Watson, A treatise on the theory of Bessel functions, 
Cambridge, 1944, p. 97. 
***G, N. Watson, A treatise on the theory of Bessel functions, 
Cambridge, 1944, p. 198. 
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m-:0) 
. 1 ( cA p-l ( 
) es 2\2 Wloa-q YY (ym) a 
H(z) (2) e » (giz) +0 (z-?) | 
where 
4,2 — 12) [4.2 — 32 4.4 — (2m — 1)? 
Goede iia Pe Sct aet 


and the symbol 0 (z~”) designates the function of the order of z-7. 


In calculating the Hanke}! functions, depending on the valees of argument 
with consideration of the required accuracy, we may limit ourselves to a defi- 
nite number of terms of expansion, Thus, with an accuracy of 1/z,for the 
Bessel functions we obtain 


[(2-= V 2nz cos(z - + <): \ 


Y (2) =V2 Qinz sin(z — 3 — Z). | 


Then, bv virtue of (11.11), (11.9) and (11.4), for tne sought functions W and V 
we obtain 


(11. 12) 


W--E, re cos(- bY rax— > —Vir n)ch (a Vryex) -b 
+f, yg in(— OV rgix — | — Viv) sha Virgie) f- 
oe Lsin(—bVrgix —= — Vir) ch (aVrax) — 
x 
Fs -=.08( —bV rx —F —Virjsh(a V7.3) 
yx 
(Din Did | 
V = pe F, 7S ee Fox — Vin) x 
x ch(a V rox) — E, pe sin (-- bY ryix — z _-- 
: Viz) sh (a V7,'x) + Fy, vi sin (— bV ryix — 
aa ! = 
— Viz) ch(aVrgix) + Fy aa —bV rx — 
= Vix) sh(a} rx) ; 


4 
nT 
“4 
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where 


Ca Pig the PL an 
Bre [Cat (Pu OY) Pil 


boas a, “oan yated (11. 13) 
pap Oe 
2re (Cutt (On ~ Oh) + Pil 
since it is assumed that 
Va =a + ib, (12. 14) 


f,and F, are real integraion constants which are determined from the boundary 


conditions. 


Having the values of W and V, from formulas (2.1), (2.2), (2.12), 
(2.13), (2.22), (2,23), (2.26) and (2,27) we may determine all the design quan- 
tities of the problem. 


Let us discuss the case in which the coaical shell consists of isotropic 
layers. In this cese condition (11.2) is identically satisfied. Then in the gen- 
eral case of a conical sheli consisting of an arbitrary number of isutropic 
layers solution (11.11) is represented by means of Bessel functions with an 
index of 2 (A= 1) 


22 Vx [CG Vir gx) LOY ¥ ery3x)]- (11, 15) 


Bessel functions of index 2 may be represented as Bessel functions of indexes 
1 and 0 by means of the following recursion formulas: 


to 


hiv EA@= LO). Y= 2 Yay Nu. (11. 16) 


while functions /,(2). /,(z). Y\(z). Yo(2) foc complex argument z=/Vér,3x have 
been tabulated it sufficient detail. 


With large values of argument we may take expressions (11.12) for the 
Gessel functions; then for the sought functions W and V we obtain 


W 2) cos(. A V ryox) ch(a Varyx) + 


-! F, 7 sin (- bY br5x) sh(a V arox) -+- (11.17) 
x 
id: 7 sin( bYWaryx}ch(a V tryx) — 
by 


ae, ep cos(-- 0 V dryx) s(a V ar, x); 
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ee co) ee eee 
y= ye ee: [ Fie cos(— 0 V tr,x) chla V iryx) — 
ae | = — 
BY “ sin(— 6 Wéryx!sh(a Vargx) + 
ae GA . sin(—- b Vér,x)ch(a V oryxt + 
; a 


HE, a vos(-— 6 V 4r,x) sh (a Virgx)]. 
a 


(11. 18) 


where fF". Fiare new integration constants which are related to the old constants 


as follows: 
of V2 7 > xe 2 
| os (fy — E,), Ey = — de (E, +€,); 
re aor fa Bayt hp. 


A similar problem has been examined by E. I. Grigolyuk* in the special case 
of a two-layer shell; however, it is assumed therein that the Poisson ratios of 
the material of the layers are identical. 


By way of example let us examine the problem of a closed conical shell 
consisting of isotropic layers and sustaining an edgewise load in the form of a 
distributed moment with intensity m (kg) and distributed thrust with intensity 
q (kg/cm) (Figure 45). 





Figure 45. 


*e. I. Grigolyuk, Equations of axially symmetrical bimetallic elastic 
shells, Inzh. sbornik, XVIII, 1954. 


172 


At the edge s-=0 we have the conditions 
Mm, N° cosa —T°sina = gq. (11.19) 


By virtue of (11.9) we obtain from (11.15) for the sought function o 


9= Cla (t V erg3x) + Ca¥ 2(i Var 3xx). {11. 20) 


In order for the solution to remain finite over the entire extent of the 
of the shel:, constant Cy must be taken equal to zero, otherwise solution of 


(11.20) at the vertex of the shell, that is, with x = 0, reverts to infinity, since 
with x = 0; Y,(i V ¢r,8x) = oo. Then, considering that C, isa complex number, 


from (11.19) we obtain 


o= (A — iB)1,(i V ory3x). (11. 21) 
Representing the Bessel function of index 2 in terms ot I) and I, by 


means of furmula (11.16) and assuming 
oti V oroax = vel, 
p= p ry (a? + A%)x, 
2 arcty (= rae 
Iq (pel?) == Ug (os ¢) + kt (p, 4). 
Ay (pel) == aye G) + EO (He) | 


(11. 22) 


we finally obtain for the sought functions W and V: 


‘ Deon. Dna tke 
w= A[2 a cosy + 5 cosy — wy| + (11.23) 
2 
+B & Uy, COS 9 — : u, sin --- wy] 
r 


H(D DAY faye De cx 
Ve gee few [4(+ mies = ey 2- vy) = 
— B(2ucosy + -u, sing - uy). (11. 24) 


¢ 


Inserting the values of W and V from (11.23) and (11.24) into (2.12), 
(2.1) and (2,2), therein considering that /,(s)--0, F,(s) -- 0 and inserting the 


resulting values cf moment and force into (11.19), for determination of con- 
Stants A and B we obtain the following system of equations: 


173 


2 2 ee 
AC: sys, My Siy Ny —B port sing — uy 


= oa, oe -qs' sing; 
(Air - wy) 
J. dof 4\ eed 8 4 oe ree: 
ALD, — Di) ‘ds (1 Fig) a OS (1 4 a) esi ge up| — 
: . 
(Dts) os [2 wycos ra v, sin 7 — ug! { 


4 vT 


(11. 25) 


=> 


8 (Di — D", yo ds 


4 
att fia See oe +e 
Cy, ds [(! a) 10s , 


; 4 » 
+ (! 4+ p)asmet yt uv | t- 





Re AiiCa Ki 1 “(Di = = Oh) 
: W v = 


Cu 
—iujsing- uil+ afd, 
+(1 + ayy +2 th} — 


—(D,, —D, ie 


[= v, COS — 


D},) e (1 — 5) v, cos9 + 


2 
COS ea sing — t] — 


— Ani Ali oP giier d 


eas [(— pncose— 
—(1 4 “Nu sing + = uy|— 


— Ana Ai | a ¥ (Du — Oh) ez 
ar re Ci, [=a cose -+ 


+29, sing — up|b= -— mM, (11, 26) 
where after transformations it is necessary eve:-ywhere to assume s = 0; while 





ly, Ug and UW. 


v,, as follows from (11.22), are the real and imaginary parts of 
Bessel functions of index 0 and 1, respectively 


B. Cylindrical Shell. For a cylindrical shel! we have: 


R, ~ © r=R,=R -const, }=0. 


(11.27) 
Then the initial equation of solution (11.3) is obtained without the assumptions 
in (11.2). 


Consequently, for any combination of elastic constants of the layers 
we obtain from (11.3) the following erjuation of solution of a cylindrical shell 


da 


a Bo = W(s). (11. 28) 
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Considering (11.14), solution of the corresponding homogeneous equation is ob- 
tained in the form 


= (E, + iF) et* + (Ey + IF) e- (4°, (11.29) 


whence, in virtue of (11.4), for the principal unknowns V and W, after elemen- 
tary transformations, we obtain 


(11. 30) 
v aif ee =e Dents) +E sta 9) + Fas (6) Ep ( dk 
W=Eia! Fi i (S) + Fox (8) + Fy 4s), (11.31) 


where 


y(s)=e 4 coshs,  1,(s) => e 88 sin As, 
‘ ; (11.32) 


7, (5) - - e@5 cos hs, %,(s)=- et sin ds. | 


Inserting the values of V and W from (11.30) and (11.31) into formulas 
(2.1), (2.2), (2.12), (2.13) and (2.27), we obtain for the design quantities the 
following homogeneous formulas: 








a (11. 33) 
FS / Ot Dd ea Di) (aE, — AF) 4, (3) + (ay + PED At) + 
; ee aE, 1 asa (11. 3-4) 
$ (GE, AP) y(S) — (als 7 HEY (9), 
aye Php 17S) + Ey, 6s) +F yz (s) Fan (svi (Ree?) 
0 aw € aA c 
M, Dy, Di Maly— APY) 4 aaa aaa: 
i LC - Diy) oy. } ee a Oe 

XY ) . (bE, tak) pn) + (Dy, Pa (aly + PE) 


yl SAC Pe Dy BY 
= poh i oe (aki, AF) V ( - n) oats ‘ 
pe VW 


Fe ate a oy (DD, -p) 
| Meee ony vary = ( iin oy 
*5 \ 


a(s) ¢ bike -Dh)aFy } bE.) -- 





4(D, Didw@k, pF; 


AiG Kali: & ye ay hi | 2 gete 
= “ (ak, Ce ) ‘C NW ue) (11. 36) 
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2] 


AV Gedy Di), +aF,) —P,(@E, — oF I als) + 
4 [VC 28D, — Di) (ak, -- OF) +P, OE, + aF))1 a (9) — 
— |b C,8(D, ~ DA)(bE, + aF,) — Py (Ey — bF a] 7 (8) + 
4 [Ve yey — Dit) (ally OF) +P, (OE, + aF 2] 4(s)}. 


(11.37) 


In the formula for moments (11. 36)/— 1 or ; — 2. Let us discuss two examples 
of a cylindrical shell. 


1. We have a long cylindrical shell whose length L is greater than the 
zone of extension of the edge-effect. Proceeding as in Section 8 of this chapter, 
for the zone of extension of the edge-effect we obtain 





s=T 





28 [Cue (Py — On) + Pi] (11. 38) 
} uf[V C2 (Du — D1) + Pi — Py] 





Thus, it is assumed that 4 > s’. 
Let us consider that along the edges of the shell (s = 0, s =-L) there act 


transverse forcesN'", Nand bending moments Mi. Mt (Figure 46). 





Figure 46. 


Proceeding as in the previous sections of this chapter aud omitting in- 
teraction of the edges (since /. > s*); for constants E, and F, we obtain 


Ey= AINE — AVMp, Ey s= AN? — AyM), 


| 

( (11.39) 
: ’ ” : / { 
Ky-= BNE BYM!, Fy = BIN®, 
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where 


A ory — |) Cue ( Py -- Dey lat (s) ! ce) 
/ (Dy ~ Diy) AVC Die Digs “OP, 


P, [ay (s) — br, (s)] 
al Cy (2y— 1) : bP, . 


Qe (HT sy 
hea ue s 


nO ay I Cyt Ou Diy) > oP, 
B'=R lee Ot, eee 
| - (Oy, — Oy) 105) gts)! 
B" n(s) iy: Cy” 
to aie 
WV Cyt (Ou — Di) + OP; Dy 


In these formulas, when / = | it is necessary to inserts =- Land wuen/ == 2it is 
necessary to insert s -=0. 








Inserting the values of F, and F; from (11.39) into (11.30) ~i (11.31), 


we obtain for the sought functions: 


: “(Dy — 1 — Diy) ITB y 
es Cu if 1A, (8) + Aye, (si] S ita) 


== (8; 7,65) + Ae a Mi 7 [Bi ts) 
2 Ais) are Ase. 
W’ =: [iz 69) See) eases ee (x) Bya, (s}] Mi 
t [ZOD . Bint s)| heme YA? 8 (11.41) 


whence, with Mi .::.V’ ~0 we obtain the solution fer a semi-infinite cylindrical 
shel. with loaied edge. 

2. Let us examine a long cylindrical shell which in cross-section s -= 0 
is loaded by peripherally uniform forces q (kg/cm) and moments m (kg) 
(Figure 35). 


Omitting the previously derived conclusions, let us write the final 
values of the required functions of the problem: 


when s*>> (0) 
EE sa 
\ yr Z®) - lag(s) + 4y(s)] 


7 11.42) 
: G). qk i mR ' ie: ( 
Bete I . : h ai : 
AY V a(D a Dy) 2 is) + | 7s :) ue | 
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when s < 0 
gR ' mR . : . 
Viz Hy (SV yy L472, ) — bn, (S)I. 
arena (11, 43) 
, Gf Rg ogy 5 a oi}. 
WN aap an 2 WIT > Age) oie Sas 


The design formulas are not derived here due to their unwieldiness. 
However, as is seen from the preceding section, having the values of W and V, 
the design formulas for all of the discussed problems may be written in elemen- 
tary fashion. 


SECTION 12, ANISOTROPIC CYLINDRICAL SHELLS OF REVOLUTION 
REINFORCED BY LATERAL. RIBS* 


Let us discuss laterally rib-reinforced shells consisting of an odd num- 
ber of orthotropic layers symmetrically arranged relative to the median surface 
of the shell. 


The ribs are sufficienlly thin and narrow, in connection with which it is 
assumed that: (a) the contact forces m and q between any rib and the shell are 
uniformly distributed over the circle coinciding with the mc.n flane of the 
given rib; b the radius of curvature of the rib is the same as the radius of cur- 
vature of the shell, that is, R+4,+'/,4~R (Figure 47). 





Figure 47. 


Then for the change in radius of curvature and angle of rotation of the 
lateral sections of the rib relative to the axis of the rib under the action of 
uniformly distributed forces q and m we have** 


*S. 4. Ambartsumyan, see footnote on p. 149, 
**S$, P, Timoshenko see pp. 77-83 ana 163-167 ot work cited in footnote 
cnp. 148. 
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Gas We (12.1) 


where E, is the elastic modulus of the rib material: F and J, are the area and 
moment of intertia relative to the y axis of the lateral section of the rib. 

Let us discuss a few examples. 

1. A semi-infinite cylindrical shell reinforced by a single latera! rib is 
loaded by forces ° and moments M;, uniformly distributed over the periphery 


of the end section (s = 0). The rib is located at a distance / (t= 4) 4/2R) from 
the loaded end of the shell (Figure 48). 





Figure 48, 


From the conditions of simultanevus functioning ot the snell and the rib, 
on the basis of (10.37), (10.39), (10.43), (10.44) and (12.1) we obtain 


C a (12, 2) 
F Wn 4 iy Y 
RTEV 3, RRND + V BRA MO] + 
o) C 7 A 2, 
fag u Vv 2, ul) : rh —.0; 
[RN (1) VY IRA MOO} em VA wt Sud 
Ap, (RAGO + AMO WO] Fm yp pp WO) te (12.3) 
v 9 }e? 
14 AD, pC ie a i ee (}, 
where 
Ot)? + Lt)? 
T(t) = L t 2 "i tb UY os | 
; 12.4 
noes et | (12.4) 
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F, svuvita : 0 ution of (12.2) and (12,3) for the unknown m and q, we 
eb? ain 
_ VeRA NI = ETD vo 
Ky) pal) obeys 
Ve 2hA VD 7, CY — Ab (1)? 4 (0) wt! (12.5) 
Kyi) pay -- AU) 


RUN 1) —V 2A) 9 (1) nyo 
I= RAW a AL 


| AY) (QO — VARA ARH (1? “" one 
Ryt) fa) — Av) Mi, (12. 6) 
where 
Wa VA2ZR y+ EF: | 
WA a2. ”) 


— DA 
f2= VAR (+ a, rH 


Having the vaiues of m and q, we may regard the problem as solved 
siace, with consideration of (12.5) and (12.6), by appropriate summation of 
(19 37)-(10.42) with /10. =) -(10.54) we obtain two groups of formulas (the 
sectors 0 <3 -<<t«t<%-<0)for all design quantities of the problem. 


In the special case where a long cylindrical shell is reinforced by an 
end former, that is, when « = 0 (f — 0),the problem reduces to calculation of a 


semi-infinite cylindrical shell loaded by end forces (N’ + g)and (Mj + ™),uni- 
formly distributed over the periphery of the end section. In this case for m’ 


and y" wa have from (12.5) and (12.6) 





| aya Hy | M4 RO xp 








se = Ci ae E Fo : (12, 8) 
cit ap V si oR os a ARY ant pte R| 
R ye we Ai 4 [a4 RVIRA |xe 
yf == - . 
AD 2.9 
ale Becks |e Be ae ry Ges2) 
When the rib is infinitely removed from the .oaded edge (i.e., t-= co) or 


the rib stiffnesses is equal to zero (i.e., F\F =0, £,J,=0) it is easily shown 


that m-- 0, and y= 0, and the probiem reduces to the elementary calculation of a 
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semi-infinite shell loaded by end forces Mj, N°. If the rib is absolutely stiff 
(thet is, E.F = 20. EJ,=™), regardless of whether ¢> 0, we have the problem 


of a cylindrical shell in which one edge of the shell is rigidly fixed and to the 
other edge there are applied end forces M; and". In this case for m and q we 


obtain 


‘OR iy (12. 10) 
- [« (P—7 #01 9] 19 IN (N= 8 (0? 49 ‘i 


m= Th Oe 8 a a — EOS 
a [20 (= 2800 
Han (1) 12 (1) —U(t)! 





_ 98 9() — 8 2 ay 


fy 
~ Tan (8, (0) = OC Mi. (12.11) 





In examining the derived results it is easily seen that with a decrease 
in rib stiffness or upon increasing the distance of the rib from the loaded edge 
of the shell its influence on the maximum values of the design parameters de- 
creases. In this connection there arises the problem of determining that mini- 
mum value of t at which we may begin to disregard the influence of the rib on 
the maximum values of the design parameters. 


As a characteristic design parameter let us take the maximum value of 
w, therein considering that only the lateral end force n° is applied tc the sheil. 
In this case, as our calculations have shown, maximum error occurs from 
disregarding ihe influence of the rib, that is, due to discarding terms contain- 
ing in and q. 


Let us discuss the pessimium case. Let the stiffness of the rib be in- 
finite, that is, Ff =~», F\J,==~0. Considering that in this case we obtain for a 


sufficiently large value (of the order of 9.57), in subsequent discussion we may 
assume with nigh accuracy that 


l 
Tl = 5 - WMO-= 9 (12, 12) 


and, with the same accuracy, from (10.39) and (10.43), we obtain for the w(4 0) 
maximum value of 


Wax -- 2R? oe Vy - N° -gRYV 2RA ae A(t) —mRA a 2 (t), (12, 13) 
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where for m and q we have from (12.10) and (12.11) 
m-8 "A ef [9 (tY — Mya ()}N%, g = — 40 (ty NO. (12. 14) 
Disregarding the influence of the rib, from (12.13) we obtain for wmax 
Wing —= — 2R? Bois Vy ap N®. (12. 15) 


With this omission the assumed error will be 





% AN (8 — By (1) 0 (9 — 29 (7 

So fan = be OOS 29 OF | 1° va 
Below we list a few values of this error, depending on che location of the 
stiffening rib along the length of the sheil. Examining these valves, we see 
that with an accuracy of 10 percent the influence of the rib on the maximum 


values of design quantities may already be disregarded when ‘ = 3 . A further 


small .icreuse in the value of t substantially decreases the error assumed in 
disregarding the influence of the rib. Considering that the edge effect extends 
to t = 7 (see Section 8 cf this chapter), we conclude that an absolutely stiff rib 
located a‘ the center of the edge-effect zone has little effect on the maximum 
design quantities of the shel.. 


| t | | 1,6 | 1,7 | 1,8 


1.9 








Ee 2 | 83 | 5.3 | 37 | 27 
' | | 


Fer a semi-infinite cylindrical shell reinforced b; a single rib and 
loaded by an end force no assume that we heva2: 


for the shell 


By cB, =E, yomy=0 f=. aa; 
for «ase rib 
H-~2h== 4, a=h=28, E,:= mE, 
where m takes the following values: m= 1, 10, 100, Let us discues the case 
where the rib is located at a distance h, = 0, b,=0,125s*, %,=0,25s°, h,=0.5s* 


from the loaded end of the whell. s* is the zone of extension of the edge effect 
and has the following form (8, 6): 


182 


eae ey See eee 
ss=aRY - ay SOAR. 


Considering that ¢,= 6, V 4.2R, for each location of the rib we obtain: 
f,=0, t,=0,4, t,== 9,8, 4, 1,6 (here, as an approximate assumption for the 
extent of the edge effect, instead oft =2,14, we have ¢ = 3,2). 


By means of the above formulis the values of normal displacement w at 
point B = 0 were calculated. The calculations were performed using the pre- 
cise and approximate formulas. In the table below we list a few values of error 

Wimax Bina 
A% =—~*__™* 100, 


max 


where Wma is the precise value of normal displacement at point $ = 0 as calcu- 
lated by means of (10.39), (10.43), (12.5) and (12.6), while w%,, is the value of 


normal displacement at point @ = 0 as calculated from the approximate formula 
(12.15). No data are given in the table for large values of error. 


NETS 


wea es) | Lh 
| 1,0 | | as —14,0 lien —4.6 00 

| . 

| 

| 


i 








25 3 0.0, 
aire 





ged 


In examining the results of the calculation we conclude that for almost 
all practical problems we may disregard the influence of the rib on the maxi- 
mum values of design quantities with an accuracy of 5-10 percent in the case 
where the rib is located at a distance t = 0.57 from the lcaded edge of the 
skell, that is, when the rib is located at the center of the edge-effect zone, 

It must be pointed out that only extremely flexible ribs (m = 1) located ata 
quarter of the edge-effect zone have negligible influence on the maximum 
values of the design quantitics. 


2. A semi-infinite cylindrical shell is reinforced by one lateral rib and 
loaded by an internal pressure of intensity p. We assume that the shell has end 
plates which may be displacec in the axial direction gnd do not interfere with 
normal displacement and rotat‘on of the end section P = 0 (Figure 49). 


For the load terms of such a shell without a rib we have (10. 1) 


E,=q. 5,20, Pa ak’p, suet 


_ 5 R%p, Fy(s)=-—pRs. 
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Considering that for the discussed problem M°=0, M!==0, N°=0, Nt=0, 
and also that for a cylindrical shell 3-=0, R, = 00,we obtain from (9. 7)-(9. 13) 


for a shell without rib 


v=0, N=0O, 
M, =%4, M,=0, (12, 18) 
V=pRs, T, =+ pR, 
T, = pR. (12. 19) 


Inserting the values of T, and Ty from (12.19) into (9.22), we obtain for the 
normal displacement 
wy = Lu = OSC pu, (12, 20) 


From the conditions of simultaneous functioning of the shell and rib and 
on the basis of (10.43), (10.44), (12.1), (12.18) and (12.20), we obtain 


= “A. 
a Cy oes Rp + Su yf A 7, (t) R°9g+- (12. 21) 
a 
+ SY a0 (9? Rm +22 = 0; 
Bu pee. TOM 9: 
AD. Rg+ DV RA Rma+ Ed, (12. 22) 
whence ne Ci, —0,5C14 8 (0) 2 (12, 23) 


uta OO 


184 


= C11 —9,5Cia ba eg, (12, 24) 
Lia op fh (t)* 











Inserting the values of m and q into (10.43)-(10.54) and adding to the 
derived formulas the correspon“ing quantities from (12. 18)-(12.20), we obtain 
two groups of formuias (for sectors 0<A<?f and t<¢f goo). In view of the 
elementary nature of the operations we shail not derive the sum formulas. 


In the special case where the shell is reinforced by an end rib, that is, 
when ¢=0, we obtain 


Cy —05Cis 
m= Cy are 5 D. (12, 25) 
PY A+ caer? WRT EY, |-3 
Cu —05Cis py & 4 Dud 
Ch 2R E,J, i (12, 26) 


ar [eV Atceell: V tee aj—4 


In the other special case, where ¢ = oo, we obtain the well-known result 
of a uniformly loaded infinite tube reinforced by a single rib 


me = 0, 9 = nasa ae p. (12. 27) 
-} TE Ee F 


When the rib stiffness is evual to zero, that is, when E,F =0, E,J,=0 we obtain 
m0, q=0. (12, 28) 


If the rib is absolutely stiff, that ls, if E,F =0o and E,J, =>. we have 


= C1, —0.5C\, R 6 (¢)? 


a= = 
Cn 4A Tm O00 


q = Su 08 Eu 5056 R Rl Ra Og. (12, 30) 
x1) m2 ()— 8008 


‘i (12, 29) 


In analyzing the results we note that with increasing distance of the rib 
froin the free edge of the shell (that is, with an increase in t) there is, in the 
first place, a decrease in the influence of contact moment m on the stress of 
the shell and, in the second place, the contact force q approaches the value 
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q@ (i.e., the value of q in the case where ¢=oo. In this connection there 
arises the problem of determining the minimum value of t veginning with which 


we may, with required accuracy, assume g=g@ or disregard the influence of 
moment m, 


As before, let us discuss the case in which £,F =oo and E,J, = oo. 


From (12.27) for g~ we have 


1—05C,, PR 
ge a4 Sue aaa la oV is oR P a 
Comparing (12.30) and (12.31), we obtain the formula for determining the 


error which results upon replacing q with q™: 


Ta (t) — 2% (t) Ne (t) + 48 (68 100%; (12, 32) 


i Ta (t) 


we list a few values for this error: 








From (10.43), considering (12.29) and (12. 30) as well as (12.20), we 
obtain for the normal displacement w at point 8B = 0 


v= Cy =e R2p|i— a 6 (4) + 2 (6) 8 (0)? , (12. 33) 
9 tf) (t) — 6 (t)* 
If we disregard the irfluence of m, for approximate w we obtain 
eg Cie tate R%p] 1 — no __ , (12, 34) 
zm (t) ra (ft) — 8 (WD! 
By means of formulas (12.33) and (12.34) we easily derive formula 


(12,35), from which we may determine the error resulting from omission of 
the influence of contact moment m 


A% = -— 9 (t) 0 (t)? 100; (12. 35) 
5 (A ns (ft) — 8S — na (1) 80D) + ¢ (1) 8 (8)? 
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a few results of calculation from this formula are givzn below: 


TT ET: 
| 








In calculating the value of w at point 8 = 0 it is evident that we may a!so 
disregard the influence of q (that is, we may generally disregard the influence 
of the rib); however, while this addit‘onal omission is possible in calculating 
w at point 8 = 0, it is not admissib]< in investigating the value of w at points 
lying close to the rib or in investigating other design quantities of the problem. 


For example, if in investigating the bending moment M)? we introduce the addi- 


tional omission of the influence of q, we shal] obtain for M, zero values at all 


all points of the shell, which does not correspond to the facts. 


Let us determine the feasibility of disregarding the influence of m in 
calculating the bendiag moment. From (10.46), considering (12.29) and (12.30), 


we obtain for the bending moment M? at point x = t 
m, = P Cu 05Cn RP UO F (= 7M _ 
tT a Ch A 1 4 
51M wiN—8) 








1 
zyU—2004M-— 9M -O) a (O 
ee niaea cones _| (12, 36) 
9 fF (!) r} (f) --b (1) 
Omitting the influence of m, we obtain for M, 
M; =F Suet & PPOs SO 2 Ola) | (12. 37) 
zu (1) Ha (t) — 0 (t)8 
As in the previous case, in order to determine the error we obtain 
ieee bsest 2 bl AA J sen (12, 38) 


FLO — 9 el aU = 2 OF OO 


from which we cbtain the following results of calculation 
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| t | 19 l Ww | 1 | 16 


i 





| 
= eee See ——| 
| 


| 
| —15 j ug ; 64 | 4s | 00 
| i | | 





Examining the results of calculation of error by means of formulas 
(12.32), (12.35) and (12, 38), we note that if from the free end of the shell 
(RF = 0) the rib is located at a distance of 0.4-0.5 of the edge-effect zone, then 


with an accuracy of 5-10% we may assume gq -= q“ and it is permissible to dis- 
regard the influence of m on the stress of the shell. 


The above examples are of importance in themselves and may be used 
in calculations for anisotropic laminar cylindrical shells reinforced by a single 
lateral rib. They may also be used in calculations for cylindrical shells rein- 
forced by many lateral ribs. Let us discuss two examples from this series of 
problems. 


3. An infinitely long cylindrical shell is reinforced by lateral ribs of 
constant c:1oss-section F = «aH and with spacing b. The shell is loaded by a 
uniform internal pressure of intensity p (Figure 50). The analogous problem 
in the case of an isotrupic shell has been solved by other authors*, **, *** by 
another method. 
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Figure 50. 


In engineering practice stiffening ribs are generally placed no closer 
than 0, 8-0.9 of the edge-effect zone. In this case, considering the above re- 
suit, the problem may be solved by sirmple but sornewhat approximate means. 


*Z. V. Kantorovich, Usnovy rasheta khimicheskikh mashin i apparatov[ 
Desiga fundamentals for chemical equipment], Mashgiz, 1946, pp, 89-127. 
**S, P. Timoshenko, Plastinki i obolochki [plates and shells], 
Gostekhizdat, 1948, p. 382, 
***E. I. Grigolyuk, Strength and stability of bimetallic cylindrical shells, 
Inzh. sbornik, XVI, 1953, 
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Assuming that the stress of the shell between any two ribs is affected 
only by these two adjacent ribs (that is, tne ribs located at the beginning and the 
end of the examined segment of the shell), from (10.15)-(10.31) we obtain de- 
sign formulas corresponding to a contact force g which is approximately equal 


to g® (12.27): 








a 0(t — 4); ea) 
Ww =75 (12.40) 
=! 

R? Ch “A if ‘ 

R a as 
M,=— "SY saz lot+o-—Dh (12. 42) 
A=—-BY A e@+ee—O. (12. 43) 


Adding to (12, 39)-(12.43) the corresponding quantities from (12, 18)- 
(12.20), we obtain the final design formulas for the problem. 


For the sake of comparison, let us present the precise values of the de-~ 
sign quantities of the problem. Omitting procedural details, let us write the 
final results: 




















V= qR cos Bch (¢—f)— cos i — sche. (12.44) 
2 chf—cost 
._. qR Sin Bch (t -- #) — sin (f ~ 3) sh, 
Ve 2AD\, cht—cost (12, 45) 
_ _ @RC Vy cos (t —£) sh 4+ sin (f — 4) ch 3 
tS ag ral cee eane 5 
cos 5 ch (tf —- 6) + sin ® ch (¢ — |) J, 
i (12. 46) 
gR Raf i [2 (ft — 3) ch 3 — cos (t—$) sh 4 
M,= oral? ~~ chf—cost a 
sin Bch (f — 5) — cos p sh (¢— 8) 
+ chfi—cost }: (12,47) 


an qR “A f cos (¢ — fy sh $+ oin (f — +) ch 
= RY x [Se + 
ao cos sh (f ~ ptsn enh, (12 48) 


cht—cost 
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where for the contac: force we have 


zat “1 
7 Cu Cy a 1 y A smn t-sht ] 7 
oT 1 aC = ~ | Cy ky so 2 QR cht—cost | , (12. 49) 


Here, as in the case of the approximate problem, the final design formulas may 
be derived by summation of (12.44)-(12.48) with the corresponding quantities 
from (i2,18)-(12. 20). 


By way of example, let us compare the total values of w as calculated by 
the approximate (12.41), (12,20) and precise (12.46), (12.20) methcds. In 


comparing these values it is assumed that E,F = ~>and $ ~~ a} We present a 


few of the results of comparative calculations performed in a manner similar 
to that of the previous examples. 





| ! j | i | 
: ! fj 24 j ah f 24 4 | 34 | 3,6 














ee et —-——-5 
Fou IGE | 624-074 |) 201 | —297 | —2,36 | —1ar| 





By examining the results of the calculations we observe that the maxi- 
mum permissible error with ¢-. 0.8 does not exceed 5-10%. 


Considering that the edge-effect zone is determined by the quantity 
t= 7, we conclude that if the stiffening ribs are !ocated no closer than 0.5-0.9 
of the edge-effect zone, the problem may he solved with sufficient accuracy by 
means of approximate formulas (12. 39)-(12. 43). 


4, A semi-infinite cylindrical shell is reinforced by lateral ribs of 
constant cross-section F -- aH with spacing of b> 0,8s* The shel! is loaded by a 
uniform internal pressure of intensity p (Figure 51). 





eceumets te acrsuypor ries teers yy reas LAY A 
OL Mb hhah bh ddbdds dtd btddddihamiddatddddddddid’ 





Figure 52, 
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Considering the results obtained in the previous examples, we may 
simplify the design procedure for the di...ussed problem (Figure 52) by limiting 
ourselves to the sheil sector between the first and second ribs (that is, the 
sector for which ( -~%~ + For the remaining portion of the shell (¢ <x ~ ). we 
have a repetition uf the previous problem, that is, the problem of an infinitely 
long shell reinforced by ribs. On the basis of formulas (10. 37)-(10.42), (10. 43)- 
(10.48) and (10. 18)-(12. 20), we obtain for the design quantities 


VR ies) — 99m LH sO E 
+ Rg (3) — V 2RA m2 (3); (12. 50) 
; R ! 
We= to p—I- 8B) bean bearer 
-, —— [Raq Am) (3))- 
ag ibe [Ros (3) + V 2RA m4 (3)); (12, 51) 
C,,--0,5C 
zx, CONE 2 Ry — ss BE Als 3 (f —3) 4-25 (3) 9 (0) 4-4 (3) Hit — 
Gs ; ge 
— Re As {2Rq" (3) + YIRimy (sy; (12.52) 
: Rq 
M, -= ey (v(t —- 3) ads v(Sa) a(t] 
aes a 973) + m2 (3); (12. 53) 


T, -Rp- Re V At o(t--- 8) + 26(3) 0) +904) 9(4)) — 
— Vs fp [2R9% (3) + V 2RA m4 (5). (12,54) 


In these formulas q represents the contact force between the shell and 
the ribs (beginning with the second rib) and is determined by means of (12. 27). 


Forces m9 and Q9 are determined from the conditions of contact of the outer 
(first) rib with the shell. The contact conditions have the form 


eee Rip + 2k%q ©" y 4 w(t) + 
iB 
Rou V A (2Rg° + V RA m) 4- TE — 0; (12, 55) 
R ott 
AD YO + ape (Ru? + V BRA m) + er = 0. (12. 56) 


By simultaneous solution of (12.55) and (12.56) we obtain for the unknown 
quantities 
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ou ad ie [2 ee piO— 49 ‘ila 
Po pee eee ee 7 a (12.57) 
sin 


ae rae ee [2 V 7 ()— neela 
ge sits ein, SOR Bae (12, 58) 
ne Dee Aye 


where 


0 Did p c 
n- 2 A OER: arf Ar sa FY es (12>?) 


Having the values of mand y", .ne problem may be considered solved. 


In those rare cases where the distance between ribs is less than 0. 8- 
0.9 of the edge-effect zone a solution cf the problem may be simplified. In 
this case the contact equations become more complex (for equations with four 
unknowns) and q (beginning with the third rib) must be taken to be tt e force de- 
fined in formula (12,49). However, these complications introduce no funda- 
mental changes in the presented problem. 


The results obtained in this section may also be in reducing the problem 
of a shell reinforced by tateral ribs to the problem of a laminar anisotropic 
shell consisting of homogeneous orthotropic layers. As an example of this let 
us discuss the problem of determining that maximum distance between ribs at 
which a given shell reinforced by specified lateral ribs rnay with certain accu- 
racy be regarded as an anisotropic laminar shell consisting of homogeneous 
orthotropic layers. 


For concreteness and simplicity of calculation we discuss an infiutely 
long shel: reinforced by equidistant identical lateral ribs symmetrically 
arranged relative to the shell itself (Figure 53). It is assumed that the shell is 
single-layer orthotropic shell with a thickness of 2h,. The ribs have rectangular 


cross-section (F -- a X H)and arc 3paced at distances of 4 (f => V A2R), The 
radii of curvature of the ribs are the same as the radius of curvature of the 
shell, that is, R + A, + }',H =~ R; the shell is loaded by a uniform internal pres- 
sure of intensity p. 


For the stiffnesses of the presented shell (here regarded as a three- 
layer shell) we have* 





*S. G, Lekhnitsk'y, Anizotropnyye plastinki, Gostekhizdat, 1957, pp. 258- 
260, 
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Figure 53. 








C= 2h, yas Chek, ay | 
; = (12.60) 
C28 nh, foo, + 2nalle,,. ' 
en ee ee ae | eee ieee 
ee eee oe ee ae ea (12.61) 
2 E, aH’ ] 
DN = ee hi ——- — +2n[ + afthg(H + hy) E,. 
-- od «+ 1 — +), 3 4 


where &£,. and rare the elastic moduliforthe principal directions s andy, re 
spectively; ., andv, are Poi~ on's ratios; E, is the elastic modulus of the rib; 


n is the number of rib pairs (inner and outer) per unit length of shell. 


From (12,20) we have for the normal displacement of the presented 
shell 


Cy, —0,5Ct 
w= 5 2 Rp. (12, 62) 








From (12.46) and (12.20) we have for the normal displacement of points under 
the ribs(f =0 nan B = #4) 


A’ ssint+sht¢ 

C1, —05C 2R ‘cht —cost 
= AU Ry | | — — "7. 
W520) a R’p Q , A sint+eht | 
CaFE, | Y aR chimcost J 


(12, 63) 


From (12.46) and (12.20) we have for the normal displacement of the mid-points 
between ribs (f = ¢/2) we have 


193 


i oy A cas 1/2sh 1/2 Lin H/2ch 4/2 | 


_ oO [A sut-+sht ’ (12. 64) 
CiEpF +V oR thi—cost 








It is easily seen that the norma! displacement under a rib is less than the cor- 
responding displaceinent of the given shell, while the normal displacement of 
the mid-point between ribs, conversely, is greater than the corresponding dis- 
placement of the shell, that is, we have 
w -=CWs-0), C>1, 
w= Bwa.iy, Bl. (12. 65) 


Inserting the values of displacemerts from (12.62), (12.63) and (12.64) into 
formulas (12,65), we obtain after certain transformations 


sinf4osht 2R car—oa 
cipal ACG ree” (12.66) 
VA2R I B\.., 
Shi eos Cae) sine + shh) + 
; Q 
2B ae ae 
+ “> (cost/2 sh t/2 + siné/2 ch 1))= co (12. 67) 


By means of these formulas we may establish those maximum values of param- 
eter t (that is, b) at which, from the standpoint of normal displacement w and 
with required accuracy, a shell reinforced by lateral ribs may be regarded as 
an anisotropic laminar shell consisting of homogeneous layers. Similar for- 
mulas may be derived for other design quantities of the shell, particularly for 
the stresses. In view of the unwieldiness of the derived relationships, we 
shall not present them here. 


Let us examine numerical examples of determination of t by means of 
formulas (12.66) and (12.67). 


Let the shell be isotropic and possess the following elastic character- 
istics: 
E,=EF,=E, y= =0. 
The shell thickness #4, =A, a R/h =25. For the ribs we assume: a =h, H= 2h, 
p= Eim where m has the values 1,0 and 0.1. 


The values of t are to be found for C= 1,05, B=0,95 and C = 1.1, 
that is, with the order of 5 and 10%. From (12.66) and (12.67) we have 
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chr—cos¢ t 


1 
ae (sinf + sh t)+ 
| Ve 3 sh ¢t) 
pee im 


a ar sop, a) 











cea iy ava 


R tm 


Inserting the corresponding values of A and B, we find for parameter t 




















ee ; | INS ‘| : l 
a oO 1,10 H hoe 0.95 | 0,9) | 
| Nl Wes Ue sFly ody 
| 10 | 24 | 30 | | ean 
| a1 | is | 22 MeO FP 
| ! 


| 01 es a 


From these tables we may find those values of t (distance between ribs) at 
which, from the standpoint of normal displacement, a shell reinforced by ribs 
may with a given accuracy be regarded as an anisotropic laminar shell con- 
sisting of homogeneous layers. 


It may be noted that with an increase in the distance between ribs the 
accuracy of this derivation decreases. The stiffer the rib, the smaller the 
value of parameter t must be (that is, the closer the required spacing of the 
ribs) for a given accuracy. For example, with an assigned accuracy of 10% 
a shell reinforced by ribs for which m = 1.0 may be regarded as a derived 
shell ¢ < 3.0. With a decrease in t the accuracy of the derivation is increased, 
for example; whens < 2,0 the accuracy of the derivation increases to 5%, 
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CHAPTER V ai 
ANISOTROPIC CYLINDRICAL SHELLS 


SECTION 1. BASIC PREMISES. INITIAL RELATIONSHIPS AND EQUATIONS 


Let us discuss a circular cylindrical shell consisting of an arbitrary 
number of homogeneous anisotropic layers. It is assumed that at each point 
of each layer of the shell there exists only one plane of elastic symmetry paral- 
lel to the coordinate surface of the shell. Without disturbing the general 
validity we shall simplify the expressions for stiffnesses by assuming that 
the coordinate surface of the suell (;=0) cuvincides with the internal boundary 
surface of the shell (for all poiuts of the shell 1 ~ 0). 


It is also assumed that a and # are orthogonal coordinaies coinciding 
with the lines of principal curvature of the coordinate surface, that is, with 
the generating lines (3 ==const) and with the direction arcs (1=—const) of the 
cylindrical coordinate surface of the shell. 


If @ and 8 are respectively understood to represent the length of the 
generatrix and the length of the arc of the direction circle (Figure 54), the 
coefficients of the first quadratic form A and B and the principal radii of curva- 
ture R, and R, os the coordinate surface are defined by the formulas 


1 


A=l, B=1, R (1.1) 


I 
»|- 


=0. — 


Ri 


where R is the radius of curvature of the cylinder. 


If we use the dimensionless coordinates s and 6, wherein s = a/R is the 
dimensionless length of the genevating line (that is, the ratio of the true length 
of the generatrix to the radius & of the shell) and 6 = 8/R is the dimensionless 
length of the arc of the direction circle, that is, the central angle of transverse 
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By 


~ 
a“ 


Figure 54 


arc reckoned from a certain initial generating line (Figure 55), then for the 


coefficients of the first quadratic form and the principal radii of curvature of 


the coordinate surface we shall have 


A=R, B= 2. R,=00, R,=R. 





Figure 55 


In the subsequent discussion we shall use both representations of 


(1.2) 


coordinates ~@and 8. ‘n this connection, in all the hasic formulas and equa- 


tions coefficients A and B remain unchanged, but, in addition, in virtue of 


(1.1) and (2.2), we consider that the coefficients of the first quadratic form A 


and B as well as the radius of curvature Ro = R are constants. 


Thus, for a circular cylindrical shell we have: 


the equilibriun: equations (Chapter II, Section 7) 


1 OT, , 1 Sa 
A to HO 
i) Sas eee ee 
Dos A es ee 
1 1 0N, 1 0N, _ y, 
Ro Ae 7 BO Zi 





(1.3) 
(1. 4) 
(1.5) 


(1. 6) 
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1 oM 1 OH 

Gor aa (1.7) 
i ~ 1 

Sg — Sx — R Ay, == 0; (1. 8) 


Formulas associating the components of deformation with the components 
of displacement (Chapter II, Section 2) 





1 du, | __ 1 ov J. 
aids eB an TOR Ass 
1 du 1 gv, : 
“= Bus TA oe! 
_ | ew aed it eh A 
“Ai dat’ “2 Bon ' RB os’ | (1.10) 
2 Ow 2 1 ov | 
T=— "AB dads ' RA da’ j 
the elasticity relationships (Chapter II, Section 9) 
. 1. 
T= Cyt + Cygtg & Cho Kye + Kia + Kigts A 3} 
Ty == Crypt +. Cyg2) + Cog + K gat) + Kye) + Kogt: ° 
Sho — Cogw + Cees + Cota + Kee= + Kigts + Kogte 
] 
aa: (K egw + K gt, + K ag2g + Bogt ++ Dygty + Doge); (1. 13) 
Soy == Cog + Cres + Cogte + Kept + K sot + K og%2: (1. 14) 
My = Dyyty + Dygtg + Dygt 4- Kyat) Kaa + Kg (1. 15) 
My == Dryty + Dye, + Dagt + K ppt + K ine) + Kags (1. 16) 
Ay = Ha = H = Degt + Dygey + Dagtg + 
+ K egw + gt, + K ogee, (1.17) 


where, by virtue of the fact that the coordinate surface coincides with the inner 
surface, thatis, A=0O (Figure 8 and 11), for the stiffnesses we have 
(Chapter II, Section 8) 


p 
Ca = »y Bop (8, -—8._}); (1. 18) 
Kp= LY af (85 — 85 (1.19) 
sel 
p 
Da=z >, Bin — BR), te2) 


Sa 
where p= m--n is the number of layers. 


On the basis the stress within the layers (Chapter Ii, Section 4) of 
(1.9) and (1.10) will be: 
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a 
%. 1 1 ov a 2 a i ols a 
a i (Big qs BW A aye eo e (1.2]) 
t 1 ae ? t 1 dtw ‘ a OFe | . 
— 3 (Bigs Gar +B ae Gye +8 ig ora)! 
i t 1 du 1 | Ou 1 i 1 Ou 1 a 
o,=- Bo, es 1 By ra + Bulg us A le 
: 1 lo oav 1 2 ov ae ee 
tp Or gg Pee a a) Pe 
ro 1 dw . py 1 ow 1 2 dtw y, (1,22) 
at (8%: Br O32 Bi ay ge + 8s GB on a 
st 1 ou 1 1 de I Le ae 
‘a. = Bw Gz | » Bos + Bwl gs rr + A as 
Refigecl On asf 2 ee eae 
++; (8% oy + bw Aa; \+ By 7 
i 1 de 1 | Ow 1 2 aw 
— 7 (Bic fr Ga +O ar Gar +B ae ota) (1. 23) 
Relationships (1.9)-(1.10) were used in deriving formulas (1.21)-(1. 22). 
In another equation, the equation of compatibility of deformation, which for 
a cylindrical shell has the following fo.m (Chapter II, Section 3): 
x , 1 @e, 1 Ou 1 0%, 
K + aoe — Ap dias T ot ot 7° (1.24) 


SECTION 2. SYSTEM OF DIFFERENTIAL EQUATIONS CU. SOLUTION 
IN DISPLACE MENTS 


Inserting the values of deformation components ¢,. =. , 4. 7), and T 


from (1.9) and (1.10) into the elasticity relationships (1.11)-(1.17), we obtain 


expressions for the internal forces and momer.ts represented by means of dis- 
placements u, v and w: 





1 od 1 @ 2 1 @ 
Te (C: Aor tou ® ag) [(C1s roe Kis) yor aes 
si 1 1 @ | 1g 
+ (Cat-@ Kn)-g ysl” 5 Os Ca— Ku qi aa — 
1 g? 1 «9 2.1 
— Kis ag G1d3 — Kv Be asa) ® oo 
1 0 1 0 ane ae 
T,= (Cag 3 + Cm HG) 4 +[(Cow + He} ZO + 
, lis Ad: O12 sof 1 
(Cat ake) gs H]e + (gen Kage ge — 
oye 1.2 oe oe . 
2K 6 AB 0103, Ky Be ar) (2.2) 


Sa [cot ed 42 +(cut bea) SS] + 


(Cat ee tie Pela + 


fe cae i Ka ue Du) a le tle Cag + Kos — 





\2 
, 1g? : $ , 1 0? 
(Kiet Die) sat — 2(Kew rR 6) AB Ta; 
d? . 
— (Kas +35 On) ae age | 
1 0 ] 0 ’ 2 1 oO 
Sy = (Cu Ua + Cee B us)t +[(Cis + Kes) A e ae 
; 1 1 oO rd us 
+ (C+ 26) 3 BP ee Kear * oat 
g? g?21 


— Kee ag Gear — Kes Be B agi | @ 
0 1 oO 
M, -= hi Adv KwH au +[(Kist : Ds) roa 


+(K nt GD #5 w+ (eke Ou a 


yy 0? l o) 2 


—D 


16 45 0203 2 Be ga) 
moe al tha Sette Oe) ek + 
es 1 1 ge 
t (kn i ZR zn) % B al 0 +( 3 Ke — Pag mr 
o? 


i, Peta ee 
Ha (ek Se keh Bet [hat Fee) 4 + 
ee oe 


o 1 dey. 
— 2D6 7B joi — On Be oar) ®- 
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(2.3) 


(2.4) 


(2.5) 


(2.6) 


(2.7) 


Examining the elasticity relationships (1.13), (1.14), (1.17) and equation 
(1.8), it is easily seen that the sixth equilibriurn equation is identically satis- 


fied. In this connection, here and in subsequent discussion when elasticity 


relationships (1.11)-(1.17) are taken as the basis of derivation it will be assumed 


that the sixth equation will not be taken into consideration. 


From the equilibrium equations (1.3)-(1.7), excluding the transverse 


forces, we obtain 

















(2.8) 


(2. 9) 


(2. 10) 
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Inserting che valucs of the internal forccs and moments from (2.1)-(2.7) 
into equilibrium equations (2.8)-(2.10), we obtain the following system of 
cqulibrium equations in displacements 


Ly (Cpe thy (Cray th yglCy, Kyla = ON, | 
Ly (CW yg) + Ly tC, Dig) tt + Ly (CKD de 


wy OS ¥: (2.11) 

at Cy ya) Et LC h Opn) Bt Los (CKD, 4) w= 2 

where for the linear differential operators we have 
Llu) -=Cn ge ome + 206TH tas © Coe ge ee (2. 12) 
PMC KO (Cpe Kal 5 Dis) ois a8 
a Ve 26 7 _ Noy “ig ) id at 
(Ca by Bart Ge On) ne ga (2.13) 
aC Ape Chan ees k,.) ae 
+ en ALG a Pee + 2h Gah AK sum 
+ (Cas ye Ran) ge ane’ (2.14) 
a3 Cy gK yy) =- bay (CyeK jy) -- (Cy + “a OFT ; ) 
ee 


16 AB Pe 
x ae aja 7 Rach - (2, 15) 
Fas (Chae Kye ec K jDin) 
_ we (Keg at Rex é)— (Ki ¢ 4 ha are me 
| sie + 7 = ae 4D4q)| or ar 
— (3k + % Pas) ~4) 


Es - 


Reed Cs 2.16 
“iar wat (Ker Ff Pa) as gas (2. 16) 
L ae ee Cc ‘ gt 
35 (CuK Dy) = ” ta H(Kecge Ga + 
ve * 1g I of 
+ 2K 96 - AU W108 + Ky 32 at) EO A’ogat + 
+ 4D 


ony os 
16 vt U1 us FAD Fee 3) ABS gatdisd ic 
: } a 1 ow (2.17) 
T 1D, BAY ussaa + Dy BA us * 
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Tnus, solving the system of equations in (2.11) with given boundary con- 
ditions we determine the sought functions of u, v and w by means of which, using 
formulas (2.1)-(2.7) and (1.21)-(1.23), we may determine al} the internal forces 
and fundamental design stresses in the sheli layers. 


Examining the system of equations in (2.11), we note that it possesses a 
unicue symmetry of construction, namely: the linear operators (L,;. L,. 


Ly, Lo Ly), Symmetrically arranged relative to the princival diagonal opera- 
ters (1). Lo, Ly), have identical values. 


The symmetry of the matrix of differential equilibrium equations in dis- 
placements in the case of an isotropic shell was first noted by V.Z. Vlasov.* 


By means of the operator method the system of differential equations 
in (2.11) may be reduced to a single first-order differential equation of solution 
for a certain potential function (2, 8), in terms of which all the design quantities 
of the problem may be represented. However, due to the extreme unwieldiness 
of the resulting coefficients of the eighth-order equation of solution and of the 
design formulas we shall not derive them here in the general case of anisotropy 
of the shell layers. 


SECTION 3. CYLINDRICAL SHELLS CONSISTING OF AN ARBITRARY 
NUMBER OF ORTHOTROPIC LAYERS 


Lei a cylindrical shell consist of orthotropic layers and let the principal 
directions of elasticity at each point of each layer coincide with the directions 
of cec..dinate lines @, B and y (i.e., at each point of each layer one of the 
plancs of elastic symmetry is parallel to the coordinate surface of the shell 
and the other two planes are perpendicular to the corresponding generating 
and directing arcs of the cylindrical coordinate surface of the shell). 


Thus, the discussed laminar shell ss a whole is an orthotropic cylindri- 
cal shell whose principal directions of elasticity at each point of the shell 
coincide with the directions of coordinate lines; y, B andy. In this case, for 


the coefficients Bi jk we have (2.12.2), namely: 





i rs 
Bi; = - une By = os Bi = Gio, 
i— viv I~ viv) 
. io (3.1) 
y WE i i 
By = —- = 5s = Bas = 0. 
ery: — 


*V.%. Vlasov, Obshchaya teoriya obolochek, Gostekhizdat, 1949, pp. 
257 and 262. 


By virtue of this, from (1.21)-(1.23) we have for the stresses within the 


Isycrs 


On the basis of (3.1), from (1.18)-(1.20) we obcain for orthotropic shells in 


general 


then from (2. 


a = Big 4B 4 Bw 
re BP +o HP) a0 5 Be 

=: Bly SY + Bh 5 4 BI Fw 
“(Oba mh $2) ek 
t= Bia (5 Gta x)- 1Bis 45 is % = w+ lee a = 


Cye=9, Kyge=0, Dy =9; 
Cx = 0, Ky, =— 0, Dag = 0; 


1)-(2.7) we have for the internal forces and moments 
1 du 1 du 
ror +(Co+% Ky) Boat 


1 1 @? 1 9? 
+(%Cn—Kun Ar oar — Ku ar 5a) 


TC), 





1 du 1 ov 
= Caza oe +(Cnt+Z R Kn)-5 B Os se 
1 I 9? I @ 
+ (3 on—Kia ae Gar — Kon Be 58) 
Ou 3 


1 

B 
2 1 a 1 1 ow | 
+ pr On) 7 Ge — 2(Kes+ 7 ee) aH Seah 


A 
1 ou 2 i dv ow 
Sy == Coo Ge + (Coo + Kee) Ge — Kee aR Gea’ 
» | ou 1 la@ 
M = Fy et (Kutz On) ae + 


1 0 


i 3 


+ (5 Ki — On ar Gar — Pre an) 


1a 1 @ 
My = Kun a Ge + (Kat 7% On) B at 
1 0? 
+(% Ky — Dy ar aan —Dn ar) wi 


1 du 2 1 av 1 3 
H= Kea op + (Kes + Ou) a Ge da 26 AB dads 


(3. 6) 


(3.7) 


(3. 8) 


(3. 9) 


(3. 10) 
(3.11) 


Inserting the values of internal forces and moments from (3.5)-(3.11) 
into equilibrium equations (2.8)-(2.10), we obtain a system of three differential 
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equations for the three unknown functions of u, v and w. Externally it does 
not differ from the previously derived system in (2.11); however, in the case 
of an orthotropic shell in linear operators of the system, Liq have the follow- 





ing form: 
] 1 @ 
(Cp)=C cae ; 
Ly (Cy, uN 66 
At 4 B Os? (3. 12) 
Loo (C jn. K, prP jy) = (Cot? +s R Kate Da) 2+ 
1 gd? 
a (Cate R Kn + pe De») a on! (3. 13) 
f . . a 
hin K jy) = [ew + Cog + ~ (Ky_ + 2K og) las 02 03 Qa" (3. 14) 
~ op 1 1 @ 1 @ eo 
Bis (C poh ju) ~ Cire a oe — Ku as ont — Kin + 2K oe) aps vad 
: 3.15) 
. il a 1 1 a ( 
has(Cy Kj, Dix) = Car 9g oy wr Ke Ri Bo 
= [Kr + 2K 65 +3 (Diy + $Dee) ae — — (Koa E Di») Bae 
: 2 0: 3 (3. 16) 
. op Vg _ 1 @ 
hog aie = Ri Gia (Kea 12 a aan +k. ‘22 Ba 5) + (3.17) 
a 2 p 1 as. . 
Oia ae ae + 2D: +206) sage az gat On Be ar 
(3. 18) 


Ly=ly Ly=hiy by = ly 


As was stated in the preceding section, by means of the operator method 
the system of differential equations in (2.11) may be reduced to a single 
eighth-order differential equation of solution for a certain potential function 
‘P(7, 3), which may be used to represent all the design quantities of the problem. 
The general procedure for such reduction is described in detail in the works 
by V.Z. Vlasov, A.L. Gol'denveyzer and A.I. Lur'ye. Without going into 
detail, let us present a few basic premises which are valid also for the general 
case of anisotropy. The general premises are described in much the same man- 
ner as in the cited works.*, ** 


Let us rewrite the system of equations in (2.11) 


*A.L. Gol'denveyzer, Teoriya uprugikh tonkikh obolochek, Gostekhizdat, 
1953, pp. 208-210. 
**A.I. Lur'ye Statika tonkostennykh uprugikh obolochek, Gostekhizdat, 
1947, pp. 194-198. 
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Lyue-+Ly,wtLlyw=--X: | 
Luu Lyv-+Lyw — --¥; $ (3.19) 
Lu -4-Lyu-+ Law = Z. 


In view of the constancy of the coefficients of equations (3.19), we assume that 
here we have a complete system of algebraic equations in terms of displace- 
ments u, v and w with constant coefficients in the form of operators Lig: Let 


us obtain the determinate of equations (3.19) 


Ly Lialis | 
d =| Lalla! (3.20) 
La lala, 
and calculate its minors 
dy = Lyla —Lyolry | (3.21) 


dig = Lyyly — Lyla, 


etc. 
We assume 
u=d),), +d, b, + 4),0,: (3. 22) 
v= dD, +. dyP, + dy?;: (3. 23) 
w= dy P, + dab, + dy, (3. 24) 


and insert these expressions into equations (2.11) or (3.19); then we obtain 
three differential equations 


d®,= -X, dd=—r, do,=Z, (3. 25) 


defining the sought functions ®, (2, 8), ,(2, 3), P,(2, 3). 
If by the functions ©,, ,, and , in formulas (3.22)-(3.24) we under- 
stand any particular solutions @;, @}, and ®) of the equations in (3.25), then 


the general solution of the system in (3.19) may be obtained by superposition 
of the particular solution 
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uw = dy, 9} + d,,) + 4,93: 
= dy Oi + dy.) + 42,03; (3.26) 
w = dy} + dy@)+4,,0, } 


and of the general solution of the homogeneous system corresponding to 
equations (3.19) 


u = dy, 0} + dy) + 4,303: 
w = dy, O° + dy? + do,8: (3. 26") 
wl = day BO} + day) + dx}. 


where in determining functions 4%, ®°%, and ®) instead of equations (3.25), 
we have the following homogeneous equations: 
d®,=0; d®,=—0; dd,;=—0. (3. 27) 


Thus, the functions u°, v°,and w’, defined by relationships (3.26') will yield the 
integral of a homogeneous system corresponding to equations (3.19) at any 


values of !, ©°, and 9%, satistying homogeneous equations (3.27). In particu- 


lar, we may assume 


o=0, O=0, =o. (3. 28) 


Then to each solution of the homogeneous equation 
dd—0 (3. 29) 


there will correspond the integral of a homogeneous system of equilibrium 
equations in displacements (3.19) as defined hy the formulas 


u? = 4,59, wy = 4,9, up = dy. (3. 30) 


For the most widely used forms of external surface load the particular 
solution for displacements u, v and w ma; be determined directly from the 
system in (3.19); then the problem reduces to solution of homogeneous equation 
(3.29) and to the use of formulas (3.30), (3.2)-(3. 11) for determining the 
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displacements, stresses within the layers and the internal forces of the shell. 


We shall turn now to the problem of an orthotropic laminar cylindri- 


cal shell. By virtue of (3.12)-(3.18) and (3.20), we obtain from (3.29) the 


following equation of solution of the problem: 
1 oO ao 1 o&d 


Pye gat + Ps sear asta + Ps ae ror + 


I Jd 


1 
+ Py aege ee ® tag A oe r+ 


08d 


1 
+ Q37iR7 ae 32° +Q, ae O17 03" + Qe Ose a 


1 dtd 1 od 


1 dO 


ed 


+R a At gat + Rs 42g? Gato 02732 + Roa BS os = 0, 


where the following notation is used: 


P,=G, (C,,Dy, = Kin); Py== Cog (CxpDay = K»): 
Py= Dy (FC), -+ GyCeg — V?) +2G,C,, (D,. + 2D¢e) — 


— Ky (PK + 2Gq (Ky + 2K gg) — 27 WV] - 


— Kip + Kg) [ Fe (Kia : 2K) — WV (Ky + -2)) — 


C,,?; 


=iee cs (Kat R B)w- Cu(Ke + BY; 


Ps = Dy CogF a + Dag Gq - 2 (Dyp + 2Dog) (FCy, + GyCgg —- V7) -- 


vy = 


—- Ky [2F 9 (Ky. + 2K 65) — 2(hn +p 


Dn 


— (K yy + 2K 6g) 1Gq(K yy + 2K gg) —- VY — 
‘ - | Daa > 
— 2C,, (M22 + =’) W—C,.W?: 


=2 Gy (Cio, — Cy Ky): 
=e Cu (Cat FR) (K+ FP) — Fike: 
Blealeat AB) + Curt 
~7 Gy (Ky + 2Kg) —VWI—Ky, (Cn+ 4 ey 





+C,|F 2 (Kip + 2Keg) — (Kea 4 =2\v|— Kx (F Cy, + G3Cgg -— V*) ~ 


— Py gKin — (King + 2K eq) (Coo 


ey 
— Kin (FC + G.Cog — V2) — GC Kop: 
a= a4 (Cn +4 An) [Cow +0); (Kop 4 ae 3) an 


Kay 


—> sr " 


k 


\ 


) 


ry. 
\ (i 


(3. 


(3. 


(3. 


(3. 


(3. 


(3. 


(3. 


(3. 


31) 


32) 


33) 


34) 


35) 


. 36) 


37) 


38) 


39) 
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lo; 2 
R, = pr G2(Cu Cy — Cir) 5 


(3. 40) 
bn ne Kn \2). 
Rr iCal n— (Ca +) (4 
1 ‘ ? 
Ry = ya as — Ci2) Fy + Cay (Gq gg — V2) + 
+ (Cot SP) pea Cu lens Me)} 4 
In these formulas and in subsequent Greeuasion 
Fy==Cy + a ob oa (3-49) 
GSty— See +. ae , (3. 44) 
cane 
V = Cy +Cyg + Ar hes, (3. 45) 
W = Ky + 2Keg + Sateen. . (3. 46) 


In terms of the sought function (2, 3) displacements u, v and w are rep- 
resented by formulas (3.30), which have the following expanded form (in the 
displacement notation the superscript zeros have been omitted). 


1 oa¢ 
u = GoKyy As gas t UF eK + Ge (Kin + 2K eg) — 
l ae 





— VWI aepa Garage TMF a(Ki2 + 2Ko6) — 
— (Ka +B)" | ap aca — OC as ae 
+3 [(Co+ “ev —CuaF] aig poate (3.47) 
v= Ceg(Ku + 22) gs Sz + [Coo + Cn (Kn +2) — 
= (Ky +2Ke) V) gag aot 
+a — 1) hip — flo SP) BE 
+ lea! Cala Pa So ee 
w= G04 te SS HF ilu + Olu -—V9 gige oe + 
oa J ee saree (3.49) 


where u* = u*(z, 6), vu’ = v"(a, 8),and w* = w' (a, 8) are the particular integrals of 
homogeneous equations (2.11) (with operators (3. 12)-(3.18)) defined by the given 
surface load components X = X(z, 8), Y = Y(a, 8), and Z=2Z (a, 8), 


Having the values of the displacements, by means of formulas (3. 2)-(3.11) 
we may easily find the values of the design stresses and internal forces. 
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SECTION 4. ENGINEERING ‘T'IEORY OF CYLINDRIC 4 . SHELLS CONSISTING 
OF AN ARBITRARY NUMBER OF ANISOTHOPIC LAYERS 


Of great practical importance is the so-called engineering theory of 
cylindrical shells* ,**,***,**** which, along with the fundamertal hypothesis 


of nondefurmable normals as given for the entire stack of the shell as a whole, 
is based on the following additional assumptions: 


a) In the geometric relationships in (1.10) we may only retain com- 
ponents containing the normal displacement w; 


b) We may take the simpler relationships for elasticity in (2.9.1)- 
(2.9.8), which only approximately satisfy the sixth equilibrium equation 
{1. 8); 


c) In the second equilibrium equation (1.4) we may disregard the term 
N,/R, which originates in moment; 


d) Approximate satisfaction of the second equation of compatibility 
of deformations (2.3.2) is permissible. 


On the basis of the above remarks, for a circular cylindrical shell 
we obtain: 


the equilibrium equations 








amet ee —% (4.1) 
gta eer (4.2) 
pnp a par, Ha 
42 a, 8 


1 OM, 1: OH — 45. (4.5) 


the elasticity relationships 


*V.Z. Vlasov, Fundamental differential equations in the general theory 
of shells, PMM, Vol. VII, No. 2, 1944. 
**Kh.M. Mushtari, Some generalizations of the theory of thin shells, Iz~ 
vestiya Fiz.-mat. ob-va pri Kazanskom universitete Vol. XI, series 8, 1938. 
***Y.V. Novozhilov, Teoriya tonkikh obolochek, Sudpromgiz, 1951, pp. 


77-83. 
*#*e#A,L. Gol'denveyzer, see pp. 250-251 of work cited in footnote *, p.203. 


Ty Cyyey + Cyne + C yg + K yyy + Kat, + Kets (4. 6) 
Ty => Cogty + Cype, + Cogn + Kygtg + K gy + K gt: (4.7) 
S = Caw + Cyt, + Capea + Kggt + Kyg%) + Kapha: (4. 8) 

My = Dyyey + Dyakg + Dygt + Kyyty +: Kate + K ga: {4. 9) 

My == Daye + Dy yey + Dagt + Katy + K 92, + Kage: (4.10) 
H = Dogs + Dygty + Dagey + Keew + Kigt: + Kage, (4.11) 


where, as before, for the stiffmesses we have (1. 18)-(1.20); 


the geometric relationships 





1 ou 1 dv. i 
wae eset Ee | 
1 du 1 dv, (4. 12) 
“=F oT A Oa! | 
ge Oe ee 
| ee A? @2)' ; Bt gst! (4. 13) 
ae, bse aw 
be AB Gada 


Inserting the values of deformation from (4.12) and (4.13) into '2.4.2)- 
2.4.4), for the stresses in the shell layers we obtain 








Bt a + Bile - ea ae (a a, a 
‘i «(ahr Se oat + Bi: ge 7° TF + Bis zp ar ): (4.14) 
fata BR) tb a te ete) | 
— (Bb 3 + + Bisa Ga + Ob ag 35-); (4.15) 
ta = Bis a A re + Bio( B 3 F a) rela a os r +4 5)- 
a 1(Biogr u ‘at + Bis 7 if + Bis z ey ): eo) 
Inserting the values of deformation from (4.12) and (4.13) into (4. 6)- 
(4.11), we obtain for the internal forces in displacements 
7=(c,4 ew en a)e +(Cu 4 z+ 
+ Cag a) e+ (Rea Ku ge je — 
~ 2k ap yay — Kame i)? a 
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1 0 ‘ Wes . | 
HC ar)8 i (Ce Bi args — 
{ i? : 1 d? : 
2K AB digi is B ip) ie (4. 18) 
1 O° , a lly GU 
S= (Cw 5 5; aCe F i au ~ (Co 4 v1 
. | oO P lan ! a? 
tO x) Oe ie = Sings Ga 
02 - J ay 
~ 2K 66 ag taas Kai ae a7) ws (4. 19) 


1 oO 1 oO 
M, =(Ku a ar + Ki _ Hy) u+(k ea 
: 1 1 @? 
+ Kage aye tg ke On ear 
gee eM ie 1 of), (4.20) 
— Dy “8 asar— Pv BF ve) 


1 @ 1 @ 1 ou 
M,=(K,, A or + Kose or) +(Ks 7 a+ 











1 @ 1 1 @ 
+ Kn Hy) °+ (RK Ove ae oF — 
1 Q? 1 9? 
— 2D ZB G9; — On BF a) ww (4.21) 
1 @ 1 @ t 
H=(Kw rie Kee ar) e+ (Kee raat 
1 0 ele ts 1 
+ ko or)? +(z Ky eae Gar 
1 a? 1 @? \ o 
— 2D 75 day — Px Br ag)”: Gone) 


Inserting the values of moments, M,; M, ard H from (4.29)-(4.22) into 


the fourth (4.4) and fifth (4.5) equilibrium equations, for the transverse forces 
in displacements we obtain 


a (Kuga gar t+ eae a5 Oa 0p + Kes Bi mare + 
1 @ 
+ [Kegs grt Kat Xe) ap soap + Kom ae] + 


1 1 a 1 @ 
te (Kg gy +s By) YH Es (Dye) wi (4.23) 


2i1 


Nam (Ka-be de + oes gag + Kay Ss) 
+ [Kegs gar + Ku the) ay gop tke gs oe ]et 
+ 3 (Kae Hy tke x £) w —E,(D,), (4.24) 
where for third-order inear operators we have following notation: 


1 0 1 a3 
Ey (Op) = One Gar ccs 


eka 
+ (Dy, + 2D¢) 5 iB a east + Dye e oe (4.25) 
1 a 
: a lac 1a 
1 9 4,26 
+ (Dy. + 2D¢) Ur sent i Oa? + Diy Fi A? da’ ( 
Inserting the last derived values of interna! forces Ty: Te : By Ny and 


N, into the first three equilibrium equations (4.1)-(4.3), we obtain a sym- 


2 


metrical system of three differential equations in terms of the three sought 
functions (x, 3), v(a, 5)and w (2, §) 


Lay (Cy) bE Ly (Cy_) VF Lys (CK p_) Y= — XS 
Lig (Cyn) A Lo (Cy) ¥ Ly (Cp, Kj) WSs (4.27) 
Lig (Cyak yp) + bg (Cig Kj) UA Lag (CuK jp Pj) = Z 

where the linear operator L, 1 (Ci) remains as in (2.12), L, g(C Ky) remains 


as in (2.15) and 1g3\CjKjxD 3.) remains as in (2.17), while for the other oper- 
ators we have 


[ 0? 1 0? 
Lia (Cin) = Cig = eee - Cag) 5 tH Tere + Co, Be ro (4. 28) 


1 ay 1 0 
Ly3(Cy,) = C 06 me woe + 2C., — a Faas -+C 22 Bi Up Tl i (4.29) 


P a a ee ee P) 
Lo (C jaK jx) = - py (Cn 5 i 4,1 a x)— E4(K ju): 


v 


(4.39) 


Orthotropic Shell. In the case where the shell consists of an arbitrary 
number of orthotropic layers such that the principal directions of elasticity 
at each point of each layer coincide with the directions of the corresponding 
coordinate lines a, 8 and y the design formulas and equations are somewhat 
simplified (see Section 3). 


In this case: for coefficients Bik we have (3.1); for the equilibrium 


equations we have (4.1)-(4.5); for the geometric relationships we have (4. 12) 
and (4.13). In virtue of this, from (4. 14)-(4.16) for the stresses: we obtain 
the following formulas: 








a= Bi + Bb (et H)— 
—1 (84a oe Bla sp i (4.31) 

= Bu (5 & R) + Buz “ = 
—7(B: ae oes 4+ By a (4.32) 
sym ok 452) —s0hk Be. 4.99 


From (4.17)-(4.24), in view of the fact that C1g = Cog = Kg = Kog = Dig = 


= Dog = 0, for the intexnal forces and moments we have 


1 ou 1 dv . fl 1 @ - | @ 
T= Cn 4 ton Foe + (HCn—Kn oe ger — Kn we Ger) B 


= Cy qe tng ot 
+(e ae Bs 94 
S= Coe get Cag oe — Ke ae ear (4. 35) 
M=Kuig etka get (4. 36) 
+(@ Ku Ouse jer — On ye Gx) 
My gh M4 Ky 2 (4. 37) 
$n ae an ae 
er ren ewes ae 
N= ("u gr gar tke gr ox) et Kathe ty eet as 
ae R Ky i = — ED») w; (4. 40) 
Ny= (Kun gr gp + Ku ge por) 8+ Kia Keo) ag Sear + 
(4.41) 


+ Kage — Ex(On)™, 
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where for the third-order linear opera’ or we have 


; 1 1 #8, 
Ey (Dy = Dy Qe Gav + Or + 2De) AEE Ge HF 
o* 


(1.42) 
: 1 @ 1 
E,(Dy) = Dy B op + (Dig + 2Deq) BA® da? 0; ° 


Inserting the values of interna! forces from (5.34)-(5. 41) into equilibrium 
equations (5.1)-(5.3), we obtain a system of equations of solution which cuin-- 
cides externally with the system ir. (4.27), while for linear operatois Lik we have 


7 1 93 
tialCu) = (Cr + Coo) Fm dn o5 (4.43) 
1 ja 1 @! 
Ly (Cy) 5 C66 A “al + Cy B oa (4. 44) 
25 1 ar) = 
Log (Cy yy) = RonF oT — Ey (Kj); (4. 45) 
L,,(C ik) is the same as in (3.12), Ly g (CK) is the same as in (3.15) and 


Lag (Cy Ki Diy) is the same as in (3.17). 


Proceeding in the same manner aa in the previoue section, the system of 
equations in (4.27) may be reduced to a single eighth-order equation of solution 
for potential function (2, 8), in terms of which we may represent all .he design 
quantities of the problem. Proceeding from (3.19)-(3.49) and the basic premises 
of the engineering thecry of cylindrical shells consisting of an arbitrary numbe> 
of orthotropic layers, we ovtain tne basic equations and design formulas of the 
problem. 


The eighth-order equation of solution in the case of engineering theory 
takes the following form: 


1 o% 1 a% 1a 
Picas oat + Pa-jépt oatape + Ps ace Gara + 
ony 1 ob 1 o> , 
+ Pagigs antag + Po ae ae + ogee + 
1 0 1 at x) 


l 
+ Qs Gear aakaw + aime Garage + Ri ae Gar =O (4. 46) 


where for tke coefficients of equation (4.46) we obtain from (3.32)-(3. 40); 


Py=Cog(CyDy— Kir), Py == Cog 'Cy Dy — Kins (4. 47) 

Py Dyy (2 —- 20 gC gg) + 2C) Cog (Dia + 2D ye) — Ky (CK, — 
— 2C 12 (Kin + 2 6q)] — Cyy (Kya + 2K gg)? (4. 48) 
(Kyy + 2K gg) [Cop (K yy + 2K 66) -— 209K 99} — C.K: (4. 49) 


Py Dy CCeg + Dali Cog + 2 (Diz -+ 2D 4) (2 —- 2C, Cog) — 
—- 2K 4 [Cop (K yp + 2K og) — Kz (Crp + Cog) — 


— 2 (Ky. + 2K 66) (Cy Kg — Cig (Kg + 2K og) (4.50) 

Q = % Cog Cok — CuK a); (4.51) 
2 Q 

Qs =F Coe[2 (Crain + Kae Z—) — Coon — Sunken] (4.52) 

a= 5 Ca(Cakn —CaK)i (4.53) 

R, = — Ca(CiCu —Ci). (4. 54) 


From (3.47)-(3.49), for the displacements, represented in te..ms of 
function (a, 8), we obtain the following formulas: 


1 0% 1 gb 
= Cok 1 Ae gas + CK — Cie (Kae + 2K 6a)l ga ge Daton T 


+ [Oy (Ky + 2K 6g) — Kop (Cho + Cog)! — , oe 


—+ CCo ar St + Cul og aa woe Te. er (4.55) 
v=CeyK » ¥ Sa 11K 2p — Cya (Ky2 + 2K og) tins aos t 
+1Cy Ky + 2K ee) — Ku Cr+ Col gig grag 
— RonC en Br He — HL CuCee) ag segs FU. 8; (4.56) 
w= C1,Cee a a. + CyCog - oe 
+ (2 2Cy2Co) gage Gage +" (2. Bd. (4.57) 


where, as usual, 2 —C,,C», — Cir. 


Having the values of displacements u, v and w, by means of formulas 
(4. 14)-(4. 24) we may easily write the formulas for the internal forces and 
stresses. 


SECTION 5. CONTINUATION OF SECTION 4. 


The equations for the engineering theory of anisotropic laminar cylindri- 
cal shells may be presented in the form of equations of the combined method in 
the theory of statically indeterminate systems.*,**,*** Assuming 


*V.Z. Viasov, see pp. 301-310 of workcited infootnote*, p. 201 
**§.A. Ambartsumyan, Toward calculation of laminar anisotropic shells, 
Izvestiya AN Arm SSR (FMYeiT nauki), Vol. VI, No. 3, 1953. 
***M. Mishonov, Towarda theory of shallow shells, PMM, Vol. XXII, No.5, 1958. 


2 
T= gr SoA f xa 
1 3 
T= 4, St —B f vag; 
5 1 dp 
~~ AB 0203 ' 
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(5. 2) 
(5. 2) 
(5.3) 


where 7=+(2, 3) is the sought function of stresses, we identically satisfy the 
first two equilibrium equations (4.1) and (4.2), and from the third equation (4.3) 


we obtain 


(5. 4) 


Solving the elasticity relationships (4. 6)-(4. 8) for the deformation com- 


ponents, we obtain 


8) = AT + Aja, + AyeS — 411% — 419% — iets 
By == AygTy + AjgTy + AggS — day% — da9% — dogs 
w = AygTy + Agg Ty + AggS — dei%, — dente — Feet 


(5.5) 
(5. 6) 
(5.7) 


where as coefficients characterizing the elastic properties of the shell we have 











CuCy- - C3 Ci1Cus -- Cj 
A) = -— . Ay care Ta 16 . 

CypC og — Cy, C, Ca—C 
A, — 1626 = wb 66 . Aeg = W _ 12 . 
Aw = eae > Ag = Ci:Cie et . 


Q* = (Cy Cy — Che) Cog + 2C i2CgCog — CCCs — Cone: 
dy, = Ay Ky, + Aya 2 + Aigk 163 
yy == A aK yp + AnoK 9 + Ang K 963 
eg = Aik 15 + Ace K 2g + AggK gg: 
yy = Ay K yg + Ayako + ArgK 26: 
dy = Aigky, + AgK 12 + Ark 163 
yg = AK 16 + Arak 0g + Aig K og: 
dey = Aygk 1 + AggK 1a + Agek 16: 
dy, == Aigk yg + AggK og + Aagk og: 
deg = AygK 1, + Angk xp + AgeK ag- 


(5. 8) 


(5.9) 
(5. 10) 
(5.11) 
(5. 12) 
(5. 13) 
(5. 14) 
(5. 15) 
(5.1% 
(5. 17) 
(5. 18) 
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From the elasticity relationships in (4.9)-(4.11), by means of (5.5)- 


w, and considering 


(5.7), eliminating the deformation components ¢,, ¢5, 


(5.1)-(5.3) and (4.13), we obtain for the moments 
d\, @ dy, 0? dy, OF \ 
M,= (Gr ge + Se os — ab tear)? 





D,,-- Dj, g2 — D, 2 Dy— D); _ 
_( At an +2 aa tag + oe OM 
5.19 
M, = (<2 0? diy 0? — dep 0? qa) ( 
Al gat + Br oe oe — Aa t105)? — 
Du — Dy e? —D, 92 Dy— D}, =) ' " 
(= Be 03? BS ed ee da as + “Al gat wt Ms (5. 20) 
dig O? , dog 0? deg 0? 
H=( Bt gat Bt og — a8 eas)? 
Dye — Dig 3 Des Dé 0? Da — D5, 0 
— (2455-8 24+ a5 wag + age) Me. (5.21) 
where 
. ' (5. 22) 
My=—(dyA f XdatdyB f ¥ a8) =I, 2, 6). 


The formulas for the moments (5.19)-(5.21) contain the derived bending 


stiffnesses Dik: originating from the "tension-compression and shear" stiffness 


(Ci) and the "interaction" stiffness (K5,,), and have the following form: 


Di = Kid + Kado, + K ede (5. 23) 
Dip = K ydy9 + K mylyn + K a6en' (5. 24) 
Die = K yg dyg + K n6Gtg + K gottce! (20) 
Dy = Rid + K dan + K eden = Kinds, + Kaadar + Koger! (5. 26) 
Dis = Kyydyg + K i206 + K yeog = K redis + K odor + K ce er' (5. 27) 
Dye = K yyy + K nd05 + K ooteg = Kietia + Kasttar + K gale (5.28) 


From the last two equilibrium equations (4.4) and (4.5), considering the values 


of moments (5.19)-(5.21), we obtain for the transverse forces 


d dyyp— dy, 0 ~dy ® | de 
N,=(4r ge + ag mat “AB Saat + BF a) 


1 OM; 1 OM, 
ee anaes me + Ba? (5.29) 
diy 08 di—d g—d dy, 08 
N,= ($F age + ou iY) zoet fae iu BF + 4 sr)e- 
1 0M; 1 OM, 
—E, (Dy — Dj) wt+-— B a +7 A => , (5. 30) 
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where for linear operators E\(DE -Dj;,) we have (4.25) and (4. 26). 


Inserting the values of transverse forces Ny and No from (5.29) and 


(5.30) into the third equilibrium equation, which after the transformation 
has the form of (5.4), we obtain 




















\ 1 1 @ 
Li(Dye — Dix) w — La(dje) 9 TRE o = 
2M 2 at 
yb a 1 OM OM, 1 aM, 
at} [a+ ae at 4g aaa + BF oa (5.31) 
where for the linear operators we have 
Dy— Dj}, a Dig— Dig of 
Li (Dy 7 Dix) = — A‘ oa‘ Be aa 023 03 03 + 
> (Pr2— Dip) +2 (Des — Dis) 9° 
ta A?B? 02" 05? ae 
4 Lg Die at Dy— D’, a 
‘+ 4a jos +m oe? (5.32) 
— ayy a 2da5— de o di; + da, — 2d a a! 
es (1x) “Al ad 3 A'B da a3. * “A?B? Tot 022 037 © 
Biggs Oe is, (5.33) 





ABS d208 1 BY dat * 


Thus, after certain transformations from the equilibrium equations (4.1)- 
(4.5) we have arrived at a single equation with two unknown functions » = ¢(a, 6) 
and w—w/(z, 6). The second equation is required in obtaining the complete system 
of differential equations in terms of the above-mentioned unknown ‘unctions 
and may be obtained on the basis of the third equation of compatibility of 
deformation (1.24). The first two equations of compatibility of deformation 
(2.31) and (2.32) are identically satisfied with an accuracy of the additional 
assumptions of the engineering theory of shells. 


Inserting into formulas (5.5)-(5.7) the values of T,» Ty and S from 
(5. 1)-(5.3) and x,, x,, and T from (4.13), we obtain for the deformation com- 


ponents ¢, ¢, and w , 


Ay 06 Ay 0 A 0? 
ant apt a ie — a8 aap) e+ 
_ fd diz of d oF 
(Sh gar +-Gt ae + 255 aap) w+ (5.34) 


a= (gh gg + GF oat — AB Geog) e+ 
+ (Fr gart os +258 a5 am) eth Abe22) 


le 
bo 
ié 4 


Ae oO? Ag 0? Ans - Can - 
0. (Gt ggt a aa)? + 


_ {tor 0? de, 0? 5 @y o? - es 
a ("0 ua a “B? ost +2 “An aa) wets, (5. 36) 

where 
f= — (A Af Xdx4-4, Bf Yds) (i=l, 2, 6). (5. 37) 


Inserting the values of the deformation components from (4.13) and 
(5. 34)--(5.37) into equation of compatibility (1.24), we obtain the required 
second equation of the problem. 














1 1 dw 
Ly (A jy)? -t Ly (dig) W— Be ar Ont 
1 re) a | 0° iG | a7ey 
"A? O27 ' AB 020; =B* dst ' 9288) 
where -or the new linear operator we have 
__ Ay of Aw a’ 
(Aig) = AC Gat oe A’B 02° 05 ae 
ZAi, + Aga a Ais o! A, 0% 
+ aia Oat aat — 2 ABS Gas + Be OR: eed 


Thus, the general problem of the statics of a cylindrical shell consist- 
ing of an arbitrary number of anisotropic homogeneous layers in the engineering 
theory of shelis reduces to a system of two differential equations of solution 
(5.31) and (5.38) in terms of the two sought functions: ¢(2, %) the stress ‘unctions, 
and «x(x. 3) the displacement functions, means of which (using formulas (5. 1)- 
(5.3), (5.19)-(5.20), (5.29), (5.30), (5.34)-(5.36) and (2.4, 2)-(2.4.4)) all the 
design quantities of the problem are determined. 


In view of the unwieldiness of the final formulas for the design quantities 
in the general case of anisotropy we do not derive them here; these formulas 
are obtained by elementary procedures. 


Orthotropic Shell. In the case where the shell consists of an arbitrary 
nuinber of homogeneous orthotropic layers such that the principal directions 
of elasticity at each point of each layer coincide with the directions of the cor- 
responding coordinate lines, for the elastic constants of each layer 
Bik as is known, we have (3.1); moreover, as was stated in Section 3 of this 
chapter, Cy, = Cog =Kig==Kyg = Dig =D, = 0. Then, from (5.8~-(5.18) and (5. 23)- 


(5.28), for Ags di. and Dik we obtain (for coefficients differing from zero) 





Aj ene “a », 2@=CyCy— Ciz; 


KyCi1 — Kiar 
rT) i} 


dy == Kulu = Kalu dy = 


i Ki2Caa — Kali pies Kun —- Kul. 
2 = o » dy = aes 
=. Keo. 
deg == os 
KiiCn — Ky KyC + Kili | 
Vv s 
Di == Kiker — (KiKin + Ki2) Cro + Kakln 
Vv 


Diy == Ken — 2K KC + Kiln 


Di = 


u 
- 


Ly(Cp)e +h) e— Ra oe =— Ao Bo? 


1 & 
Ly (Dir — Di,) w— Lad) 9 +% 7 oy =e 


1 0M, 1 @?M) 
=2Z+% a [Vata A? Oa? + Re op? } 


where for the linear operators and load terms we have 
Di, 3 n— Dh o 


Li(Dpy— Dy) = 8G Pn 4 Pa On + 
(D,,— D},) + 2(Dee-- D&) a 
saat AtB? i Pe) Oat oat 


Cy, 1 Cy 1 Cc 1 0 
La(Cj,) =7y we ie t+ e Be ¥ + (ta ear =) ae AB Oa? O57 


Ly (dy) == Ku — — Klis 4 eee 9 Kay 


KisGun— Kul 1 os KiaCag — Kas Cig 1 
je Bias at 8) Sear sa sage + 12 a— 23 8 ar Hr 


Mi == kG = KiCis A J SM ace: Kili = Kulp if Y dp; 
M=— Kali = Kinlia p f Y dB — Kuta — Kuli 4 f Xda: 


(= — Sta f xd ae 
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(5. 47) 


(5. 48) 


(5. 49) 


(5.50) 


(5.51) 
(5.52) 
(5. 53) 
(5. 54) 


lo 
ey 
i) 


ga — Ste fra4 Sa [ xda. (5.55) 


4 


The design formulas for the internal forces and stresses in the layers 
of the shell in this case are giveu by the following formulas. 


The bending and torsional moments from (5.19)-(5.21) 


AM, == — (Diu = Di) a“ a (Di, aoe Di) 2s oo = 
\ KuCu = Kulu a in iS a Hi st + My; (5. 56) 
M; «= —(Dxy -- D») _ 5 — (Dy; — Dj) ar rad = 
ee 
H=—2(Di— Dis) ay egy — eA Osi” a 


The tangential forces Ty: Ty and S are defined in formulas (5. 1)-(5. 3). 


From (2.4. 2)-(2. 4.4), in virtue of (5.1), (5.34), (5.36) and (5. 40)-(5. 43), we 
obtain for the design stresses in the le.yers of the shell 


7 i C 1 Ao i Cin i C 1 9? 
3, = (Bi Gs Bi, 2) ~ — (Bi, Ts — Bi, “i ] at iat 


a “B? On 
+ (Bj, Aas Aebin pi, Kau Bul Bi.) 7 if = 
+-(6i, Sues Aut 4 pj, Sutu Rule — Bi) os Sa + 
+ Bis, + Bie) (5. 59) 
= (Bb SY — Bh St) 3 SS — (Bh SP — Bh ) a + 
+ (Bz, Kaus Auta + pj, Kuba Kul sy.) 35 Oo 
4 (ban a KGa Manoa) eg 
+ Bh es + Bie (5. 60) 
2, 


Thus, formulas (5.1)-(5.3), (5.56)-(5. 58) and (5.59)-(5.61) are used 
in representing all the design quantities of the problem by means of the unknown 
functions w(2, 8) and ¢(2, #), which with given boundary conditions may be 
determined from the system of differential equations of solution in (5.48) 


In the general case of an anisotropic laminar shell all the design 
quantities of the problem depend both on the stress function ¢(z, 8), and on the 
displacement function w(2, §). 
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The formulas for determining the tangential displacements u and v will 
not be pxesented here, since in the case of the combined problem they are of 
no particular interest; however, they may be defined by means of formulas 
(4.12). 


Of considerable practical interest is the case in which the shel! is 
loaded only by a norma!ly applied surface load, that is, when ¥ =Y =0, Z #0. 
Then the system of equations of solution (5.48) is rewritten as: 





(5. 62) 


The system in (5.62) may be reduced to a single eighth-order differential 
equation of solution in terms of the potential function V(2, 6) .* 


Assuming** 
w=L, Cy" y, } 
(5. 63) 


we identically satisfy the first equation of the system in (5.62) and from the 
second equation for the sought function V (2, 8) we obtain one eighth-order 
linear differential equation 


Lo(Py)¥ —2F Qu)¥ +45 Ge Gar = 2. (5. 64) 


where for the linear operators we have 


1 ot 
Ly (Pix) = Pi ae gar +P A®B? = da® 05? + 


1 oe 1 38 FY 
+P, oh da* OB a Ot ose +P, Bae! (5. 65) 
oe 
F(Qh) =Q + <e +Q; “ia _—— a8 + Qs Oa on (5. 66) 





*V.Z. Vlasov, see p. 319 of work cited in footnote *, on p. 201. 
**S.A. Ambartsumyan, see footnote **, on p. 214. 
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For the coefficients of these operators we have 


o 


My - (Dy; 1. D\;) = ait \ +(* 20 —Anlny, 


P. =: (Dz; — Ds) S% + (Kuba KnCue), 


+ 


P, = 2[(Di2 — Dia) on 2 (Des — Dée)| G84 (Dn — ny){ — 
KnCu- es ~KirCis a 9 Kee 


2— 


$2 Kul 


oo ae —Kulis ( 


= oe 


Cus 
— 


Px = 2[(Di-- Di) +2 (Des — DB)] G2 + (Ou — Die - 2 S2) + 
Au us Kul (KC = Kul 2 fu qin 12 


Ps =-{ Dy — Diy) SH +2 [(Di2 — Diz) + 2 (Des — Di) (c- =e - 
4 (Do = ps)e Cn (AssGu —AKinly a, Kee Ki Cas — pate)! 
sae g ; 


=z 


i K 12C i — Kira 


Cus 


9 (KisCi, — KuCia) (KiaCan — KaaC 2) : 





vu 


(tai —Kilis 
ie 


Q,= 


9 Kes 
ee 


o 


JT Kuls — Kuli . 
R , 


4+ K,Cy, == Auf), 


v 


Representing the design quantities of the problem in terms of the cought 
function W(z, 8), we obtain: 


For the tangential forces 


for the moments 


M, = 


—[(On = Diy mH a 7 (Da 


—L(d,,)][ “4 
Ky, Cy, =a ae 
w 


tla 


11 
RF oF 


+ 





D° ) @ 
Dh) ar 5 | 
SE cece l 0 


(5. 67) 
(5. 68) 


(5. 69) 


(5.70) 
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M,= _ [(O2 — Db) gr B? Dis: pi “Al =] Ly (Cy) ¥ + 


11 @ Pe a ae ae 
+ Le ae Bar — bs) | [A ae oe + 








Kuli, —KyCi. 1 0? 
Te ey (5.71) 
1 0? : 
H = — 2(Ds -- Dis) aR Gray L2(C 4) T — 
Js Rare dan et Ne ath 3 5.72 
Cos [z “AP “Oat —by (d;,)| AB ainsi’ ( ) 


for the stresses re he shell layers é a a 
c= [yar gar — fold) (Bh Gt — Bh Gt) ar or 
2 _ 
— (8h 52 — Bi, os aa |¥ +(( Auta KnCis aps 
+ Bi, Kf —Kuls — 1512) a a ape (th Kun= Kulu oops 
+ Bis Kulu Kua — 718i \ae sar jta Cy: 
11 Ae Cu\ 1 0 
= [Rat par — Lal) (oh ¢ oo — Bip 3) A? ost (5.73) 
— (83 Lu _ gt fa le ae] +((B: KuCin— Aula a 


Bon 
+. Bi, Kila= Kia opt ) ae a + (Be K+ Cu Kl 


AOR Kubin — Knits Bn) % ao at] es (Cy) ¥: 


. Be[ 1 1 & iS oy 
™!=— TLR ar gar — £s(4ja) AB eH 


1 
“+ 2Bes (a- 1) a5 3 ad 
for the tangential ares 


1 oy sy 
a= Ant x aa oe cor [Cok — Cia (Kya + 2K] ae Bi jaan t 


Fag Cn Ky; + Ke) —Kn (Cr+ Col a dear 7 


1Cy 1 OW , 1 Cy 1 a 
—RU w oe + RO AB tor an a G20) 

Ris 21 Ot 16 Ka Cath OK las 

2 Be ose +eopl ik, — Cy2( oo) gums ara + 


+ cyl Ku 2d Kin Cat Coll ap rap 
1Cyl oW 1/1 Gv 1 ew 
—-Rt Boa a(t— D) AXB Oat aa 
Comparing equations of solution (4.36) and (5.64) as well as their 
corresponding design formulas (4.14)-(4.24), (4.55)-(4.57) and (5. 67)-(5. 63), 
it is easily seen that they are fundamentally identical and coincide in accuracy 
if instead of the sought "/a, 8) we insert C,,Q0(a, 8), or, conversely, instead 


(5.74) 





(5.75) 


v= 


(5.77) 


t 


of the sought (a, 8) we insert V(a. 6)/CyY. ‘ 


? 
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SECTION 6. C'YLINDRICAL SHELLS CONSISTING OF AN ODD NUMBER OF 
HOMOGENEOUS ANISOTROPIC LAYERS SYMMETRICALLY ARRANGED 
RELATIVE TO THE MEDIAN SURFACE 


In this and the next two sections we discuss shells consisting of an odd 
number (2m + 1) of layers (Figure 15). 


By virtue of symmetry we have for the stiffnesses (Chapter II, Section 


13). 
+i ~ Ss | 
Cn =2| af ‘hm + Bia (hs —hs-1) | : (6.1) 
Da= 3 | BR thas +3) Bin — a2) | 6.2} 
ls S= 4 
K = 0. (6.3) 


Tke elasticity relationships become simplified and take the form 


Ty = Cyyey + Cygta + Cygw, Ty = Cygtg + C492, + Cog; 


1 
Sin = Cogn + Cygts + Coete + Fe (Dest + Dyers + Dyg?2): (6. 4) 
Say = Cogn + C16) + Cages: 
M, = Dy», + Dyp%2 4+-Dygt; Mz = Dy, + Dy + Dygt (6.5) 


The formulas for determining the stresses (1.21)-(1.23), the equilibrium 
equations (1.23)-(1.8) and the equation of compatibility of deformation (1.24), 
as well as the formulas relating the components of deformation and the changes 
in curvature with the displacement components (1.9)-(1.10) remain unchanged. 


From (2.1)-(2.7) for the internal forces and moment represented in 
terms of displacements u, v, w we obtain 


q, =(Cug e+ Ce eH) +(Cog et+Cug H) Pte F! 
T, =(Cug %tCuy 5) +(Cw4 a tln H) +n a 
Su=(Co je + Cus a)" +[(Co+ Ze Des) x + ee) 


1 a 1 @ 
—2De a5 sag - On BF 33") 
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PGi tie es 1a 1 @ 
Su (Con et Cog Hp + (Coe det Cow FH) P+ lug: 
1 @ (6. 9) 
k- (Ou ae oe + 

1 Lh 
6 AB rH + On Ber a) ® (6.10) 
» = (2D +0 rae ae a 

as mS ae a8 12 “AT Oat “e 


+2Dis 35 Goq3 + One Hr)” (6.11) 
—(ep, 1 8 4p.1 8\%_[p. 1 # 
= (2D x ae + DesB 9) B— (Pe ae Sa t 6.12) 


1 3 1 @ 
+ 20.635 Gag + Pasar ar) ® 
Then the system of differential equilibrium equations in displacements 
(2.11) is rewritten as follows: 


Ly (Cy)u + Ly (Cy) v+ Lyy(Cy) w= — X; 
Ly (Cp) 4 +L (CyDydv + Ly (CipD),) w =— Y; (6. 13) 


where the iinear operators Ljx have the following form (for completeness we 





1 C 1 @ 
Ly (Cp) = Cy zr £ + 2a oo5 an sg sae ORF , 6.14) 
1 @ 
Log (Cj,D jy) = (Cot Z Re Des) ar At Ga* wt (70 ae Ri a Pn) ABRs te 
a 
gs Cote x Pn) 3 ee (6. 15) 
0? 
Li(Cp)= C, oar gat Cy +Coo) aR a5 dad aay + Ce Br pF’ (6. 16) 
; 1 a ‘ 
Ly3 (Cj) = (Cu aA atone a) (6.17) 
; 1 @ Q 1 1 a : 
Keo et tee Oa a) 2D a ar + 
1 0 
+ (Dirt 4066) Fag aap + 4m aor aa i + DnB Hl: (6. 18) 
1 
Ly (Cy,Pyp) = RF Cp t+Dy + a+ 4Dua aay aragt 
s 1 a 1 0 1a. 6.19 
+2443 + 2De6) Gage gar age + 4926 Bea prada + aa Be SG . a 


Ly =Ly, Ly =Lyy La = Ly. 


Orthotropic Shell. In the case where the shell consists of orthotropic 
layers so that the principal directionsof elesticity at each point of each leyer 
coincide with the directions of the corresponding lines a, 8, y (see Se-tion 3), 
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the design formulas and equations, as has already been stated, are considex - 
ably simplified. In this case, by virtue of (3.1), for the stresses we obtain 
formulas (3.2)-(3.4) and for the stiffnesses with subscripts 16 and 26 we 
evidently have 


Cye=Cog=9, Dig = Dog = 0; 


then from (3.5)-(2.11) for the internal forces and moments we obtain 


h=Cyy et Cag BtlnR! ee 
T= Cy 4 + Cn ggg ton Ri (6. 22) 
SuaCuh t+ (Cat Oe) ee —FOahneh: 69 
Spal f bd 6.20 
M, = 4, Da yo — On ge St — Ov Be HE (6.25) 
M, = Ong 3 — On ae GE nF oe (6. 26) 
H= 2 Dy  — 206 a5 HH aan 


The system of equations of solution does not differ externally from the 
system in (6.13); however, for the linear operators Lik we have the following 


values: 

Lay Cu) = Cn ae gar + Coe Be Ser (6. 28) 
tea (Crp) = (Cot ar Des) ap gar + (C+ ae On) ae Gs 10:38) 
£12 (C jx) = (Cin + Cos) 1 an (6. 30) 
bys Cy) =z Cn yi (6. 31) 

Ly (CjpD jn) = + Co + a = 
aioe et PO ia ee (6. 32) 
Ly (Cy Pp) = -s Ca +Dy weet (6. 33) 
+ 2(Din+ Dee! gage Garg + On He He ie 9H 


Ly Lg bay = Lig, Lyg = Ly. 


As before, the problem may be reduced to a single eighth-order equation 
of solution relative to the potential function ?(z, 3). This equation, as was to 
be exp2cted, has the form of (3.1); however, for coefficients P., Q; and R 

J 


we have the following values: 





P,=G,C,,Dy; Py =Ce&CyDy' (6. 35) 
Py = Dy, (FC, + GL 65 — V2) + 2G,C,, (Diy + 2D¢6) — CW; (6. 36) 
Py = Dyy(FCy, + GyCgg — V2) + 2F Cog (Dip + 2Doe) — 
2 J 
— fe CoDnW — ze CuDhi (6.37) 
Py = PoC gD yy + GyC Dg + 2 (Dz + 2D) (F2C) + G2Cog — V2) — 
5 2 
2 
Q, — : Q2= Fr CecCnPnr' (6. 39) 
Qs = 7 (CuCnW — CyVW); (6. 40} 
2 or 1 ] rh . 6 
Q= % [Cn (Cost +5 CDn) — 77 C2PnV |} (6.41) 
1 ) 
Ry = gr G,(C\,Cx — Ci.) (6. 42) 
(6. 43) 
Ro = pr Coola (Fa — Con) 
I ; : 1, 
R= RT (CuO —C)F, +0, (GL, —V eae (6. 44) 
+€p(2C,.V" —CCy)]. 
where for Fo, Go, V and W we have 
: D 4D 
Fo Cmci pa Ose Ceg gar (6.45) 


V=Cy+Cep Wea Pat Ae 


Finally, from (3. 47)-(3. 49) for the displacements (expressed in terms 
cf function (2, 4 )) we obtain 





w= VW pags 5208 — On aR aa 7 
— OC py Ge + I CaY — Cul) Zar Seaae (6. 46) 
aes re Cog 20 _ oe Ae (CW Tr z Cy Dry) aa waar 1s 
+ CW ay qoae =r ‘ CoCo + oe a 
+4 CW — CnC) aay Ga (6. 47) 
w= OCy oe oe + FC + OxCg —-V) Gage Gage + 
+Files i See (6. 48) 


Having the values of displacements, by means of formulas (3. 2)-(3. 4) 
and (6.14)-(6.20) we may easily write the formulas for the stresses in the 
shell layers and for the internal forces. 


SECTION 7. ENGINEERING THEORY OF CYLINDRICAL SHELLS 
CONSISTING OF AN ODD NUMBER OF HOMOGENEOUS 
ANISOTROPIC LAYERS SYMMETRICALLY ARRANGED RELATIVE 
TO THE MEDIAN SURFACE* 


Let us proceed from the general premises 2f the fourth section of this 
chapter, assuming the shell consists of an odd number (2m + 1) of layers. 


In this case we have for the stiffnesses (6.1)-(&.3); for internal forces 
Ty: Ty and moments M,, M, and H we have (6.4) and (5.5). For the internal 


forces S, Ny and No, from (4.8), (4.23) and (4.24), we obtain 
S = Cog +Cyg2, + Cog? (7.1) 
N,=—E,(Dy)w. N= - E,(Dj,)@. (7.2) 
where for operators Ej we have (4.25) and (4.26). 
Also unchanged in the proposed engineering theory are the formulas 
for determining the stresses (4. 14)-(4.16), the equilibrium equations (4. 1)- 


(4.5), the equation of compatibility of deformation (1.24) and geometric re- 
lationships (4.12) and (4.13). 


For the internal forces and moments in displacements we obtain 


1 @ 1 @ 
T=(Cug ftw gy gx) e+ 
I 0 \ 


lad, : 
+(Ceaq ge +Cu gy aU Cn Re: 
1 a 1 @ 
Th=(Cuq get Cue a )et 
; 1 oa 1a 
+(Cos a Ge tCn 97) ¥+ Cn or (7.4) 


1 @ 1 2 


(7.3) 





+ (Coot ge tC0s Fi Fr) V+ Cap Fi (C:9) 
ences ee ae ne 
Mz == —- (Dy ge -gox +2Do0-Gp Gear +n ae gar) * (7.7) 
H= (2D ay gegg + Dis is Gar + Om ae)” (8) 





*S.A. Ambartsumyan, Calculation of shallow cylindrical shells consisting 
7 anisotropic layers, Izvestiya AN ArmSSR (FMYeiT nauki) Vol. IV, No. 5, 
51. 
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The system of differential equations of solution in displacements has 
the following form: 


Ly (Cy) 4 Ln (Cy) ¥ + £13 (Cy) w= — X; 
Ly (Cy) u + Ly (Cot Ly3(C jy) w= —Y; (7 : 9) 
Ly; (Cyr) u+L,, Cy) ut Ly; (C,,D jn) w—Z, J 


where for the linear operators w <iave (the values of all operators are rewritten 
from the previous sections): 


1 @ 2 1 @ 
Ly (Cy) = Cu ge gar + Cie ap Geay + Co Be Bar (7.10) 
1 @ 1 0? 1 @ 
Ly (Cy) = Cos Aa gar + 2x AB aan + on GF (7.11) 
en I 1 at 1 2. 12 
Lie (Cye) = Cie Ga Gar + (Cia t Coe) GR Gaag + O26 Be apr? (7.12) 
1 I @ 1 
Ly3 (Cy) = RCax a tou GZ 3) (7.13) 
| ere 1a 1 @ 
La (Cw) = R (Cay gp + Oz Ge): (7.14) 


1 1 of l o 
La (CpOp)= pr Cn t+ Ou qr gat Pe -aR dat op + 


1 os 1 o* 
+ 2(Dj2+ 2D¢6) aage Gar apt + 49% -BIA da age + 
1 of 
+ Pn Be OR (7.15) 


With the given boundary conditions and solving system (7.9), let us 
determine the unknown functions u, v and w which, by use of formulas (4. 14)- 
(4.16) and (7.2)-(7.8), will permit us to determine all the design stresses and 
internal forces of the problem. 


In the subsequent discussion we shall also be interested in the shearing 
stresses «/, and t!,, which we may determine by the use of formulas (2. 4.7) 
and (2.4.8). Performing substitutions and applying the conditions at the contact 
surfaces of adjacent layers (2.5.2) and at the outer surfaces of the shell (2.5.3) 
and (2.5.4), we obtain for the sought stresses:* 


For the layers from the lower first to the middle (m + 1)-th layer, in- 
clusively, thatis, for = 1, 2, 3,..., (m+ 1) (Figure 15) 


*S.A. Ambartsumyan, Anizotropnyye sloistyye obolochki (dissertation), 
1951, pp. 101-105. 
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ai == 5 Es(Bjx) w— 7 [Lu (Bjx) a + Lio (Bin) 0 + L1a(B)y) w] — 


= ba) Ey (Pla) w — hg (Li (Rin) u+Ly2(Rie) +Li3(Rin) wo); (7.16) 
pe eh (B; 2) w— 1 [Ly (Bia)v + Ly (Bye) u + Ly; (Bir) w| - 
- = Eq (Phx) w — hy [Loy (Rie) V+ Lya (Ryn) w+ Loy (Rix ew]: (7.17) 


For the layers from the upper (2m + 1)-th to the middle (m+ 1)-th 
layer, inclusively, that is, for i=(m-+-1), (m+ 2), ..., (Qm-+ 1} (Figure 15). 


v= - Ey (ar °*-') wW— JT 1 (Bir a). + 


ay 2 
Ly (Bir os ‘Yu+ Ly,(Bjr*~') w) — ae (Pir Vw + 
+ hy {Ly (Rie Neatly (Ri ju Hly(Re yw] x ; (7.18) 


f= 2, (B90 — 7 [bn Bvt 


+L, (Bir) a+ Ly (Bi!) w] — ul E, (Pir wae 
tho [ln (Re ut Ly (Re 2) il Ya] YG (7. 19) 
in these formulas 
Rr==- mao Bi, + y Bip (t.ho » Rie = Bie: (7.20) 
‘= ms ca +2 Bi, (hs — i) , Ply = Bp. (7.21) 


In deriving formulas (7.16)-(7.19) it was assumed tHat the outer tangential 
forces (X and Y) were applied only to the upper surface (y= +4) of the shell. 


Having the values of shearing stresses +/, and 7,, we may for the case 


of the discussed cylindrical shell confirm the result derived in Section 11, 
Chapter II. From (7.16) and (7.17) at the median surface we obtain the following 
values for the shearing stresses: 


2m os + E, (PR!) w — 

—A [ey (Rin ')u + Ly(Rh*')v +Ly; (Ri ') w] ’ 
4 t= 5 Ey (Pye \w 
— [Ly (Rin")U-+ Ly (Ria) u t+ Lay (Rie) w]- 
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From (7.18) and (7.19), by virtue of (2.7.1) and (2.7.2) we obtain for 
the same components of stress in the median surface 


a 
om — > E, (PA") w+ 
+h [tin (Rix) u + Ly, (Ri) o-+ Li3(Rjx") w); 
aor h E (pm) 
tpt — oy El \Pie wt 


th [Ly (Ria!) + Lip (Rie) a+ Log (RIn!) w) 

Comparing the corresponding expressions for one and the same stress 

and, on the basis of (6.1) and (7.20), considering that 24Rj''—=Cyj,, we obtain 
Ly (Cig) 4 Lig (Cp) 04 15 (Cy) w= — XX 

As was to be expected, the derived equations do not differ from the first two 
equations of the system in (7.9), that is, from the equilibrium equations for 
the entire shel! in displacements of its median surface. 

Orthotropic Shell. In the case where the shell consists of homogeneous 
orthotropic layers so that the principal directions of elasticity at each point of 
each layer coincide with the direction of the corresponding coordinate lines 


a, 8 and y for coefficients Bi, we have (2.1); for the equilibrium equations 


we have (4.1)-(4.5); for the geometric relationships we have (4.12)-(4. 13); 
for the stiffnesses we have (6.1)-(6.2) as wellas C,,—C,=D,,=D,=0. 


In this case, for the internal forces and moments we have from (7.2)- 


(7.8) 
N=Cny Sten gy +O: (7.22) 
h=Cnq Ft Cay HP +Cn Se: (7.23) 
S = Coy pt Cog Se: (7.24) 
M, -=--(D, ar Sty a Hr) (7. 25) 
M, = — (Da Gr gr + On a Gr) ti (7.26) 
H= ~ Dee 45 Gear (7.27) 


Ny- -E,(Dy)w, Ny=—E, (Dy) o (7. 28) 
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where, as usual in the case of an orthotropic shell, for the linear opera- 
tors £,(D;,) and £,(D,,) we have (4.42). 


The system of differential equations of solution in displacements has 
the form (6.9), where for the linear o erators 


Ly (Cw) =Cu ar jar + Coe Br ari (7.29) 

Loa(Cn) = Cos ar ar + Cn Ge Gir (7.30) 

Ly2(C yu) = (Cia + Cog) a5 a5 H (7.31) 

Lis (Cie) = 2 Ce x + bas (Cyn) ae, 5 a (7. 32) 
Ly(CnDp)= pr Cn + On ar ge + 

+ 2(Din+ 2D) gigs org. +n Be a. (7.33) 


Proceeding as in the previous s:ctions, the system of equations in (6. 9) 
may be reduced to a single eighth-orc.. equation cf solution in terms of poten- 
tial function (a, §). For symmetric .:y assembled anisotropic shells we derive 
this equation in the next section. 


SECTION 8. CONTINUATIC*! .~ SECTION 7 


The equations for engineering theory of vylindrical sheils consisting 
of an odd number of homogeneous anisotropic layers cylindricaliv arranged 
relative to the median surface of the shell may be represented in the form of 
the equations of the combined method in the theory of statically indeterminate 
systems. * 


In the case of symmetrically assembled laminar shells, as is known, 
all stiffnesses Kix are equal to (6.3). Then, from (5.10)-(5.18) and (5. 23)- 


(5.28) we have for all coefficients qin and Dik 


dj,=0, Djp=0, (8.1) 


and for the internal forces moments, from (5.1)-(5.3), (5.19)-(5.21) and (5.29)- 
(5.30), we obtain the following expressions: 





*S.A. Ambartsumyan, see footnote on ,. 229. 
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T, =r Sta f xas: (8.2) 
- 1 e@ 
=p Sts | va, (8. 3) 
7 1 0% , 
S=— 7B jap’ (8. 4) 
1 Ow 1 ow Ow 
M, =—D, At Oa? — Dy Rr O87 — 2D aR 46 ‘dudd ; (8.5) 
1 dw 1 dtw 1 dt 
a Diz “at dav — 206 2B a oF ae 
=: ow 1 ew 1 dw . (8.7 
=— Ds 75 Sa0p — Pie ar Gar — Pn6 Be Rr 
Ny =—E,(Dy)®, Ng=—E2(Dy,)w. (8.8) 


From (2.4. 2)-(2.4.4), using (5. 34)-(5. 36), (4.13) and (8.1) we obtain 
for the stresses in the shell layers 


94 = (Bn A+ Bly An + BieArs) ay a “ a7 ae 
4-(BiAn + Bird + BieAw) p BF a 
-— (BAe + er ce ae AB ‘nig — 
= 1(B or a — + + Biz on ros + 2B, a su) + 
+ Bie; + Bizex + Bices: (8. 9) 


: I 1 
9, = (BrAr + BioAn + BreAre) or pr as t+ 


+ (BhAn + BlAn + Biers) 4 Ww “ = 


0 
— (Bo2A26 + il + ee: B see = 


J 1 fw 
—1(Bb gr oe y + Baar z oa 1 + 283s aR aoe )t 


+ Baye + Bios + Boses: (8.19) 


= (BiwAn + Brg Ai2 +- BicAye) pr Br a nae 


-+(BigAt2 se BA Bg Ain) oe a x = 


Qe? 
— (BigAis + Bag Arg + aha a da oy 


Otw 1 Ow 
a 1(Bis AY Oat + Bear 5 ar -+ 2Be6 a5 AB car) + 


+ Bigei -+ Basta + Boots Ge) 
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The system of differential equations of solution in (5.31) and (5.38) 
becomes somwhat simplified and takes the following form: 


11 om 1 0's; 1 oy 1 ey 
Ly(Am)?— R Av Gat = — AF Ont + AB Daas — BE OR: (8.12) 
1 1 @ B ; 
LD w+ par sh =Z+H fra 
where for the linear operator L, (Dj) evidently, 
D, & ,, D 
Ly (Dp) = Ge Gav 4 ee io ki atop + 
Das 04 Dy od 
+ 2(Diy+ 2D66) aaRe xpi 5 rat +4 ABT da 08? ae a ops’ (ee88) 


while for linear operator Ly (Ay) we have (5.39). 


Nhen the shell is loaded only by a normally arplied surface load (that 
is, when X = Y =O, Z £ O) the system of equations of solution in (8.12), as 
with system (5.6), is rewrjtten as follows: 


L,(An)?— Rar = : 
1 1 


L (Dy) + BR Gr Oat =Z. 


(8. 14) 





In a corresponding manner we also simplify the design formulas which contain 
load components X and Y. 


As is known, the system of equatiuns (8.14) may be reduced to a single 
eighth-order differential equation of solution in terms of potential function ¥ (a, 6). 
By ana!cgy with (5.63), assuming 





1 1 ay 
w=L,(A,)¥, YR A Oa” (8. 15) 


we identically satisfy the first equation of system (8.14) and from the second 
equation we obtain 


1 ow 


Ly (Dy) Ly (Aja) ¥ + er a 7 a =%: (8. 16) 


which is an eighth-order differential equation of solution in terms of the sought 
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function ¥ (2, 8). 


The principal operator of equation (8.16) has the following expanded 
form: 


ae 0% 
Ly (Djy) Ly (Aje) == Dy An ae gat + 2 (2A Dg — Dy, Ang? a8 Oa’ Op =f 


rn oe o8 
H+ [Dy (242 + Age) — BO GAG + 2 (Dip + 2D oq) Aral aH Da® OpF zs 


+ [4D G6 (2Ajy + Age) -+ 4D2¢Av — 2D, Aig — 4(Dyg + 2D6q) Aogl X 
l o8 ‘ 
X AB tos + [Dy Ay, — BP ygAy- + 2 (Dy2 + 2D 66) (2Ayy + Age) — 
1 oh : 
— BD Agg + Dy Arh vege Or on #1995 (2-4yg + Age) + 


‘ if ] 08 
HAD gAy — 2D 29A gg — 41 Dyy + 2D o5) Aigl -gage cal: + 





Ss [Dz (2. ay) : Aug) se, pe +2(Dy + 2D¢5) Al a =r at oF a 


0° 
+ 2 (2D Ay, — Dor Aye) a 5 er + DnAn _ oF (8.17) 


By virtue of (8.15), from (8.2)-(8.11) we obtain for the internal forces 
and principle design stresses within the shell layers 


1 1 ow 1 ot ow 
T= RWB aioe? T= RA oe 
coe ae (8. 18) 
Ge a 
> R AB 02503" 3} 
2, le, 1 @ 
--(Dug ar = “17 Dy ie +2Di6 aR Seay) ba (Api: (8. 19) 
I 
=~ (Dn z Br + Dy ar wt2 26 AB si) (4; a): (8. 20) 
1 : 
= — (206 a8 AB Tor + Os “ar oe + Pos “Bi ops) (Ap) Wi Re) 
Ny =—E, (Dyn) La (Aye) ¥, Ng = — Eg (Dyy) Ly (Ay) % (8. 22) 
¢! Qe? 
C, = [(B: Ais By Au + BicAre) sx + 
0? 
+ (By An + BA + Bi Ars) +f oe 
go? 1 1 ot 
— (By Aw + ners TB aadi lz At oe 
aie : (8. 23) 


1 0 rm 
ub (Bi Az = + Br 5 rif +2 2B 75 da aa) ba (Aya) Fi 
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1 @3 
oa [(BiAw + Big Ay + Brie) egg t 


i 1 0? 
+(ByAn + BiAi2 + BigArs) - oo 


nee rae Baa: AB dn 


1 
A? G 


i * 
= 1{ Ba ge - nn + Brg 


oe? 
a oa 





7 | 





(8. 24) 


< [(BisAn + BigAi -}- BlsAys) 2 a ee 


1 
+ (BigArn + Big Ar + Bie Ars) 


— (Bie Aig + Bag Ang + BigAvs) 7 


i > 
— 7 (Bis ar ot Bis ay 5 


The expressions for shearing stresses * 


g2 
- oa? 
Q? 


AB d203 


11 


R A? Qa? 


| 


ns 2Bis ay on) Ly (Ay) ©. (8. 25) 


é 


*T 


and She when X = Y =O are sub- 


stantially simplified. The second and fourth terms in formulas (7.16)-(7.19), 


~ 


as is geen from Section 7. 


are proportional to components X and Y of the ex- 


ternal surface luad; hence, with a zero value for the latter components these 


terms vanish and the formulas for the shearing stresses «|. and « are rep- 
resented in the following form: 
2 
ilies (Bh) w — FE Phd (26) 
he : 

t= SE = ye tee ‘=F TE, (Bjx) w— => Ey jn) @, 

or, considering (8.15), 
2 : 

el = 2 be E. (Bi,) — a E, (Pin) | La (Aj) ¥; (8.27) 

on = Bs , Ey (Bin) — 5" eB, (Ph) |L Ly (Aj), 
where i=1, 2, 3,..., (m+). 


Thus, it is easily seen that the formulas for shearing stresses (8.26) 
and (8.27) do not differ from the corresponding formulas given for an aniso- 
tropic laminar plate, * which is easily explained by the presence of the initial 


relationships in (4.13) 





*S.G. Lekhnitskiy, Anizotropnyye plastinki, Gostekhizdat, 1957, p. 263. 
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The displacements of the median surface of the shell determine by means 
of the following formulas: 


| 1 oY 1 oF 





1 
oa 2 et ats AB? da 03? ~ Ai 8 2) (8. 28) 
aay 
v=—R R[ An Bs B oss 5 + (Ar + Aga) BB + aH 
1 oY 1 oy 
—2Ay am eat — 40 3 Gar} n72) 


ard the normal displacement as determined from (8.15). 


By substitution we may confirm that the displacements u, v and w repre- 
sented in formulas (8.28), (8.29) and (8.15) satisfy the first two equations of 
system (7.9) when X = Y =O and the third equation gives the already known 
differentia! equation of solution (8.15). 


Examining equation (8.16) and formulas (8.18)-(8.29), we conclude that 
the problem of calculation of an isotropic laminar cylindrical shell under the 
action of only a normally anplied load reduces to the solution of equation (8.16) 
with given boundary conditions. 


Orthotronic Shell. In the case where the shell consists of homogeneous 
orthotropic layers such that the principal directions oi a elasticity at each poirt 
of each layer coincide with the directions of the corresponding coordinate lines 
the system of differential equations (8.12) takes the following form (we shall 
not present a detailed enumeration of the basic premises for an orthotropic 
shell, since they are already known to the reader from the previous sections of 
this chapter): 





1 1 dw 1 0 1 Ataf 
La(Cy) 9 — R “i? at SS ae a ‘ 3 $6 
LW, 1 1 a Be, ° 
ONY — BR =Z+R dp 


whee the linear operators L, (Dj) and Ly (Ci) are known 


1 o 1 os 
£9) = Dy Ai Gar + On Bigger + 


1 a 
+22 + 2D60) Gag Gar agr 





(8.31) 


1 Cc 1 04 
+(cy— 25") a aera | 
Moreover. for «;, and «, we here have (5.54) and (5.55). 


The design formulas take the following form: foi the bending and tor- 
sional moments: 








1 ofa 1a 
AM, -- Dy u i ~ D; A ua? (8. 32) 
| }ooaty 
My —De ie ye — Oe ge aad (8. 33) 
‘ 1 ote 
Bie tly AB cau: ' (8. 34) 
for the transverse forces 
Nee: - Ng. SEND as (8.35) 
where from (4.42) we have for the linear operators E; 
3 Dig 2d rn 
EOE Sst ke sla) (8.38) 
D Diy+2D 0 
E, (Dj) = “Rs ee a ae 03 02% * (8. 37) 
Tangential forces Te T, and S are dete. mined from formulas (8. 2)- 
(8.4). The design stresses in the layers 
Cc Cy\ 1 dt C,. , Cu\ 1 a 
2 = (Bi, SP — BiG!) ar gar — (8h 8 — 8!) ea 
Bi, dw BI, se a BI et; 
Tae oar + ar age] + Bt + Bes (8. 38) 
Cc Cy\ 1 0% Cc Cy\ 1 3? 
of = (Bi, Gt! — 81) a5 — (8b BO 3) Ba 
Bi, d?w = Bi, dtw : E 
Bis 1 Ay 1 dw (8. 40) 
‘a= — Cy AB daas — 21306 AB a a5° 
In the <.ase where the shel] is loaded only by the normally applied 
surtace luad, when 
< I a 
the system of equations of solution reduces to a single eighth-order equation 
of solntion in terms of potential function ¥ (2, 4): 
1 ow 1 oO ow 
P A® dat + Poem aint Pom 0a‘ 05 Sao 
ow 1 oo }1 1 oor 
a aa am Ga" Ope +P, Be dp® igs +] 3 As gat =Z, (8. 42) 
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where for coefficien\s P, we have 


P, a — Py=2 on (Dj. + 2De5) +D,; (é: -- — 2 S12); \ 

Dy lo. 5 2 | 
Pp SUE, Be ge 2D) + Don (1 c— 25); | (8. 43) 
P, pee (Digs 2Dy)(e— — 2 SH) 4 at, 


The design quantities are expressed in terms of fun:tion f = ¥(2, 8) by the 


following formuias: 
The tangential forces as in (8.18); 


The bending and torsional moments 





ue Cy): 
M, = = —(D, Aa pat, BE ea) Ly ( jr) (8. 44) 
1 3 0? 
=—(Dn ‘B? ae A} a 53) Ly (Cyy) (8.45) 
0? 
i= Des - 0208 2(Cyy) ¥ (8. 46) 
the transverse forces 
ro. Dy @ Oyy+2D—6—5 0 *, 
N= (Gh a Trait) Lo (Cy dW 280) 
Dy, v Bayt 3Dee © a8 ee ft ; 
N,=— (5 oo Be at asa¥) Ly(Cyp)¥; (8.48) 
the stresses in the layers 
io C a? 
ot = [(Bin SP Bie) age a 
1 C 1 Cyy to a7 tot ay 
— (81 PB. ee aa | i aoe 
wv : ~ ‘s 
—7(Bi 7 a c + Bi 3 at 5a) (Cy, (8. 49) 
F(a. Gu _ gi, Gay 1? 
0g == (8 o Bj; u JA O12 
i Cig i Ca be Q? i 1 oa 
— (8 Gt Bt SP) ae ape |e ae a 
1 lL @ 1 | @ “ . 
— x (Bi: Br “Us? t Bye We jar) £2(Cyx) Y; (8. 50) 
1 ei 1 wy 51 
Lm La (C jy) (8.52) 


eo — R Cy ABB ont ds — 27 Beo - Ab Oa oH 


the displacements of the median surface 





— ! Cia 1 os 1 Cy 1 By 7 

U=— Rw AS dae TR ABE dad! ' (8.52) 
= 1 Cy 1 Oh 1 ] Cay | 084 

v= — AP on Gr — eco) ae on (8.53) 


and the normal displacement is determined from (8.41). 


SECTION 9. INTEGRATION OF THE EQUATIONS OF ENGINEERING 
THEORY OF A CYLINDRICAL SHELL BY THE METHOD OF DOUBLE 
TRIGOMETRIC SERIES 


The equations of the engineering theory of cylindrical shells, as is 
known, *, **, ***, **#% #0448 #8448H FeREHHH May be used for the solution of 
numerous problems of cylindrical shells (both of shallow shells and of steep- 
curved to closed shells). Herein it must be kept in mind that in the case of a 
shallow shell the length may be considerably greater; when the shell is steep- 
curved its length must be limited. As our calculations show****** even with 
a ratio b/R = 0.5 the engineering theory of cylindrical shells is applicable 
over a rather wide range of change in A = a/b (Figure 56); for example, when 
a cylindrical shell of open profile is freely supported over its entire contour 
and sustains a distributed sinusoidal load, this range of change in A lies from 
0.1 to 10. 


In the case of a cylindrical shell of closed profile applicability of the 
engineering theory is limited. However, as A.I. Lur'ye's calculations show, *** 
a horizontal tube partially filled with water may be dealt with in the engineering 
theory of cylindrical shells even in the case where //R = 10 (see Figure 55). 

We also point out that with more smoothly varying loads (for example, in the 
case of an entirely filled tube) this area of applicability of the engineering 
theory can be expanded. 


Witkout impairing the general validity of the discussion we shall apply 
the procedure for integration of the equatia of solution in the theory of 
anisotropic laminar shells by the method of double trigonometric series to the 


*T.T. Khachaturyan, Shallow cylindrical shells, Soobshcheniya In-ta 
mat. i mekh. AN ArmSSR, No. 4, 1949. 
**V.Z. Vlasov, see pp. 315-397 of work cited in footnote * un p. 201. 
***A.I, Lur'ye, see pp. 178-243 of work cited in footnote ** on p. 203. 
****A.L. Gol'denveyzer, see pp. 459-460 and 470-541 of work cited in 
footnote *, on p. 203. 
**#*** VV. Novozhilov, see footnote *** on p. 208. 
****4*S.A, Ambartsumyan, Toward approximate theories of calculation of 
shallow cylindrical shells, PMM, Vol. XVII, No. 3, 1954. 
*******Kb,M. Mushtari, Some generalizations in the theory of thin shells 
with application to solution of stability problems of elastic equilikrium, PMM, 
Vol. II, No. 4, 1839, 
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example in the engineering theory of shells (sections 4, 5, 7, 8). Where 
necessary the integration procedure is easily extended to more general equa- 
tions of solution in the theory of anisotropic linear shells, for example, to 
equation (3.31). 


A. Circular Cylindrical Shell of Open Profile. Let us discuss an 
orthotropic multi-layer cylindrical shell of open circular profile in which 


the principal directions of elasticity coincide with the directions of the coordin- 
ate lines. Let the shell overlap a rectangular plane (a X >,) and have the 


following dimensions: along generatrix a, along the arc of the transverse 
circle b, the radius of curvature of the coordinate surface R. The coordinate 
origin of @ and 8 is located at an angle of the shell, that is, at the point of 
intersection of two adjacent edges (longitudinal and transverse) of the shell. 
The coordinate system is so chosen that the coefficients of the first quadratric 
form of A and B are equal to unity (1.1). Let, moreover, the shell be freely 
supported supported over the entire contour (hinged edges free in the tangen- 
tial direction) and sustain a concentrated force Z = -Q normally applied an 
arbitrary point (2= x, 3 = y) of tne surface of the shell (Figure 56). 





Figure 56 


As the equation of solution of the discuss. 1 shell we may take (5.64), 
which in expanded form is rewritten as follows: 


hale oy oy oxy ay 
Py yqe + Pa gavage t Ps gargzi t Pa garage t+ Pe opr — 
ost" oo our 1 oy 
— 2Q, Ga8 — 20s garam — 2% gorau + Be gee = 2: (9.1) 


With the give~: method of fastening the edges of the shell the boundary 
conditions will have the following form: (2.1¢.3): 


for *=0, a=a: ee | (9.2) 


for f =- 0, p= ob: u=w=T,= M,=0. 


Thus, the sought function ¥ - (2, 8) must be so defined that with a given load 
Z the differential equation of solution (9.1) and boundary conditions (9.2) are 
satisfied. 


Examining formulas (5.63), (5.67), (5.68), (5.70), (5.71), (5.76) 
and (5.77), we easily see that the boundzry conditions in (9.2) may be satis- 
fied, secking the unknown function § = (1, 3) in the form of the following 
doubie trigonometric series: 


y — > » A_ sin ie sin uae (9.3) 


where Amn are ‘uc unknown coefficients, m and n are integers (m, n =1, 2, 3, 


a i 


In order to determine coefficients Amn let us expand the load Z = Z 
(a, 8) into a double fourier series 





Za \ WN a_, sin 27" sin ust (9. 4) 


where coefficients ay,, are determined from the well-known formula 





a ob 
4 cane : na. x3 
ory | | Z (2, 3) sin 7 sin a dads. (9.5) 


mn a 
v 0 


Inserting the values of ¥ and Z from (9.3) and (9.4), respectively, into 
the differential equation of solution (9.1) and comparing the coefficients of 
the identical sines, for the sought function we obtain 


© QV OQ aan mrt, ars 
Te>, 2, Saas sin —- sin =~, (9.6) 
m=1 n=) 


where for Amn We have 


Ann = Pym* + Pym'n?h? + Pomintd + Pym?n6 1 
1 3 ; 4 1 
Pn £25 (Qm8-f Qyntnh? + Qumntes) 4. ie 


h-- fe P;, Q;— kak B § &. 


are as in Section 5. 


ae m4, (9.7) 


n* 


In the discussed case, when force Q is applied at point (x. y). we have 
for coefficients amn 
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Oma = — sin a sin — a 8 (9.8) 
(m=1, 2,3..., a=1, 2,3...). 
Then for the sought YW(z, %) we obtain from (9.6) 
4Qa? sin a sin ae sin me sin 9 
if ay SNES pe een eS : 
a, 0.9) 
m a 
Inserting the value of function (2. 3) into (5.63), (5.67)-(5.75), 
we obtain: 
For the normal displacement 
4Qa‘ ay 7 3 rs 
ul a N ~ co sin —— sin = sin _ sin — ; (9.10) 
where 
Mi = im LE 2&1) mnt ype nts, (9.11) 
ard \-66 
For the tangential f rces 
- 4Qa*? 1 QQ (WR ‘ 
fe ah wale Mn + m®) X 
m a 
Xz sin me sin ne sin ee sin ae 
AQa! a th © ay (9.12) 
ra M0 MY (Fag, tm) x 
m? mr... ans MAX ARV | 
x = sin -—— sin ets sin - oe sin - -? (9.13) 
— 4Qath UVYy nriR 
SSS" nab) US stm) x 
m Nn 
x ™ cos mnt See ATS. mre . nny 
< 3 eos = sin - — sin (9.14) 
where 
Mes pit aie Kili a + (Seen = Kil in 9 a ifs 
J: Kila s Aun) mnt + KC = Ku Cia ni’: (9.15) 
for the moments 
__ 4Qa? Nv N 0 2 0) ao) 4! 
M, eh ald {Ou = Di) m +(D: —_ Di.) mA ] Ana + (9 16) 
ma bd 
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+(e KG ya 4 Kuen Kulu gral (ar, +35} x 


X go sin 7 sin ae in MES sin nw; 


m= $85 LE On— Oho +(00— a et 


riab 


=f [Aaees Kai ne? KayC i, — = Kul mn? (4%, He om x 
mnra ani mn. nny | 


X gosin ™ sin : sin ™"~ sin ra 


1m SYD 2 (Des — Dic) mn — (a ae + Far) 


niad 





ma An an 
x2 <- ~~ cos |Z 60s sin me sin 


i 


for the stresses in tre =F haves 


t= Be DL {lsu — a) at — 





2 (11, <2 — BiG) ana ](Qa + 47,) + 
os [(Bi Aun == Anal a + Bi, Antu 7 KiiC ia = 1B1:) aye 


+ (Bi: Mins a Biy fT Tea tT Bis) m=] San X 








xa =— sin Bi sin el sin ast sin Bue : 
Amn 5 6 
sD Eee a.) me 
c. C 2,2 
— (6,6 —! — Bi, 7 m?] om + inn) + 


+ [(Bb AnGite Aut ea By STIS oral STC 718i.) m? + 


4 pene — 12] Am o}X 


: j mna nx3 Max. any. 
x sin —— sin —— sin sin -— 
Saun b b 


=~ Sar DE [Gar + 8m) 8 ink - in) < 


mra Aan MTX Aan 
x 2 cos ™™ cos 2 sin” = sin “2, 
Amn 
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(9.16) 


(9. 17) 


(9.18) 


(9.19) 


(9. 20) 


(9.21) 


In the case where an orthotropic shell consists of an odd number of 


layers symmetrically arranged relative to the median coordinate surface 
(sections 7 and 8), the equation of solution has the form (8.42) and the 


design formulas are (8.18), (8.44)-(8.51). Then, proceeding as in the gen- 


eral case of an arbitrarily laminar orthotropic shell, we obtain: 


For the function W(a, 8) and normal displacement w(a, 6): 


sin -_ sin aep sin = sin = 


Y= — ar eee 


mia 
4Qa‘ sy i. mra : anf i Mnx any 
= sin —— sin —- sin —— sin —- 
= mab a Lie Begs 8 o° 
m 














where 
Aran, = Pym® + Pym'n2? + Pomin'h4 4+- Pym2nh6 + 
Py! + 7, m', 
andfor A’, we have (9.11); 


For the internal forces and moments 


























_  4Qatht YD mint mra and IARX nny: 
T= ae pe i z sin —* sin sin == 
m a 
4Qa‘ m‘ An nn 
™%=— ao La 2 a, nb sin ™ sin Fi 
4Qa‘h nxB nn 
S=— sR x — me cos * sin 7 sin 
4Qa* 
M.=— 3p > (Dm? + Dyn 
mi oA 
«K sin 7™ sin 7 ne. sin a sin ey : 
ae 
X sin a= sin vn sin @ mex sin ; ’ 
8Qa*h mba mna nnB mnx nny 
H= Ow LUG a cos “cos sin — — sin =-3 


for the stresses in the shell layers 
4Qa‘ Cc Cc 
= aGie DD [(0n SP 9G) 


— (ah Car Bi 3) ant] — sin 2™ sin si sin = sin a“ 
mnd 


yee 


1 ar pp) (B! m+ Bint) x 


x sin 7™ = sin a sin a sin -; 
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(9. 22) 


(9.23) 


(9. 24) 


(9. 25) 


(9. 26) 


(9.27) 


(9. 28) 


(9.29) 


(9. 30) 


(9.31) 
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i e]) m2? . mn. and. mrx, nr 
— (Bi Cu __ g 62) mi] sin sin 2? sin — sin ise ges 


4Qa? wr a dan 
71 ab fd D (Bian + Bim?) 7 x 





* sin mne sin . sin a sin = ; (9. 32) 


4Qa?h og 22m? , mn 
ro eaabe p> 2 EE Cog Rat = bao 


x co mee sin ME sin TOY (9. 33) 











Cesign formulas (9.22)-(9.33) may be derived from the corresponding 
formulas for arbitrarily laminar shells (9. 9)-(9.21) if it assumed therein that 
all Ky, are equal to 0. 


The --sign formulas derived in this section are wholly adequate for 
the solution of freely supported (over the entire contour) (9.2) cylindrical 
shells of open profile loaded by a normally applied surface load.*,** Let 
us discuss a few of these problems. 


1. A circular cylindrical shell with layers symmetrically arranged 
relative to the mean coordinate surface is freely supported over its entire 


contour and sustains a distributed, normally applied load which varies over 
tne surface of the shell as follows: 


. na. 7B 
2=— sin —- sin |. 
qo a 


In this case the design formulas of the problem are derived if in all formulas 
(9.23)-(9.33) Q is replaced by q,sin sin = TY dx dy and the resulting expres- 
sions are integrated over the entire loaded surface of the shell. 


From (9.23), (9.31)-(.33), for the normal displacement and design 
stresses, after appropriate elementary transformations, we obtain*** 





*S.A. Ambartsumyan, see footnote on p. 229. 
**T.T. Khachaturyan, see footnote 1 on p. 240. 
***In the ensuing formulas the subscript 0 for dma is omitted (e.g. . 4; = 4;,). 
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a A). ta m3 
T == —- Gg =; are sin Zz sin ee 
’ ai é Cc i Ci, i Ci { Cc 
co eBIE lem @— a) (oad So] - 
sin — P sin = 
— 7 (8h, + ala?) ah) ee ; 
au 
a? 


25 | (eu S2— 059) 2 (04.9 — ah 2) - 


me j , sin sin 
— 7 (Byd’ -+ Bip) ant si : 


MW 
2) 2 Bl *, 70S = cos Bcd 
a*l. ( a q a b 


i] , 
tas — 05 (eet Cae — 27h Si) Aa 








As a numerical example let us discuss a three-layer plywood shell with 
the following specific cdimeisions for the median surface: a =b =50cm, A = 
1, R =150cm. Let the ply of the shell consist of two longitudinal (outer) and 
one transverse layer. The direction of the grain of the longitudinal plies 
coincides with the direction of coordinate lines | = const. and the direction of 
the grain of the transverse layer coincides with tne direction of coordinate 
lines -.=const. For the elastic constants of each layer of the shell we have: 


Layers I and Ii: 


E, = Ej" = 120000 kgiew?: E) = E)' = 6000 kg/ex?; 
Gi: = ols == 4800 kgic.u?; vi — a fakin 0,6; v9 —— v2 = 0,03. 
Layer II: 
El! = 6000 kgicw?, El! = 120 000 kg/cwu?, 
Gi}, = 4800 kg/cm?; vit = 0,03, vil = 0,6. 
The total thickness of the shell 4 =3,0 mw»; the thickness of each layer 
t,-.1,0 ma; the design thicknesses: 4, =h,=1,5 maw, hp=0,5 wm (Figure 57). 


i 








From (3.1), for coefficients By, we obtain 
| uayers | #4, u weer] a 7 | - | ig 
TandII = 12200 wo | 8 6 100 | 3.660 | a 2 
: 5100 sim | iz woo | 3.660 a0 
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By means of formulas (6.1) and (6.2) we obtain for the stiffnesses 
C,, = 25010 kg/cm; Cy = 13 420 kgicw; 
Cog = 1440 kgicw; Ciy= 1100 kg/cm; 
Dy= «265 ke cu; Dy = 23,4 kg cu; 
Deg = 10,8 kg cw; D .= 8,3 kgce. 


Considering the resulting values of 8',. C,, D,,. formulas (9.11), (9.24) and 


(8.43) and the fact that for the discussed examples m=1,2=1, }=1, we ob- 
tain: 





Figure 57 


for the flexure of the shell center (a =F. §= 5) 


w= — 2,69) C4; 


for the normal stresses in each layer of the shell when o = a/2 and 
B =b/2 









































a Layer I Layer II Layer III 
tresses ———__——__ |—————_—_ 
| Point 1 |Point 2| Point 3 |Point 4| Point 5| Point 6 
—o | 520,0q, | 641,09, |  67.09g,| 77.094] 763,0q, | 884.09, 
| —4 | 70,09, 80,04, | 1248,09,| 1370,0g,| 89,09, 99,0, 
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Figure 53 gives .he diagrams for the calculated normal stresses. 


Also of interest from the standpoint of illustration are the maxi .num 


values of shearing stresses +!, and %, Inserting the value of w into (8.26) 


oc of W into (8.27), we obtain for the shearing stresses +!, and 1), 


i Vent 1 hg 1) 192 
1 =% 55, = (Biz + 2B) — + (Pir +2P4)} oe 


7 2 na E 
+ is Bi 2 ph) cos sin * 


7 


, 7 & buf ft ppt { Ag pl p! 
%, =%5 4,13 (Biz + 2Be) — -> ( 12 + 2P 66) | 8+ 


2 42 
+(255 — 2 Ph| 19 | sn ~ cosy. 








Figure 58 


Considering that for the discussed example 4) = 1,5 «#, we obtain from (7.21) 


for coefficients Pi 














Layers Pi degyes*) Pi, | re | FL 
pt Ee 
Tu iif | 122 000 | € 100 | 3 660 | 4800 
Ht} | 108 500 | 18 950 | 3 660 | 4800 





Wiiti consideration of the data listed in this table, for the shearing 
stress + in each shell layer when «= 0, and P=+ and for the shearing 


stress th in each layer wher a=a/2,and {=0 -ve obtain 








| Layer I i Layer 0 | _Layer Mm | 


|Point 1| Point 2 i Point 3: ‘Point OPoint: 4) Point 5 ees 6 











U84q, | 0.857, | OS4g, O849, » 00 


: | 
| | | 
| | 











1295 | U,23q¢ | U.Lidg 


| —_ 





Figure 59 gives the diagrams of the calculated shearing stresses. (The 
seale of the diagram for the shearing stresses differs from that of the diagram 
for the normal stresses. ) 


yp 








Figures 58 and 59 clearly show the infizence of lamination aud 
anisotropicity of the layer material on the distribution of stresses over the 
thickness of the shell. 


2. Acircular cy ndrical shell with layers symmetrically arranged 
relative to the median coordinate surtace is freely supported over the entire 
contour (9.2) and sustains a uniformly distributed, norim illy applied surface 
load of intensity q. In this case, in fovmulas (9.23), {( .31} and (9.32), by 
replacing Q with q dx dy and integrating the resulting expresélaie over the 
entire loaded surface of the shell, we cbtain for ‘he normal displacement and 
normal stresses in the shell layers 

=e qa" + vV Sinn sin is sin Ae 


79 ged awed MUNA, i b ’ 
moan 


(=P YEU (04S) 





mna nna 


sin a ala a 


— (Bi SP — Bh, G2)? ]— (Bhim? 4. PD ne] i a 


mitdinn 


t lGqa‘ YIN a? Ci, , on 2,2 
FYE Gm, Gye 
m 


a 








Cc Cc ; ; ; sin = ain —_ 
7 (Br =) a — Be 3) m) ors 7 (Bin? + Bim’) Ain }— 


“mnAmn 
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Jn these formulas, for m and n we have 


As a numerical example let us discuss a three-ply wooden shell con- 
sisting of two layers of plank sheathing separating by an inner row of longi- 
tudinal beams. We shall disregard pliancy of the bond between the beam 
frame and the sheathing. Lei the specific dimensions of the shell be: median 
surface a = 1150 cm, b = 1150 cm; radius of curvature of median surface 
R = 2200 cm; total thickness of shell h = 12. 0 cm; thickness of sheathing 
(i.e., thickness oi the first and third layers) t, =t, = 2.0 cm; thickness of 


middle (second) layer (i.e. , height of beam) to =H= 8.0 cm; distance be- 


tween beam axes s = 12.5 cm; thickness (width) of each beam d= 5.0 cm. 








Figure 60 


Assuming that the elastic modulus of the shell material (both of the 
sheathing and of the beams) along the direction of grain is E kg/cm2, for 
the elastic inoduli of the middle layer (which consists only of longitudinal 
beams of rectangular cross-section) (Figure 60) we obtain* 


pl é E=048, Ee" =:0, 


while for the elastic moduli of the transverse sheathing, that is, of the first 
and tnird layers: 


FL=E3'=0, £,=E!' =0. 


Furthermore, approximately assuming that the shear modulus of the entire 
shell Gyo = 0.1E and that the Poisson ratios of ali layers of the shell are 


equal to zero, for the shell stiffnesses, from (6.1) and (€.2), we obtain 


*S.G. Lekhnitskiy, see pp. 258-250 of work cited in footnote on p. 


C\, = 3,2E kgiew, = Cy = 4E kg cu; Cog = 1.28 kgcu; 
Dy, =17ANE kgew; Dy =101.3F kgeu; Dy = 14.4E kg; 
Cig == 0; 1g = 0; DP = 12,38 kg?.cu?. 


Using (3.1), (9.13, (9.4) and (8.43), from the presented formulas for 
the design quantities and limiting discussion to the first terms of expansion 
(m =1, n=1), we obtain: 

for the norm:l displacement of the shell center 


w= 10,3- 16° } cM: 


for the normal stresses in the sheathing and in the beains, with @ =a/z 
and 8 =b/2. 


























(i —— i ee Sa Ee ee (ea al 
Layer I LayerII(beam)| Layer TI! 
Point 1| Point 2) Point3 | Point 4 | Point 5 | Point 6 | 
= 0,0 | 0,0 | 738 q | 1353 | 0,0 | 00 | 
ae a: eee 

| 1 j 
| —e! IF | sq | 00 | 00 | 144g | 298g 








3. A two-layer circular cylindrical shell is freely supported over its 
entire contour and sustains a uniformly distributed, normally applied surface 


load Z = -q kg/cm’. Let the dimensions of the shell be a=b , 50.0 cm; R = 
= 100. 0 cm; total thickness of shell h = 6.0 cm; thickness of first layer 
t, =2.0 cm; thickness of second layer t, =4.0cm. Furthermore, let the 


elastic constants of the shell layer be: elastic modulus of the first layer 
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Fizure 62 


F, = F):=r£; the elastic modulus of the second layer E, =; =E; the Poisson 
ratios of the layers w =.” -y (Figure 62). 


From (3.1) we obtain for coefficients Bix 


Bi,=rE, Bo=rE, Byo=0, Bye =0,5-E, 
Bi =E. BL=F, Bh=0. Be =0,5E. 


Considering that the design thicknesses of ihe shell are 8, = 2,0 cu. 8,=6,0 cu, 


from (1.18)-(1.20) »-e obtain for the stiffnesses 


Cy=Cy=2E(r +2), Cag E(r +2), C= 0, 
8 

Dy = Dy = FE(r +26), Deg = FE (r +26), Dy =0, 

Ky =Ky=2E(7 +8) Kg = E(r +8), Ky = 0. 


On the basis of (5. 40)-(5.47), for coefficients (Dj, —D‘,) we ob- 


tain 
74 64 
(Diy — Dn) = (Dn — D% == if ao 6 


1 A 4 64r 4-16 ie. 
(Dés — Des) = + oe es ee (Diz — Di;) = 0. 


E; 


On the basis of the formulas presented in Section 5 we obtain for coefficients 
P and Q; 

1 rt?+ G4r + 16 
7 74 


4 ri + 64 16 
P= Pas Era 


Pp=2—( aor Q,=9, Q,= 9, Q,= 0. 


Now irom (9.23), (9.31) aud (9.32), after transformation we obtain: 


ww 
ron} 
oes: 





2 23 mna nee 
Ke 24a¢ (r+2)9 pp? (m* + n?) sin sin a! 
WS EGT+ Or + 16) oe mates 
1 at 
FS | oer 24a? (r + 4) Bi’ Sale mn 
. ntE (7? + 3dr + 16) hed deed | Rr? Dna 
48 m(m2+ ni)? nnd. 
—(5 = 1) Ae) sin ME sin —*, 
24a" (r + 2) By,'"'y v Hl ge aa 
a aM id a 7 
‘ BE (r* + 047 + 10) and Rut 2Bpa 
min 








= (5 8 ~1) n(m? + | ae oe a and 


sin —— 
ma a 


mn 


where 


— ma 3(r + 2)? 
n= (m+ ni + a, (Me = ) ae oe 


while for m and n we have m, n= 1, 3, 5,.. 


By means of the derived formulas we may calculate the values of 
flexure and stresses in the shell layers with different values of r, that is, 
with different ratios of the elastic moduli of the layers. Assuming 














: ay 
w=, iE 
with different r we obtain for A, 
pow fw fom | 
t 1,0 | “0 10,0 
‘ies miele i Ansel "ay ¥ 
he | 0,1901 | 0,1393 | 0,070 | 
Assuming 
bl ug tj! a9 
Sq — Nr a , Sa — Sis a 
nN at ul a? 
= Mra = ’ s= M5 < ’ 


for },, and ,, at different puints of the normal passing through point a = a/2 
and 
and 8 = a/2 we obtain: 






































coeticien | Points | rod | raz2U rele 
| 

ies Pre oe ci _ wae 
i | 9378 | 0,431 0,493 | 
i ] 1 1 
‘> ——= 5 ieee — 

a 2 | 0044 | 0.054 0810 
i 
| 3 » O04) =.0.029 5 Oost | 

| " ©. Canetti BA 

tay | Aen aS Rote iw stent 
4 UO 0518 | 0,342 | 

I , 03K | 0.439 0.515 
, - [- : a r 

| 2 0.049 | 0.050 | —0,788 
weer = : ! as 

1 3 | 0949 | —0025 | —2979 

oe, | — 2 

4 | —o618 | --0514 | —0,340 





For a graphic illustration of the distribution cf normal stresses over 
the thickness of the shell Figure $3 shows the diagrains of the normal stresses 


3‘ for the two values r=1,0 and, = 10,0. 


4. Let us explain the influence of anisotropicity of the shell material 
on flexure of the center cf a circular cylindrical shell for different values 





Figure 63 


of }=a'h. From the preceding problems we have for the normal displacements: 


with force Q concentrated at point (x, y) 


oS UDE 


mra MRX any 
sin — i ai —-sin > 


man sin 
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with uniformly distributed q 


a mna and 
2 Ve Rita a aa 


For the flexures of an isotropic rectangular (a X 4) _ plate with the 
sume loads we have 








mra ard MTX any 
sin — sin — sin -—— stn —*- 
b a b 


(ma nt a aan)? 





8! 
re} 
I 
ae 
oy 
24 


ans 
sin = eH Soin 


— __ 16ga‘ 
= VD 2; > mn CEES an?)? * 
m a 





where D =r is the cylindrical stiffmess of the plate. 


Applying the well-known method of improving the conve’. ce of a 
series* ,** and obtaining from the solution for an anisotrcpic rp .'-, the 
solution for a rectangular isotropic plate with sides a, b and c of arbitrary 
stiffness D, we finally obtain for the displacements of the discussed shells 





fs 4Qa?i Ming ~ Dlm? bien’) oY 
Wy — Wa - p> 24 Atpay2 \ mK 
D co + a?n)? 5, 
mr1 nz3 MRE. TY 
X sin -- — sin ae sin a sin = 
= 16ga' v — D(m? +n ~ 3, _omna and 
@, = Wa = Sp pe Fa (mt hin ni), ces — sin —- sin “> . 
m a 


Thus, for the normal displacements we have obtained formulas with two 
terms, wherein the first components (wg and w,) are the flexures of an 
arbitrary point (2, 8) of u rectangular (a x 4) hinge - supported isotropic 
plate and the second components are the influence of the elastic characteristics 
and curvature on the normal displacement of an orthotropic shell. 


The values of the first components may be obtained from well-known 
tables (b.G. Galerkin, S.P. Timoshenko). In the case of the second com- 
ponents, in view of the rapid convergence of the double series, we may limit 
ourselves to the first terms of expansion. Proceeding in this manner, for 
the normal displacements of the shell center (2 == «,2, 8 == »/2) we obtain 





*T.T. Khachaturyan, see footnote *, on p. 240. 
**S.A. Ambartsumyan, see footnote on p. 228. 
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Qu 7 x,—DN477 4), 
wep (te7 ee rd! 
se ga! 16 4,,-- D1 4+F 3, ‘ 
Mu py | 7a 58 (1 payed, 


where 7,, and 2, are the coefficients from the tables. Here, in determining 


«, it is assumed that the 


jurce Q is applied to the ccnter of the shell, that is, 
x oat, yo he, 


Let us discuss a single-laycr orthotropic shell with the dimensions: 
ho :2t%y- OL a, AR =1/80, 4/R=0,5. 


Two cases of combinations of elastic constants are examined: 








. | oy | 7 = 
Case | Bol F | “ | * | Gu | 
| it .-.--, at ii ae \ 
ro! og | ose | 06 | 003 | 004E | 
no | 005e | E | 0,03 | 06 | 0,04E | 
| ' | i 


In these cases we obtain for the stiffnesses: 


Case I 


Cj, = WOE: Cy. == 0,5F; Coe = 0.4E; 
D,, —83,dE;, Dg -2 4, ITE; Deg 22 3,338; 
Case JI 


Ch -20,5F; Cy = 104; Cog == 0.48; Cy. = 0,3E (kg'c x); 


Dy -AATE; Da, = 83,38; Dy =3,33E; Diy = 2,5E (kgex). 


Cio =0,3F (kg'c); 
D,, =2,5E (kgc). 


In each case we examine three ratios between a and b, namely: \==a/h = 0,5; 
A =1,0; 4.= 1,5. 


From the above remarks ijt is evident that the cylindrical stiffness 
of an isotropic plate D may be arbitrarily chosen. With this in mind the value 


of D is sought from the condition that the second components of the formulas 
Wy and w, must vanish, that is, 


A,,— DU +2274), == 0, 


whence, for D we obtain 


A 
D= ue, 
(1+) 4, 





which is the stiffness of an equivalent isotropic plate whose flexures do not 
differ from the normal disylacements of the corresponding points of the 
anisotropic shell urder consideration. 


On the basis of (8.40), (9.11), (9.24) and the derived formula we may 
easily determine the values of cylindrical stiffness of the equivalent isotropic 











| 
| Case | sayy | ral | pala 
! 
i} ‘ ipa ee ee nn 
aah ite oy 
I | 58.9F | | 
uo | G7E | AE | quar 
[ace 2 phe tl® Li te | 
Assuming 
n O*g 
hal ai” a 
_ + 0 
eo oe * 


and using the tables, * for the coefficients a and 9) with different values of 


A in each case we obtain 


1 

a | Case | " 1 1 
ie en, 
| I + 0.0000) C0001 2 U.000 1G 
IF fie Wew es tah 
! q | 
; | 1 , 0.00004 Q.o00l2 . 0.00015 

1 | 
Seine niatenmeaall tein : 

| 1 | 0.00007 0.00055 5 0.000800 | 

if) | 

| ; Hosea te Sr | 
| | iT] | 0,00025 | 000033 0.00048 | 
ae a I 


Figure 64 shows the results of calculation of the flexures of shell 
centers. 


1934 *B.G. Galerkin, Uprugiye tonkiye plity (Thin elastic plates), Gosstroyizdat, 
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The calculations show that in anisotropic cylindrical shells with small 
n(.< 1) (that is, when we have "short" shells) it is more convenient to have 
large values of stiffness in the longitudinal arection (a) of the shell whereas 
with large »(. -1), (that is, when we have "long" shells) it is more conven- 
ient to have large values c. stiffness in the transverse directiun (8) ot the 
shell. 





odes 
a5 10 15 A 
Figure 64 


B. Circular Cylindrical Shel of Closed E -sfile. Let us discuss an 
orthotropic, multi-layer cylindrical shell of closed circular profile in which 
the principal directiors of elasticity coincide with the directions of the 
coordinate lines. The system of coordinates is so chosen that A =B-=R 
(1.2) and the origin of coordi: «te @ is in the plane of any end section of the 
shell. The shell is freely su,7orted at the ends and sustains only a normally 
applied (radial) surface load Z = Z (a, &). The length of the shell is | and 
the radius of curvature R (Figure 65). 





In this case equation of solution (5. 64) is rewritten as fc, lows: 


P ar er OT OO 
p, O18 + Ps gy Ost aes Oa dst © © 4027058 


; oprg, a 
+ Ps ee 
— RS gyre + EGE = RZ. (9. 34) 


In the mentioned method of fixing the ends of the shell the boundary 
conditions will have the following iorm (2.10.3): 


; (9.35) 


when a =: 0: v=w=T, - M, =u; | 
when 2 -%: vw Ts Mou | 


Thus, the sought function I (2, 8) must be so defined that with a 
given loud Z there are satisfied: equation of solution (9.34), boundary conditions 
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Figure 65 


(9.35) and, by virtue of the closed nature of the shell, the conditions of 
periodicity ove~ coordinate 8. 


Examining formulas (5.63), (5.67), (5.68), (5.70), (5.71), (5.76) 
and (5.77), we easily see that the boundary conditions (9.35) and condition of 
periodicity may be satisfied by finding the function Yo Y(z, +) in the form of 
a double irigonometric series 


sie >» >» Amn Sin an cos 43, (9. 36) 
melnact : 
where A, are the sought coefficients, 2, =F is the relative length of the 
shell, and m and n are ixtegers(m—1,2,3....n= 0.1, 2,9...) 


In order to determine coefficients A,,, let us expand the load 
into a double Fourier series 


wy Y . 7T ., 
ae » »> Qmn Sin a vosa3, (9.37) 


m-laaW 


where coefficients an are determined from the known formulas 
Ono = f f Z (a, 8) sin dad8, 
ee (9.38) 
Gian = 4 f fz (a, §) sin a cos n8 da dG. 
Inserting the values of y and Z from (9.36) and (9.37), respectively, 


into the differential equation of solution (?.34) and comparing the coefficients 
of the identical trigonometric furctions, we obtain 
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2 sin — * cosng, (9 


where for ,,, we have 
-P, (= 





=)" 4 Py (2 \'n2 +P, (SE) at + 
+P, (2) n+ Pn* +.2R7/Q, (2 aes 

















.39) 


nr 2( mn \4 9.40 
+Q; (“sy'n 1 ay( ef “| +R?(-S) , ( ) 
P; and Q; a.e as in Section 5. 
Inserting the value of function ¥ — f(a, 3) into (5.63), (5.67)-(5. 75), 
we obtain: 
for the normal displacement 
w == R* > >. Cen a sin = cos 28, (9. 41) 
m-=la=0 ss : 
where 
, Cc mn \A 1 C, mr. \2 C. ; 
sar (7p eg (ree wot ea aioe! 
for the tangential forces 
n \2 " 
T,=R? > >? (=) R 47,4] 3 Amn Sin cos ap; (9. 43) 
mala=0 
‘ 2 
>») Cokeetale “yaw ee 
laced 
S=—R’ > ») LF =\ R+ a”, ms 7 Ama cos sinnB, (9. 45) 
a, Sma a) 
m= — S 
where 
” — Kyl —kK,,C mr \A Ky,C as Cia Ks 
Aon — ui = 11“ 12 (=) af aa\11 12“1 a ae 
4 Au KC, — Auta) (2 “i, 24 KiCoa = KuCrs nt. (9. 46) 


for the moments 
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for the stresses in the shell layers 
aN Cc 1 Cy,yy; mn 
= — RYN [(8u 5 re Bigs \{—= 


2 
-~/\ 4, i. 
meln=0 


— Bi, 52), 7 (= ms yR 1A" 2 lela sth eae 
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(9. 50) 
of = — R? > » { (8% fa — By; <2) n? — (Bi, = aes 
— at, G2) (M2) a pa] + (etal Aute 
spt Kiln — Kuti — 7B; ee mer le i peti ate fe 
a 7 
cane 1B) n Jae 2% sin ™™ cos m3: (9.51) 
=P LYE eteel 2 By 
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— 2By (; = ott) a, fo rie mn COS a sinn3. (82) 


Assuming in the derived formulas Ki, = 0, we obtain the formulas for the 


design quantities of a circular cylindrical shell of closed profile consisting 
of an odd number of layers symmetricaily arranged relative to the median 
coordinate surface of the shell (Sections 7 and 8). 


As an example let us discuss the problem of a horizontal tube with 
three symmetrical layers, freely supported at the ends and filled with a 
liquid with specific weight y*,**. Disregarding the weight of the material 
of the tube itself and reckoning angle 8 from the low point of the tube, for 


*S.P. Timoshenko, Plastinki i vbolochki (Plates and shells), Gostekhiz- 
dat, 1948, p. 416. 


**A.I. Lur'ye, see pp. 203-205 of work cited in footnote on p. 203. 


the effective load (the radial pressure of the liquid) we obtain 
Z = Ryx(1 —cos§8). 
inserting the value of z into (9.38) we obtain for coefficients a.) 


= (m=. 1, 3, 5...) 





Figure 66 


and when  ~> 2, we absolutely find a, = 0. 


By virtue of this and (9,41) we obtain for the normal displacement 





= 
w- WV Wo Sil am +t ces >, Wa) Sin ——, 

where rol me) 

ts 4yR? Cy, Ri 
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oe ae (+e 
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Let the specific dimensions of the shell be: //R=0,5;r4/R =0,12; A = 1,2 


cm; tf} =t,==0,1 ca; tp = 1,0 cw (see Figures 65 and 66). Furthermore, as- 


sume that we have two variants for the elastic constants of the shell layers: 
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Variant I 
E\ = Ey = E|' = Ey! = E, 
Gio = Gj) = 0,3846E, 
E\! —0,05E, E} = 0.58, Gi) = 0,056, 
yyy A! _ 0,3, 
vil a vil = (0); 
Variant II 


E! opel a. lh Ogle 
Gyo = Gir = 0,3846E, 
E!i—c 55, cE! =0,05E, Gp = 9 F 


1 ot omit moo 
yyy =v =0,3, y =—w =U 


Using the presented data and formulas (3.1), (5.40), (6.1), (6.2) and 
(8.43), we obtain for w,. and w,, 




















Variant I | Variant II 
mn a ae ps 
22 r2 re | ne 
47RC,, "m0 | qeC, Ym | HRT, mo | RC, “mi 
1! | 0,38S3 | 0,3945 | 0,1351 | 0,1259 
7 _ 
3 | 26,03 107 * | 25,88 - 107 * | 6,42-107* | 539. 107° | 
he | | 
| Reet, sande ae 7 
5 | ‘ 2,033 - 10 | 0,50. 107° | 0,498 107° 


iw] 
=) 
o 


i ESE 


Examining these resu!ts, it is easily seen thut here we have also confirmed 
the result obtained in the fourth example of a cylindrical shell of open pro- 
file, namely: in the case of short shells (WR ==0,5) it is invariably better . 
to have larger values of stiffness in the longitudinal direction of the shell. 
It is also evident from the tabie that in the discussed case the series 
entering into the formula for w converge somewhat rapidly; the remaining 
design quantities may be found in similar fashion. 
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SECTION 10. INTEGRATION OF EQUATIONS IN THE ENGINEERING 
THEORY OF C*’’LINDRICAL SHELLS BY THE METHOD OF SINGLE 
TRIGONOMETRIC SERIES 


The method of calculation of cylindrical shel!s by means of single 
trigonometric series has been widely discussed in the literature. *,**,***  **«4 
****#* In this connection we shall here discuss only the fundamental assump- 
tions of the method, which, as it appears to us, are sufficient for a descrin- 
tion of the method of calculation of anisotropic laminar cylindrical shells. 


The initial premises of the inethod will be presented in much the same 
manner as given by A. L. Gol'cenveyzer without introducing any substantial 
changes in his exposition, an without further citation thereof. 


We shall deal chiefly with questions of integration of the homogeneous 
equation of solution of the problem. The particular integrals of inhomogene- 
ous equations, as is known, they may be obtained by any one of a number of 
methods from inhomogeneous systems (4.27) and (5,48) or, in the special case, 
from the inhomogeneous equation of solution in (5.64). In addition, in order 
to determine the internal forces, displacements and stresses in the shell 
layers corresponding to the particular solution it is necessary to use the 
corresponding formulas presented in Sections 4 and 5 of this chapter. 


In many cases of practical interest, for the ordinarily encountered 
surface loads the particular integral may be constructed from the membrane 
theory (see Chapter II). 


A. Circular Cylindrical Shell of Open Profile. Let us discuss an 
orthotropic multi-layer cylindrical shell of open circular directions of the 


coordinate lines. Let the shell subtend a rectangular plane (e x 6,) and have 


the following dimensions: along the generatrix a, along the arc of transverse 
circle b, radius of curvature of coordinate surface R. 


The coordinate system is so chosen that the coefficients of the first 
quadratic form A and B are equal to unity (1.1). Moreover, let the shell be 
freely supported over the lateral curvilinear edges 1=0, 2=3 (see Figure 
56), that is, over the curvilinear edges we have the following boundary con- 
ditions: 


*A.I. Lur'ye, see pp. 205-227 of work cited in footnote **, on p. 203. 
**V.Z. Vlasov, see pp. 351-398 of work cited in footnote *, on p. 201. 
**#*V VY. Novozhilov, see pp. 179-232 of work cited in footnote ***, on 
p. 208, 
***#A.L. Gol'denveyzer, see pp. 211-281 of work cited in footnote *, on 
p.203. 
***#*W Schnell, Krafteinleitung in versteifte Kreiszylinderschalen, Teil I, 
Die orthotrope Schale. Zeitschrift flir Flugwissenschaften, III, No. 12, 1955. 
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when 2 =0: w .0, v=0, 7,-0. M, =0; } 


(10.1) 
when a21=a: w -0. v=0. T, =:0, M, ~ 0. { 


The boundary conditions at the reculinear edges of the shell (3 = 3,. 
4 --3,), may be arbitrary. 
The equation of solution of the discussed shell ia the case of the homo- 


geneous problem is described as follows: 


ar Ou aay Cha a 
Avge Cea giant Seas ig oe 


oxy 7 (2 is iyo) 
— 2Q1 “gas — 2@s Gyigge ~ 28s gait + ge ge >" (10. 2) 


Lei us seek the principal function of equation of solution (10.2) in the form 


v— ¥ »,,(3)sind 2, (10. 3) 


m=i 

where 
mt 

dn amacl cae ‘ (10. 4) 
m is an integer and », (3) is the new sought function depending only on the 
single variable 8. Inserting the value of W(2, 6) from (10.3) into equation 
(10.2), we arrive at relationships of the form 

>> @ a (bm) sind,,2 == 0, (10.5) 


which may be fulfilled if it is required that 


' dm dy, , . ‘Wn, 
dn (Ym) =P, Paar — Pr is (Ps, + 2Q,/2,) ae = 
d?\,, ; . bag 
— (Pars, + 20M) Gam + (Pris, +2008, + pa M,) Yq = 0. (10. 6) 


The problem of determining the integrals of the homogeneous equation 
of solution (10.2) also reduces to the integration of such equations with con- 
stant coefficients. There will be as many equations of type (10.6) as there 
are terms in the series (10.3). To each term of the series (10.3) there 
pte is a certain stress and deformation of the multi-layer orthotropic 
shell. 


The internal forces, displacements, angles of rotation and stresses 
within the shell layers may be calculated hy means of formulas (5.67)-(5.77). 
Inserting the value of V(z. 8) from (10.3) into these formulas, we present 
each of the design quantities in the form of a trigonometric series 
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,’ . 3 . 
Te & Ty SIMD ds M,=> M,, inka 
m m 
Va. . A os - 
T, >= Ta SIM Me M, = > Ving SIMA Zs 
m m 
. \ NY 
S = NS) coshpts H =H, cosh 
m m 
. 1 re } ” 
Ny== » Nim COSA At, Ny = > Nom Sind,,2, 
m m 
a= SUS hg, v= DV, SiN ),.%, 
m m 
ees . ’ 
e Su m HAZ, = Som Sin h,.2, 
m m 


a . ~! 5 
1 ees Ss f 1 a —— t 
= 7, WN), af = >; Oh, Sit dint 
m m 
"a 
oat at = 
to st, cosh ade 
Mil 


o3 “atm 


where all the coefficients of these series depend only on a single variable 
6 and have the foliowing form: 


internal forces 





Fig — [fg ip 4 Ean BC, he 
a (Ance ep ouoe 246 oe ee Kula — Kull 2 a 
op KusCae = Kesl is Refs at | (10.7) 
i : it as Rit ET ei =e 
fa (Aece se —? a ae KiiCoa = Aut) as Oe A 
wig Semel 2 re (10.8) 


io Wigs OR Ce cdl 
Sm = R'm ve . ooo a cates Mn as 


K Cc —k Cc kK: K Car — Ki2Cig q Bim 
— (eee pee — 2 At Su “ta\ a: 


66 v m di 
Ki,Cag— Baal Aum. (10. 9) 
= Ni 2teaa ' 22-12 hen a . 


bending and torsional moments 


K — 
My = (Dit ~ Dh) Gq +(Diz — Die) Oy + LUO KG py 


+ KuSu = Kulu 7 (10. 10) 


Cy — KyC 
Mom = (Diz — Diz) Gam + (O12 — Diz) Oyq + ABE Av’ 7, 


af KizCay = KuCis Timi (10.11) 
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Hy = 2 (Des — Dis) Gyyq + KH 


where the following additional notation is introduced: 

















Ci, 1 C diy C. d‘y 
Gsm = 0 tg —(Z— — )s, Gar tN, Gee 
Cinice dn Cia) 2 d*dm Can dm, 
Cam = — an GP + (C2 Gh — SP 
. a dy Cia\ 43 d%%m_ = Cay 4 
Giam = — = 4 mn tiny (2 =) m dps ‘leet ps mage 
displacements and angle of rotation 
—C£ Cc ri d* Cy. ds! 
Wm = dnt — (Go — 22) in Sie + Se Sn; 
U,= ku a Saki Cyt + Mad 2 td 
Cys (K 2Kee) — Kas (Cin + €, dm 
+ aa (Ais + Ae aa (Cin + Cog) he i oa 
I Cw + Cu am 
V _ Ku 50m — Ci Kaa — Cia (Kia + 2Kas) 1 ein 
m=O “Gas Cot 
+ Cir (Kaz + 2Kas) — Kir (Cia + Cos) a dim | Cy d¥m 4 
Cue dp Rw dps 
1 1 C]i\y2 dim. 
+ ley Et) ie SEs 
1K Cy \ dey 1 ¢, 
ton (gE at) apt [ae Et 
Ci Kaa — Cin (Kis + 2Kee) 42 Ou) 2] B Ym 
fe Re cg — 2 at) Me) BP + 
Cy, (Kis + 2Kos) — Kis (Cin + Cos) 54 Ge 
+ [Salita Gea, 


+ ade BP 


stresses in the shell layers 


Chg =(Bh Sn _ Bly Su) lia — (81 = Bi 
Bi a aan 
B: aa — Bi, <1) Tam — (Ba Gi — By, — 

Bi, Kulu — 5 uts aie KuGn— Kun 


~( 

~( 
im = ( 
-( 

-( 


Bi, KxCa— Ko + Biz Kn Cu — Kurs 
! Kite = Rls Bl Keloa= KiiCiy 


Cu %) | an 
= 1Bia) Com os 
= 1) Orn’ 
<u) Tim — 
—T Bi) Gim cio 


By Kau — Kuti + Bi; Kul KC — 18) Com’ 


(10. 12) 


(10. 13) 
(10. 14) 


(10. 15) 


(10. 16) 


(10.17) 


(10. 18) 


(20. 19) 


(10. 20) 


(10. 21) 
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Bi K 
ben == Ze Sm — 2b (<= — 1) Gian (10. 22) 


Team = Cis 
In view of the unwieldiness of the expressions for Nim and Nom they 


will not be presented here. However, where necessary, having the values 
of Mim; Mom and Hi by means of equilibrium equations (4.4) and (4.5) 


the formulas for Nim and Nom May be given in elementary form. 


Let us turn to a discussion of the problems associated with the boundary 
conditions. Let the particular integral corresponding to the load be obtained 
and let design quantities corresponding to the partial integral be found and 
representable by means of trigonometric series in terms of variable @, so 
that, in particular, 


Ty= LT}, si0,@. w= DIVE, sink, ) 


10.2 
wf = DW sinde, M2 == >) M2 sinha, oh) 
Mm m 


where 7° 


lm 


vo, w°, M°_ are known functions depending only on a single vari- 
able 8. 
Then for the design quantities it is evident that we obtain 
i= p> Tim SIM Age p> To, sinkwa; | 
M, = 2 M,,, Sin Amt + 2 M},, Sinha, 
v= 2 V_ Sith ,_2 + 2 V° sind; 


w—~ > Ww’, sink,a + py W? sind a. j 


(16. 24) 


Hence, considering (10.4), we note that the boundary conditions (10.1) 
aie satisfied for cach term of the expansion individually. 


It remains to discuss the boundary conditions at the rectilinear odges 
of the shell. For the sake of concreteness we shall assume, for <xamplo, that 
with 3=§8, the normal displacement w has the given value w(z, 3,) =’ (a). 


Representing «'(z) in the form of a trigonometric series 
w= > we sink, (10.75) 
m 
we must sutisfy the quality 


NW on (Bp) S80 bey > Wi) (,) Sint 2 == = we sind. 2, (10. 26) 
m m m 
which is equivalent to requiring 
Wm (Bi) + Wi (1) = We (10.27) 


that is, also at the rectilinear edges of the shell boundary conditions of the 
discussed tvpe are satisfied for each term of expansion individually. There 
are other types of boundary conditions which do not permit term-by~-term 
fulfillment. However, as shall not be interested in these. 


Thus, integration of equation of solution (10.2) and imposition of the 
boundary conditions (both for the rectilinear and for the curvilinear edges of 
the shell) nay be performed for each number m individually. Consequently, 
for each m we shal] have a group of eight boundary conditions (four for each 
rectilinear edge of the shell) imposed on the extreme values of function Ym 


which satisfied the eighth-order ditferential equation (10.6). 


B. Circular Cylindrical Shell of Closed Profile. Let us discuss an 
orthotropic multi-layer cylindrical shell of closed circular profile in which 


the principal directions of elasticity coincide with the directions of the 
coordinate lines. The coordinate system is so chosen that A = B =R (1.2). 
Let the length of the shell be 1 and the radius of curvature R (Figure 65). 


The equation of solution of the discussed shell in the case of the homo- 
geneous problem is written as follows: 


ah oe osy os oar ‘ oT 
Page t Pa gas ust + Ps gasuge + Pa gatage t Po g6 — 
ant’ oe ot" ot 
= 2R2(Q, ox + Qs gargg + Ss ya a) +R 70 =O. (10. 28) 


The principal function of the equation of solution (10.28) will be sought 
in the form 


y. » (7, COS ma + 97, sin m3), (10. 29) 


ma 
where rn is aninteger, 4 (8) and 4° (8) are functions depending only on 


one variable 8. Inserting the value of (2, 6) from (10.29) into equation 
equation (10.28), we arrive at relationships of ti.. form 


2 [4m (Yin) ©O8 8 + dy (Yo) sin mB] = 0, (10. 30) 


m=0 


which may be fulfilled if it is required that for each 4) and y” 


d m (Yn) = p, Sin — (P, 
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there exists 





1) ee 


+ (Om + 2R’m2Q, + R2) oa = 


— (Pym -: 





os + P,my,, == 0. 





(10.31) 


The problem of vetermining the integrals of such equations with constant 


coefficients. 


certain stress and deformation of the anisotropic laminar shell. 


To each component of the series (10.29) there corresponds a 


Th- internal 


forces, displacements, angles of rotation and layer stresses corresponding to 


this stress may be calculated by means of formulas (5.67)-(5.77). 


assuming 


Y= cos mB, 


we obtain 
T,=T, 


S=S,, sin mB, 


N,=N,,,cos m3, 


u=—U,,cos m8, 


w=—W,,cos mp, 


7cos mp, 
Ty == Ty_.cos mB, 


For example, 


(10. 32) 


M, = M,,, cos mB, 
M, = M,,, cos mB, 
H= H, sinm§, 
Ny = No, Sit nr-3, 


v=V,, sin mB, 
$1 = Fim CUS mB, 


—dai - i — gi 
at =a! cos mB, o, = 01, cos mB, 


os 


‘5 Team Sind. 


where all coefficients denend only on a single variable 8 and have the follow- 
ing form: 




















1 By, KC ~— Ay Cy dom 
Tim = — z[m a Ree 
Kuli, — KisCis 2 Kes Ks Kun mt ays, : 
“ ( lo he Pe R d® 
— KuCn— Kn my iE (10.33) 
u R tm|* 
1 Bos KC — Kui 1 PY, 
Tan = Get Rat 
KC) — KixCis Kes Kiss — KiaCis m? d'Yi, 
1 (Reng Hale Ke 4 fin Hay oA 
Kn — Klin m‘ a’, (10, 34) 





g ~"R “da : 


| dy Ky Cy-— Kil m4, 








we da Q R das 
( Ky,C\, = KiCis Kes K,,Cy — aes) m' dy 
—-—2—-- + ——____—___] 
¥ Cos 2 
KC —- KyCyg_ m dyn, 
v "R da |’ 


bending and torsional moments 
Min = (Dn a Di) Gin+ (D,2 _ Dj») Gom + 
+- KiiCos T KirCis Tie + K,.C\, 7 Ki,Ci, T. 


Mam = (Dn — Dr) Gam + (Diz — Diz) Gim + 
oe Kul shun Test Kulu KyCio T 


Hy = 2 (Des ~ D8) Gram + oe S.. 


where the following additional notation is introduced: 











On = — 7x | EG 

(a — 2S) mete 4 gs Se]: 
Ong = ps | mt Se 

— (gg 2 B) ne Se + my, 
Osan = 7 [tm Ste — 

(op — 2-2) ms Se + ns |: 


displacements and angle of rotation 





¢ 1[C,, a 1 Cs ay’ Cy, |. 
Win = Ri |e loa ap) m aa tam | 
17K, av CK — Cy (Kir + 2Kes) 4 24, 
Un = Be A ee et ee + 
Cx (Kie + 2K¢g) - Ky (Cio + Co) dd, 
os Cu m‘ da 





R dw 


(10. 


(10. 


(10. 


(10. 


(lu. 


(10. 


(10. 


(10. 


(10. 


35) 


36) 


37) 


38) 


39) 


40) 


41) 


42) 


43) 
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1] K Cy Kn — Cp (Kiz + 2Ao6) 3 4m 
Va=— | my, ee ae “da? + 
Cy, (Kia + 2Keg) — K: (Cir t+ Coo) 
+ uf 2 ware = my 
1 C19 dy, a 
+R mq— R(c—-—-) m qat ma (10. 44) 
1 [Cy 24, 
Mim =—-Rl 2 de - 
1 Cya\ 44m , Cn ms iim : (10. 45) 
—(q— 2) m qe te “da | 





Stresses within Shell Layers. Formulas (10.20)-(10.22) remain :m- 
changed, but operators Tim and Gin must be assumed to take their new 


values (10. 33)-(1C.35) and (10. 39)-(10. 41). 
Similarly, assuming instead of (10.32) 
= 7 sin m3, (10. 46) 


for the internal forces, displacements, angles of rotation and stresses 
within the shell layers we obtain formulas analogous to the previous formulas 
wherein 7,, T,. M,. M, N,, a, and w will contain the factor sin m8, while 


S, H, No and v will contain the factor cos m8. Concerning the operators in 
(10.33)-(10.44), here ¢/ is replaced by 4”, and m is replaced by (-m). 
Thus, having the integrals of 4’ and 4” of equation (10.31), for any 


m we may construct the stress-strain state of the discussed shell wherein, in 
accordance with (10.32) and (10.45), this state is analyzed as consisting of a 
symmetrical state relative to the internal generatrix 8 = 0 ard of an inversely 
symmetrical state relative to 8 = 0. 


Examining the formulas presented here, it is not difficult to see that 
the conditions of periodicity for variable & are fulfilled in each term of the 
expansions individually. However, here, in addition to the conditions of 
periodicity, it is necessary to fulfill the boundary conditions at the edges 
of the shell. Assuming that the particular integral of the inhomogeneous 
problem is known, the internal forces, diaplacements, angles of rotation 
and stresses in the shell layers corresponding to this particular solution 
may be represented by means or trigonometric series of the form (10.29) in 
which, as in (10.23), the coefficients will be known functions. Hence, for 
concreteness, assuming, for example, that with a= @, (at one end of the shell) 
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the tangential displacement u has a given value u(2, 3)=u,(), it must be re- 


quired that 
x [U/, (2) cos m3-+ U7 (2,) sin m3] + 
+ = [Uv (21) Cos mB +- U7, (2,) sin 03] == 
= = [U7 cos mp tO sin mB], (10. 47) 


where it is assumed that 


ug = 2 [Un (2) cosm3-+ U7 (a) sin mi] 
represents the tangential displacement corresponding to the particular integral, 
while 
oO 
=> [U7,, cos m3 + UD sin m3] 


‘, 
m, 


is the expansion of the given function u,(@); into a trigonometric series. Hence, 
as was stated above, coefficients U, and U* are known functions. This 


equality may be satisfied on the assumption that 


U1 (21) + Ving (2-) = Un (10. 48) 
U7 (8) + Yio (41) = Un, 

that is, the conditions imposed on the coefficients of the symmetrical stress — 

strain state (the coefficients denoted by a sing! prime) do not converge with 

cond:tions imposed cn the coefficients of the inversely symmetrical stress 

~— strain state (the coefficients denoted by a double prime). 


There are also other types of boundary conditions wh‘ch do not permit 
separate fulfillment of the boundary conditions for the symm trical and 
inversely symmetrical stresses. However, they will not be of interest to us. 


Thus, integration of the equation of so)ution (10.28) and imposition of 
boundary conditions may be performed separately for each numbex ™ and 
separately for the symmetrical and inversely symmetrical stresses of the 
shell. Then, on each sought function py, and 7, there will be imposed 


eigat boundary conditions for the definition of the eight arbitrary constants 
entering into each of these functions. 


Without going into detail, we shall state that in the case where the 
shell consists of an odd number of orthotropic layers symmetrically arranged 


relative to the median coordinate surface of the shell (Sections 6, 7, 8) all the 
necessary equations and formulas may be derived by assuming in (10. 2)- 
(10.48) Ky = 0. 


Examining the problems of ortiotropic cylindrical shells of open 
and closed profile, we note that the first and perhaps the principal stage in 
calculation of these types of cylindrical shells is the integration of an ordinary 
eighth-order linear differential equation  .“ constant coefficients (that is, 
in the case of shells of open profile equation (10.6) and in the case of shells of 
closed profile equation (10. 31)). 

As usual, in the case of sheils of open profile, assuming 

Ym = C,,0°"" (C,, == const), (10. 49) 

and in the case of shells of closed profile 


Yn == Cc," (Cn = const), (10. 50) 


from equations (10.6) and (19.31) we obtain the eighth-order characteristic 
equations 


m 


r+ B,p®, +B,p! + Bip? +B, =0, (10. 52) 


Sip + A\Sh, + Ayst, + As? + A, = 0; (10. 51) 


where for the coefficients of the characteristic equations we have: 


in the case of shells of open profile 


Pat 42982 4 | 











P Ns 2m 
Ae = R 
oe P, 2 (10.53) 
P.M, +.2Q,04, PsA, + 2Q,02, | 
NS ap A ee : 
in the case of shells of closed profile 
B,=— Pym? + 2R?Q, , By-=— Pym? + 2R1Qym? | 
ns < (10. 54) 
Rs az Pym’ + 2R°Q,m? + RP 
= Pot y= ENO 


It is seen from (10.49) and (10.50) that both in the case of open and in 
the case of closed shells the form of functions a depends on the roots oi the 


corresponding characteristic equations (10.51) and (10.52). 


lo 
~I 
a 


For actual problems of anisotropic laminar shells we have a great 
variety of coefficients Aj and B; , in virtue of which we will also have various 
roots for the characteristic equations (10.51) and (10.52). In this connection 
it is evident that for differential equations (10.6) and (10.31) we shall have 
solutions of extremely varied types. This variety of solutions of differential 
equations (10.6) and (10.31) cannot be discussed in detail here. However, 

in each case it is not difficult to construct the solutions of equations (10. 6) 
and (10.31) and thereby obtain the solutions for the problems presented here. 
In addition, the entire procedure for calculation of the discussed anisotropic 
shell is essentially the same as the procedure for calculation for the 
corresponding isotropic shell. 


In this connection it is not considered convenient to introduce numeri- 
cal examples for they would, in all likelihood, provide no new information 
concerning the theory of anisotropic laminar shells or the techniques for 
calculation of shells by the method of single trigonometric series. 
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CHAPTER VI oy 


14 


SHALLOW ANISOTROPIC SHELLS 


SECTION 1. BASIC PREMISES, INITIAL 
RELATIONSHIPS AND EQUATIONS 


We shall discuss a shallow shell consisting of an arbitrary number of 
homogeneous anisotropic layers. It is assumed that at each point of each layer 
there exists only one plane of axial symmetry parallel to the coordinate surface 
of the shell. As in the case of a cylindrical shell, withcut disturbing the gen- 
eral validity we assume that the coordinate surface of the shell (7 = 0) coincides 
with the internal boundary surface of the shell (see Figures 8 and 11). 


Along with the fundamental hypothesis of nondeformable normals as 
given for the entire stack of the shell as a whole, the theory proposed kere is 
also based on the following additional assumptions*: **: 


a) In the rst iwo equilibrium equations we may disregard the terms 
RN, and RoNg , 


b) In the expressions relating the components of bending deformation 
(%,, %, t) to displacements we may retain only those terms which contain the 
normal displacement w; 


c) The first two equations of continuity and the sixth equilibrium 
equation are identically satisfied (in fact, they are satisfied only approximately); 


*V. Z. Vlasov, Obshchaya teoriya obolochek, Gostekhizdat, 1949, pp. 
301-3u4. 

3A, L, Gol'denveyzer, Teoriya uprugikh tonkikh obolochek, Gostekhizdat, 
1953, pp. 365-367, 454-459, 


Ww 
~1 
ie 4 


bee 


d) The system of curvilinear orthogonal coordinates a and is so 


chosen so that it satisfies the emphatic inequality 4 , mK! 


In virtue of these assumptions for the discussed shell we obtain the 


following initial relationships and equations: 


equilibrium equations 














OE pe +S oS = -— ABX: 
le 24 7,4 OBS 08 S =: — ABY 

— (&,T, tht + ag (“a+ ee )a—e 
LILI an a H— 23 m, = ABN,; 
24th 4 abe, 28 fog s M, = ABN;: 





elasticity relattonabips 
Ty, = Cyyty + Cy p2y + Cig + Kye, + Kyptg + Kiet 
Ty = Cogty + Cyg8) + Cogn + Kota + Kr y + Kugts 
S = Cogn + Cyge, + Copsey + Kagt + Kier + Koeee: 


My = Dyyey + Drgty + Dygt + Kyity + Kyrt2 + Kien 
My = Dyytg + Dy, + Dygt + Koytg +-K yey + Kop 
H = Dggt + Dyge, + D> + Kego + Kit) + Kage. 


(1.1) 
(1.2) 
(1.3) 
(1.4) 
(1.5) 


6) 
-7) 
-8) 
-9) 


(1.10) 
(1.11) 


where, as usual, for the stiffnesses we have ( Chapter II, Section 8) ( see 


Figures 8 and 11) 
fy 
Cy = 2X Br ,— 8, 0 


np 
Kp = 3 7m Biy (3; -- 82-1); 


Diz = DY Bi (85 — 83-1); 
$21 


geometric relationships 


1 @ 
w= a tap og Uta 
1 o 1 0B 
& =F oe + ae on et Rye 
A @df{u Bd {v\, 
“= 5 a (4)+24 (3): 
=-3i(4;% 1 0A ow 
=~ A Oa \A je) — AF on OF 
Jt (+ o)- aie Ow , 
“=— B Op\ 8 op) BAP da oa ' 


(1.12) 


(1.13) 


(1.14) 


(1.15) 
(1.16) 
(1.17) 
(1.18) 


(1.19) 
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T=" “AaB \ 0103 A 03 da B da op)? 
equation of compatibility of ee 


1 0 1 or 
ai tht aL a [BG t+ Ga 


A dw 1 oc 
2 aT or |+% a [4 + ee aa 
— Fe —Folt=o. (1.21) 


2 (35 1 0A Ow 1 OB as (1.20) 


We have listed only those relationships and equations which will be used. 
The stresses in the layers will be determined by means of the usual formulas 
( 2.4,2)—( 2.4.9). 


An approximate theory of shells, based on the presented initial relation- 
ships and equations (1.1) -(1.21) in the case of an isotropic shell, has Feen 
expounded by A. L. Gol'denveyzer* as a theory for the calculation of shells 
with large variability index. However, as has been correctly pointed out by 
A.L. Gol'denveyzer, this theory may also be used in solution of problems which 
would appear to have little in common with the problem of calculating stresses 
with large variability index (e.g., in investigating problems of shallow shells 
and shells with zero Gaussian curvature, in discussing problems of represen- 
tation of a simple edge effect) . 


The initial relationships and equations (1.1) —( 1.21) have been used by 
many authors, who have found for them completely different applications. L. 
Donnell**, Kh. M. Mushtari*** and U.N. Rabotnov**** have used them for in- 
vestigation of local stability. S.M. Feynberg**#**, V.V. Novozhiloy**®:, 
A.I, Lur'ye*#44+## and T.T. Khachaturyan**# have used these relation- 
ships in constructing a theory of cylindrical shells. In the solution of problems 


*A.L. Gol'denveyzer, see pp. 358-368 and 454-460 of work cited in foot- 
note ** on p. 277. 
*#L. Donnell, Stability of Thin Walled Tubes under Torsion. NACA, Rep. 
No. 479, 1933. 
**#Kh .M.Mushtari, Some generalizations of the theory of thin shells, Iz- 
vestiya fiz.-mat. ob-va pri Kazanskom un-te, Vol. XI, series 8, 1938. 
44'#Yu.N, Rabotnov, Local stability of shells, DAN SSSR, LI, No, 2, 1946. 
HHS |_M, Feynberg, Toward the problem of a moment theory for c;/lindrical 
shells, Proyekt i standart, No. 12, 1936. 
WHEY VW. Novozhilov, Teoriya tonkikh obolochek, Oborcnigiz, 1941. (Cited 
in.same author's monograph of same title, 1951). 
iAH A I, Lur'ye, Statika tonkostennykh uprugikh obolochek, Gostekhizdat, 
1947, pp. 177-243. 
HIGHT TT, Khachaturyan, Shallow cylindrical shells, ‘soobghcheniya In-ta 
mat. i mekh. AN ArmSSR, No. 4, 1949. 
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of shallow shells these relationships have been used by V. Z. Vlasov*, S. A. 
Ambartsumyan** and N. A. Alumyae***, A. L. Gol'denveyzer**** and Yu. N. 
Rabotnov***4+' have used these relationships in constructing equations for the 
edge effect. 


Here we have cited only a small part of the vast number of works devoted 
to the discussed problem. However, the citations listed here suffice ty confirm 
that the approximate theory of shells based on the initial relationships and equa- 
tions in (1.1)-( 1.21) may be used for investigation of numerous, completely 
different problems in the theory of shells. This is to say that although interpre- 
tation of the discussed approximate theory of shells as a theory of shells with 
large variability index or as a theory of shi llow shells is perfectly accurate, 
such interpretation does not reflect the wide possibilities of this theory. From 
this point of view the title of the present chapter, "shallow anisotropic shells," 
is doubly fermal in nature. 


SECTION 2, EQUATIONS OF SOLUTION AND DESIGN FORMULAS 


Let us limit ourselves to investigation of the case in which a shell is 
loaded by a normnally applied surface load Z + 0. The remaining components 
of the surface load X and Y are equal to 0. Assuming*#t'#, tHrihttee 


1072 a 1 0B dy 
"=F og (woe) t+ ae ee C2) 
- 1 071 de 1 @A dy. 
y= oe (a xe) + am oe OF (0.2) 
_ 1 (_@y 1 OB 09 1 0A dg 

S=— 75 dadp B da Ora ae we) (ee3) 


where ¢=9(@, §)is the sought function of stress, we identically (with the ac- 
curacy of the given assumptions) satisfy the first two equilibrium equations (1.1) 
and (1.2) &X = 0, Y= 0), and from the third equation (1.3) we obtain 


7 [de (A 2 de) + a (B85)? 
er ete = <5 [.: (BN,) +- ae (AN) a9 (2.4) 


*V.Z. Vlasov, Basic differential equations of the general theory of shells, 
PMM, Vol. VIII, No. 2, 1944. 
**S.A. Ambartsumyan, Calculation of cylindrical shells with curvilinear 
generatrix, 1946 ( dissertation) . 
*+4+*N,A, Alumyae, Differential equilibrium equations of thin-walled elastic 
shells in the post-critical stage, PMM, Vol. XII, No. 1, 1949. 
sHHA,L. Gol'denveyzer, Qualitative investigation of stress of a thin shell, 
PMM, Voi. XI, No. 6, 1945. 
“HHHYU. N. Rabotnov, Boundary-zone equation in the theory of shells, DAN 
SSSR, XLVI, No. 5, 1945. 
HHH |Z. Vlasov, see footnote * on p. 277. 
MHA L. Gol'denveyzer, see footnote “ on p. 277. 
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Solving the elasticity relationships (1.c) -( 1.11) for the deformation 
components, we obtain 


& = AT, + AigTy + AygS — 4% — dyytg — dygt: 
€q = hag ly + AggTg + AggS — day, — dogt, — digi; ( 2.5) 
w = AygT, + Ang Ty + AggS — dex, -~ deoto — degt 


where for elastic coefficients Ajk and d;), we ha e ( 5.&.8) -( 5.5.18) . 


From elasticity relationships (1.9) -( 1.11) , by means of ‘ 2.5) , elim- 
inating the deformation components ¢,,«, andw, then considering ( 2.1) --( 2.3) 


and ( 1.18) -( 1.20) , we obtain for the moments 


M,=/, (dy) 9 — 4,(D,, — Dis) w; (2.6) 
Mz = I (dy) 9 — 1, (Dy — Dr) w; (2.7) 
H = 1, (deg) @ — Iq (Deg — DE) @. ( 2.8) 


where for linear operators 1 we have 





B | o3 \B 03) da da | 
dep [_ @? 1 0B @ 1 0A > |+4 
— 48 sar — Boe A OF Ge It 
er oafloe 1 0A 07, 
+t Se (a ae) + ae ae] ce:5) 








(Des — Don) 1 
$2. ae Boe oe 
4 Pu Pin) Q 1 @A @ 
4 ae A da )+ 8-35 of (e300) 


The formulas for moments ( 2.6) -( 2.8) contain the bending stiffnesses Di, , 
which have the form ( 5.5.23) -( 5.5.28) . From the last two equilibrium equa- 


tions (1.4) -( 1.5) , considering the values of moments ( 2.6) -( 2.8) , for the 
transverse forces we obtain 


=a5i3 A ah tap dal 
+ Fe (Bh (dw — Fe e nGote= 
— apie + [Aly (Deg — Da)l +33 A 1n(Deg — Dis) + 
++ [8!,(D,, — Dis) — 2 (0908) ( 2.11) 


Na== ag | (Bh (deo) + 5 oe I (deg) + 





+ 14h dn) — SET asd} 
me a5 ae [b/, ie — Di)| + x I, (Deg -— Dex) 4- 
+5 [ Al, (Dy, — Dz.)] — 24 I, (Dy, — Dis) }w. ( 2.12) 


From ( 2.5) , considering ( 2.1) -( 2.3) and (1.18) -( 1.20) , we obtain 
for the relative deformations and shear 


&) = 1, (Ay) 9 4-4 (dy) &; ( 2.13) 
&y =I, (Ay)? +) (doy) w; ( 2.14) 
w = 1 (Age) 7 +15 (deg) w. ( 2.15) 


where for the linear operators 1 we have 


L (4y)) = 


alg 
rc 
Slo 
Fe i 
| — 
a So 
~~” 
+ 
> 
25 
eo 
I 
+ 





(+ Ste &]- ; ( 2.16) 


Inserting the values of transverse forces from ( 2.11) and ( 2.12) into 
equilibrium equation ( 2.4) as well as the values of deformation and of the com- 
ponents of change in curvature from ( 2.13) -( 2.15) , (1.18) and (1.19) into 
the equation of compatibility of deformation (1.21) , we obtain the following 
system of differential equations of solution of the problem: 


L, (On — je) @ — Ly (dy)? +09 = Z; | 


(2.17) 
Ly (Ap)? + Ly (dp) w — V0 = 0, 


where for the linear operators L and v, we have 


ee a Far ay [4h (D4 — 0%)] + 
+ Fe Ia(Deg — DBs) + a ale — Di} — 
ome AB = Fr aoe sven Dis)| + 
+ f(D —Dk)-+ § [Aly (Om — Db)] ~ 24 (0,0); (2-28) 
Ly(Ay) = 7s Se EAB AA + Bh ay) — 1 (Al — 


-% id f (Ags) — $y (Ag) } + ay AB Os oe {AS A (An) + 


+ Fp lh (Aw —h Am — Fh Ag) — 92 1A}: ( 2.19) 


2°3 
a1 


1 0 0A 0 
Ls (dp) = ap os HA oe (Al deed +S hh eg) + Ge [BN (dud — 


0B | oa 41lj ad oB 
= hn) + SR Fe a ag ae (dg) + 


+ Zaha — Shaw} ( 2.20) 

101 , . 

Lap) = 35 Ge 748 Ge idm) +E de) — 1 Gal 
A *. 1 
—F5 3h 1 (deg) — SEI wold op B a\44 Bid (dy) + 

+ dw — Fadl — J FM de) — FM deg) ( 2.21) 

1;,;0,8 7) 
Y= aa ae (a * de) + oe (34 He): ese) 


Thus, the problem of equilibrium of a "shallow" multi-layer anisotropic 
shell subtending an arbitrary surface reduces to a system of two differential 
equations of solution (2.17) in terms of two unknown functions: the stress func- 
tion: ¢(2, 6) and the displacement function w(a. f), in terms of which the design 
quantities of the problem are defined. 


It is interesting to note that in the special case of a multi-layer aniso- 
tropic plate ( kj = 0, kg = 0) system (2.17) is written as follows: 


L, (Dy — Dix) © — Ly (dy) 9 = 2; | ( 2.23) 


La(Ap) ? +L, (dy) w=0, 


that is, in distinction from single-layer or symmetrical mu!ti-layer plates, it 
does not break down into two independent equations*: ** 


Orthotropic Shell. In the special case where the shell consists of an 
arbitrary number of homogeneous orthotropic layers so that the principal direc- 
tions of elasticity at each point of each layer coincide with the directions of the 
corresponding coordinate lines, for coefficients By we have ( 2.12.2), that is: 


EI Ei 
Bi =—_., By —_, Bos = Gin, 
1— 2 L=91 ( 2.24) 
vigi vig 
Bi, = —2—_ = —_!? Bi, = Bin = 0. 


ti iyi * 
I— yyy) l—wy) 


*S,.A. Ambartsumyan, Some basic equations in the theory of a thin lam- 
inar shell, DAN ArmSSR, VII, No. 5, 1948. 
#*§,.A,. Ambartsumyan, Toward the problem of calculation of laminar ani- 
sotropic shells, Izvestiya An ArmSSR (FMYeiT nauki), VI, No. 3, 1953. 
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By virtue of ( 2.24) all quantities with subscripts 16, 61, 26, and 62 
become zero, whereas in the case of a cylindrical shell the quantities Aj, dik 


and Dik will be determined by means of formulas (5.5.40) -( 5.5.47). In this 


case the system of equations of solution (2.17) remains unchanged externally 
and operators L; ( 2.18) -( 2.22) also remain unchanged while for operators I; 


we have from ( 2.9) , (2.10) and ( 2.16) 
1 (dy) = 4 Vps + IaV pa 
i (dy) = daV pe + aN ps 


Fy (deg) = — FeV nes: 
/, (Ay) = 5 yy, — =e C.4 
1, (Ay) = = es _ Vp. 
I, (Age) = — ei The3 


Iy(Dy, =< Di) = (D,, — Din) Vpe (Dy, --Dn) Vp 
I, (D., = Dm) = (D. — D>.) Vo. + (D.. = D}2) Cpe 
rh (Deg aoe Dis) =2 (Dee aa Dés) Vaei? 
f (411) == du Vpn + 412 Vas 
Id) = dy Vp, + dV pai 
1) (deg) = 2d g6Vnas 
where for the hyperbolic and parabolic operators we have 


17 a 1 0A 0 1 0B Q@ 
va aa (ar — a oF RE oe xi yee) 
1 re7le 1 0A O 
Vp = A lac (& i) t BOR aE (e326) 


1 0B a 


n= ps5 Sr) + ar ae ae ( 2.27) 


For the internal tangential forces T,, Tg and S we have ( 2.1) ~( 2.3) and 


from ( 2.6) -( 2.8) , considering the values of operators Yj, we obtain for the 


moments 
M, = —(D,, — Di) Vpn? — (Dy, — Din) Vp3@ + 
re KuC— Kul ve? + Kiln —Kule Vpn? ( 2.28) 


M, = — (Dy aa Dy) Vai? — (Diy = Dip) Vw + 
a Kyl = CisKis Vn? + KisCas > KysCis Ups ( 2.29) 
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H = — ? (Dy — Dis) Vag — ie. Vaasa? ( 2.30) 


For the design stresses in the shell layers, proceeding from the well- 
known, often cited formulas and relationships we obtain 


of = (8 Cy =.Bi5 £1) 99 — (Bis Su _ Bly oe + 
e! (ai KuCn— Kun Bt sKaGii Aula — Biz) Vp3@ + 
4 (ay Kula Kun pt, KuCu Kul — 184) ype; ee 


oj = (Bn 3 Cu — Bi S)v,, — (8b G2 — Bi) ene + 





ae (8b KiyCu S Antes + Bip Kul = Kuli _— 1812 ) Vp + 
Be (Bn Kuli - KisCis a's Biz AusEeg —AeaEa — 18x) Vpi@: ( 2.32) 
Bi, ( 2.33) 
d= — G, Vaes? + 2Bes (zs = 1) Viasp™- 


Thus, all the design quantities of the problem are determined through 
formulas (2.1) , (2.3) , ( 2.28) -( 2.33) by means of the sought functions 
w(2, 6) and ¢(a, 8), which under the boundary conditions may be derived from 
the system of equations in ( 2.17) . 


The equations of solution in the approximate theary of shells as based 
on the initial relationships and equations in (1.1) -( 1.21) may also be written 
in displacements ( in a manner similar to that in the case of cylindrical shells) ; 
however, in view of the unwieldiness of these equations we shall not present 
them here. 


SECTION 3. SHEI.LS CONSISTING OF AN ODD NUMBER 
OF HOMOGENEOUS ANISOTROPIC LAYERS SYMMETRICALLY 
ARRANGED RELATIVE TO THE MEDIAN SURFACE 


We shall discuss an anisotropic laminar shell consisting of an odd num- 
ber (2m +1) of homogeneous anisotropic layers symmetrically arranged rela- 
tive to the coordinate ( median) surface of the shell ( see Figure 15) . 


In virtue of the symmetrical structure of the shell, for the stiffnesses we 
have ( Chapter I, Section 13) 


C= 2 [BR basi + BD Bia (ts— Ashi (3.1) 
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Dua § | Bh een + Yond], (3.2) 
sal 
Kp =. { 3.3) 
by virtue of which, from (5.5.10) -(5.5.18) and (5.5.23) -(5.5.28) , for 


coefficients dj, and Df, we have 


djy,=0, Dy =0. (3.4) 


Then from ( 2.6) -( 2.8) , (2.11) and (2.12) , we obtain for the moments and 
transverse forces 


M, = — I, (Dy — Dh) w; ( 3.5) 
M, = —Iy(Dy — Dn) wi ( 3.6) 
H=-- oe (3.7) 

N,=— pf op [Ah (Oe Dis) +24 = I(Deg — O%) ae 
+2 [B), (0,— ony) — 28 (Dy, — Dip) \ w; ( 3.8) 

N,=— al [B/,(Di— Dis)]+ 8 ah 2 (Deg — Dis) + 
+ ¥ [A“(Om — D%)] — $ + f(D — Dt) bw. ( 3.9) 


while for the internal tangential forces T;, To and S, as usual, we have ( 2.1) - 
(2.3). 


Finally, from ( 2.4.2) -( 2.4.4) and by virture of (1.18) -( 1.20) , 


(2.1) -( 2.3) , ( 2.13) -( 2.15) and ( 2.25) -( 2.26) , for the stresses in the 
shell layers we obtain 


0 = (Bi1 Ay» + BinAgy + BisAgg) pe? + 
+ (BiAyy + BixAyy + BicAys) Vps?—(Bur Aig t+-Bi2Agg + Bie Age) Vines? — 
1 (Biyy.® + Bry yw + 2BisVnos@); ( 3.10) 
= (BrAyy + BioA, + BiyAyg) Vos? Gs 
+(BAy + Bi2Ayy + B264y6) Vpn’? — 
_ (Bix Agg + BA, + B2¢Agg) Vaasa? — 
eae 1(B2v pw + Bi, Vp’ + 2B Vnas®); 
Th = (BicA, it Bie A, + BigA 16) Vp3? + 
+-(BisAyy + BrsAy + Bes Arg) Vpe? ~~ 
~- (Bis Aig + Bre Ang + Bis Age) Cras? — ( 3.12) 
-7 (Bisy,.w + Big Vest + 2 Bie Vanes): 


(3.11) 
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The system of differential equations of solution (2.17) is somewhat 
simplified and takes the following form: 


L, (Dy) +09 = 2: 


L, (Ap)? — vw = 0. (3.13) 
where for linear operator L,(Djx) we have from ( 2.18) 
L, (Op) =a oe aA be (Degil + 
+ Fh hy(De) + $e 181 (Oi — oe Iy(Dz)} + 
+45 Se alk Sa 181 Dell + 3a 2 I, ae 
4+$ |Ala(Dn)l — Fy Ow}, (3.14) 





while iinear opsvators Lo( Aj) and y, remain unchanged, that is, they have 
the values (2.19) and (2.22) . 


Thus, in the case of an anisotropic laminar shell with symmetrically 
arranged layers the equilibrium problem reduces to a simpler system ( simpler 
than in ( 2.17) ) of two differential equations ( 3.13) in terms of two unknown 
functions: »(a, 8) and w(z. 8). We note that in the speciai case of a multi-layer 
anisotropic plate with symmetrically arranged layers ( kj = 0, kg = 9) the sys- 


tem hreaks down into two independent differential equations 
L, (Dj) @ = 25 ( 3.15) 
Ly (Avy) 9 = 0- ( 3.16) 


The first of these quations ( 3.15) is the equation for transverse bend- 
ing of a symmetrically assembled anisotropic plate in orthogonal curvilinear 
coordinates a, §. 


Orthotropic Shell. In the case of an orthotropic shell where the shell is 
symmetrically assembled so that the principal directions of elasticity at each 
poiut of each orthotropic layer coincide with the directions of the coordinate 
lines, for coefficients Bh, we have (2.24) . 


Let us derive the final results. The system of equations of solution 
(3.13) remains externally unchanged. Operators L1(Dj,x) in (3.14) , L2(Ayk) 


in (2.19) and j;, in (2.22) also remain unchanged, while for the operators 
4 entering into Lj(Djk) and L2(Aj,) we have 


I (A))) = ig Vps aT Vp. 


Cc Cc 
I (Ay) = =o Vos =< ae Vas) 


(Ag) =— Go Ves ( 3.17) 


1,(D,,) = Div» + Dy p3 
fy (Dy) = Do ¥ 9p + D128 pai 
The formulas for internal tangential forces T}, Ty» and S ( 2.1) -( 2.3) 


remain unchanged. 


From ( 2,28) ~( 2.30) or from ( 3.5) -( 2.7) , we have for the moments 


M, = — Dip — DV p3: (3, 3) 
M, oe Dnvp3” a Dip. ( 3.-%) 
H = — 2DgVnajs- ( 3.20) 


From ( 2.31) -( 2.33) or from ( 3.10) -( 3.12) for the design stresses 
in the shell layers we obtain 


C i C 
a= (Bi “2 Bip <1) Vpst — 





Q 
(3.21 
io (Bi <2 — Br a \ en —1(Biy,.® + Bry,sw); : 
Cc es Cc C 
of = (Bi =}! — Biz J") Vp? — (Bee Gt — Bie) vp? — - 
arene ( (Brypsw + Biv ge); ( 3 r ) 
tu, ee te Vaap? — 27 BieVnes®- (3.23) 


Thus, in the case of an orthotropic shell the problem also reduces to 
the solution of the system of differential equations in ( 3.3) with the given boun- 
dary conditions, since by means of formulas ( 2.1) -( 2.3) , (3.18) -( 3.23) all 
the design quantities of the problem are represented in terms of the sought fun:- 
tions w (a, 8)and 9 (2, 8). 


SECTION 4. EXTREMELY SHALLOW SHELLS. BASIC PREMISES, 
INITIAL RELATIONSHIPS AND EQUATIONS 


The title of the present section, 'cxtremely shallow shells," as that of 
this chapter, is conditional! in nature, since the approximate theory of shells 
discussed herein is applicable not only for calculation of extremely shallow 
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shells*: **. #4 but also for calculation of shells with large variability 
indexes****, for representatiou of a simple edge effect* #4) #HHHH ete, 
Thus, in treating the theory proposed herein as a theory for extremely shal- 
low shells, we will not forget that it is also quite vali? for investigation of 
other problems in the theory of shells. 


We shall discuss an extremely sallow, anisotropic, laminar shell in- 
scribed over a certain portion of an arbitrary surface. It is assumed that the 


rise of the shell f < xh where / is the smallest specific dimension of the shell 


at the coordinate surface. It is approximately assumed that the internal geom- 
etry of the coordinate surface (1 = 0) does not differ from the ordinary geom- 
etry at a plane. (For shells with zero Gaussian curvature this assumption is 
omitted.) 


We shall assume that in the plan view the discussed shell has the shape 
of a rectangle with sides a and b. Let x and y be the Cartesian coordinates of 
a point of the plane of the shell ( Figure 67) . Then the square of a linear 
element on plane xOy is given as follows: 


ds? = dx?-+ dy?, (4.1) 


that is, the coefficients of the first quadratic fozm A and B in the chosen coor- 
dinate system are equal to unity: 


A=B=1. ( 4.2) 


For the discussed extremely shallow shell, represented in the curvilin- 
ear orthogonal system of coordinates 2. 8, y, the first quadratic form of the 
coordinate surface of the shell is represented with sufficient accuracy in the 
form (4.1) , that is, 


ds? = da? + dp?, ( 4.3) 


which is equivalent to the assur iption in ( 4.2) , that is, 





*§.A. Ambartsu.nyan, Toward calculation of shallow shells, PMM, Vol. 

XI, No. 5, 1947. 

*#§,A. Ambartsumyan, Approximete method of calculation of thin, shal- 
low shells, DAN ArmSSR, VI, No. 3, 1947. 

#iHHY .Z. Viasov, see pp. 436-453 of work cited in footnote * on p. 277. 
wHHt AL. Gol'denveyzer, see footnote on p. 279, 
eH AL. Gol'denveyzer, see footnote **** on p. 280. 

HHH YU .N. Rabotnov, see footnote H+ on p. 289. 
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Azl, But. ( 4.4) 


In the case where coordinates a and § are dimensionless, instead of 
(4.4) it is assumed that the coefficients of the first quadratic form A = A(a, 8) 
and B = B(2.8) upon differentiation behave .s constants. With the same accu- 
racy for an extremely shallow shell it is assumed that the principal curvatures 
of the coordinate surface ky = kj(2. 8) and I:g = kg( 2. 6) also behave as con- 


stants. 





Figure 67 


The purely geometric definitions presented here are hardly sufficient for 
the construction of a theory of extremely shallow shells. To these assumptions 
(A =const, B= const, k; = const, kg = const) we must add all the initial as- 


sumptions from the theory of shallow shells in general ( see Section of this 
chapter) . 


With these remarks ‘n mind, for in extremely shallow shell we obtain 
the following initial relationships and equations: 


equilib: .um equations 











LOT) < POS. ( 4.5) 
7 ir a 
1 a7, , 1 0S ; 
ie eae” er eae (4:8) 
1 ON N. 
— (R,T, + aT) a ay on +4 =:--Z; (4.7) 
Tete HRM ( 4.8) 
1 oM 1 oH , 
ap A Ga = NG ( 4.9) 


elasticity relationships (1.6) -( 1.11) and formulas for stiffness ( 1.12) -( 1.14) 
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remain unchanged ( and it is assumed that the coordinate surface 7 = 0 coincides 
with the lower surface of ths shell) ; 


the geometric relationships 





lo 1 dv 
=z = +hyw, = -5 os + kyw; 
1 ou 1 ov. 
C= op tA a ( 4,10) 
1 dw 1 dw, | 2 dw 
\=— Aro’ “= BF os’ *~ AB dads’ 
the equation of comupatibility of deformation 
07 dw 1 @ 

hay thin + ar So — OE sean t Be apr = 0: (4.11) 


stresses in the layers are determined by means of the usual formulas 
(2.4.2) -( 2.4.4) 





‘1 ou 1 ov 2 if 1 ou J ov\ 
1 @ 1 1 Ow 2 dm \. 4.12 
eee AP 3 le vas “On?” i 5008 )i ( 
1 ov 1 ou ldu i, 1 ow 
i 1 @ 1 9 2 @3 \ . 
—1 (Ba a ce + Bin a o., Bis 48 on oF) rae) 
i i (1 du iflou , 1 dv 
sn = Bisa ge +R) + 8s (a a cy + &)+ Bi wg +4 3) 
1 9 1 @ aw 
cae f (Bic Ai a + Bs Bi ort Bias saa): ( 4.14) 


The initial relationships and equations in ( 4.5) -( 4.14) in the the theory 
of extremely shallow shells may be derived on the assumption that the unknown 
quantities are substantially increased by differentiation. *,** ,***,**** 


*Kh.M. Mushtari, see footnote *** on p. 279. 
*#5.M. Feynberg, Toward an approximate moment theory of thin-walled 
shells of arbitrary prefile, 'Issledovaniya po teorii sooruzheniy,"’ sbornik 
No. 3, 1939. 
HALL. Gol'denveyzer, see p. 457 of work cited in footnote ** on p. 277. 
wWHrtA | L. Gol'denveyzer, seo pp. 366-36" and 469 of work cited in footnote** 
on p. 277. 


SECTION 5. 


From (1.8) -(1.11) , by virtue of ( 4.10), 


forces and moments 


F) 
i= (Cu 3, +g 3) 4H +(C wae Cn Bg) P+ 
1 @ 1 3 


o 
+ (Cut ge en— Ky aaa — Ke ap wos Ku Bg)” 


=(Cpt¢ on +x 5 3) H+(C "hie + Cag y) 0+ 


a _K 1 2 
ee eae 2K, +s ‘Oc cz nm x) Yi 


; 1 
S=(Cwx A da Cup 5) 6+ (Cari Feng)? 
Q? 1 d? 
+ (% Cr +R 7 Cn —Ke ae — 2K 6s AB 18 Gade 2B a3) ® 
. : gl aN oon: 
M, = (Kind +Kew ag) #+( wz y+ 128d)” 
1 @ 1 @ 1 @ 
+ (aku +g: kie— Du gant — 20 am sear ~ Pn pia)” 


1@ 1@ 1 a 1 @ 
M, = (Ki 5 + Kee ge) o + (Keg gt Xn z)et 
1 @ | o? 1 a2. 


1 ! . 
+ (a K+ 5g Kz — Dia 3a gat — 2D 2s FB a 05 ~ Dy Bi 9,4) ®: 


n= (+ Ku g) *+ (Karras Sa )* + 
o | =) 


1 1 1 
+ (ig Kiw + pe Kos — Pre 3 ties — 2De 75 3 Oa dads 2% Bi 93? w 


EQUATIONS OF SOLUTION AND DESIGN FORMULAS 
IN THE THEORY OF EXTREMELY SHALLOW SHELLS CONSISTING 
OF AN ARBITRARY NUMBER OF ANISOTROPIC LAYERS 


we obtain for the internal 


(5.1) 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


Inserting the values of internal forces into the first three equilibrium 


equations ( 4.5) -( 4.7) and with consideration of equations (4.5) and (4.9), 
we obtain a symmetrical system of three differential equations in terms of the 
three sought displacements u (a, f) , v (a, B) and w(z. 8) 


Ly (Cy) & + Lyg (Cy) 0 + Ly3 (Cy Ky) W = — X, 
Lig (C yak yy) 4 + Log (Cp K yy) 0 -F hg (Cp Kp Dp) @ = 2, 


where for the linear operators we have 


Ly (Cy) -=C, peat 45 a + Cu i 


(5.7) 


(5.8) 


1 9 1 oe? 1 @ 
La (Cp) = Cn Baggs + 2Cos AR Saag + C86 As oat (5.9) 


1 0 1 o 1 9 
Lyp (Cig) == Cie Ga gga + (Cra t+ Coo Ge aap + Crs wi ap? (5.10) 
2 1a, 1@ 
Ly (C pK px) = (RC, + RC ya) A ay th Cet hoe) B a FA (Ky); (5.11) 
lo i@ 
Lay (C j_K yy) = (Rem + Cy) B a3 RC opt h1Cig) A da 2 (Ky)i (5.12) 


Ley (CK Dy) =—2 [Kn + Kee) Sat 
2 (Kiet hiked ag soap + UK + hKu) ge ga] + 
+(RiCy + 2h hyC yy + Rm) +L, (Dy). (5.13) 


As usual, for the linear operators E1(Kjy), E2(Kjq) and Iy(Djx) we 
have, respectively, (5.4.25) , (5.4.26) , and (5.5.32) or (5.8.13) . 


Thus, with the assigned boundary conditions, by solving the system of 
differential equations in (5.7) we determine the unknown displacements u, v, 
and w in terms of which all the design quantities of the preblem are represented 
by means of formulas ( 4.12) -( 4.14) and (5.1) -( 5.6) . 


The equations fo the theory of extremely challow anisotropic laminar 
shells may also be represe:t«7 in the form of equations of the combinea method. 
Let us construct the equations of the combined method on the basis of the re- 
sults obtained in Section 2 of this chapter, that is, for the case of practical 
importance wherein X = 0 and Y= 0*. For an extremely shallow shell, assum- 
ing 


A== const, B = const, (5.14) 
we obtain from ( 2.17) the following cvstem of equations of solution: 


L,(Djy — Dj) @ ~ - La (dy) 9 +9,9 = 2; 
Ly (Aj)? +L; (dy) w — V,w =0, 


( 5.15) 


where for the linear operators we have 





*The equations of the theory of extremely shallow anisotzopic laminar 
shells may also be constructed for the general case in which X # 0, Y # 0 and 
Z #0 (ses M. Mishonov, Toward a theory of shallow shells, PMM, Vol. XXII, 
No, 5, 1958 and Section 5, Chapter V of this work) . 
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L, (Dy -- Dfe) = peu <£ 4. tele _ + 
42 (Py — Pia) + = ile 44 Pn Ps a 2 the 
a Pax Pa Dy = (5.16) 
L, (Aj) s ou 4 —2 Ae sre: ote 
4 a! a ao wear dap + a oR (5.17) 
Lal) = Bi jas tase garage ata + 
+ Aue da gs B oe (9728) 
V, = he a jos +h Bi ga (5.19) 


For the internal forces and moments. from ( 2.1) -( 2.3) and ( 2.6) - 
(2.8) , we obtain 








1 dy 10% 6 Le, 0 5.20 
ass dy, 0? dy @ _ des 0? 
M, = (Ft xt 4 At ja! — AB dad sar)? 
gall J Dy— Dig 2 Dy,— Di, & 
= (75 ~ gt +2 TR Gas to 3) ® C4) 
(dq a oedig 0? da. OF \. 
a ad I + gr da? ~~ AB dad: -)e— 
Dy ~ ae e Dyg— D8, 9 Dy.— Di =) 
—~\ Br ag? AB dads A? dai (5.22) 
dy, 0? deg 07 
ae = (Sr &: sat 4 a — 3B bar)? 
Dig-- Dig & Des— Dig Dy, — D3 fy 
= (a? aoe AB paos BP oy (5.23) 


The stresses in the layers may be determined on the basis of the general 
ae (2.4.2) -( 2.4.4) wherein, along, with (4.10), it is necessary to con- 
sider that 


_fAn oO , Aa Ot An 
6 = (gr gat Ft aa GB i; war)et 


fdy @ | dy dy 
tar ant Be og +? AB war) ® cohen) 
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(Ain 0? Age G2 Aggy? 
3 “(33 d3? 7 “A? dai AB joa e+ 





d,, 0? , day da , d ge? 
+(3 dat + Bt apt +2 ap Osan) @: (5.25) 
Aw 8? , Au 8% Age 
w= (Fi gst -S oe — AS aos) e+ 


‘dg, 0 de @ dy OF 


Ar gat +B, on +2 AB nar)” (5.26) 


The system of equations of solution of the combined method in ( 5.15) 
may be red'ced to an equivalent single eighth-order differential equation of 
solution. Assuming 


g=V,¥ —L,(d,)¥. ( § 28 


re) 
a] 
~~ ~e 


where ¥ — (a, 8) is a certain unknown potential function of coordinates and , 
we identically satisfy the second equation of the system in (5.15) and from the 
first equation we obtain 


Ly (Ppp) F— 27 (Qy) ¥ +08 =Z, (5.29) 
where Lo( P. jk) is an eighth-order linear operator, F( Qik) is a sixth-order 
linear operator, v2 r is a fourth-order linear operator; these operators have the 


following form: 


Lg (P jy) = Ly (Dyy — Din) Ly (A jy) + [Lg (jp) 2: 
FQ py) =Lydp)Vi V=V,V,. (5.30) 


These operators ( except y S in the general case of anisotropy are extremely 
unwieldy, hence we shall not present them in expanded form. 


Thus, the eight-order linear differential equation (5.29) is an equation 
of solution in the theory of extremely shallow anisotropic laminar shells. With 
given boundary conditions, having the solution of equation ( 5.28) [that is, 

W= Wa, 8)], by means of formulas (5.27), (5.28), (5.20) -( 5.26) we may 
find the values of all design quantities of the problem. 


Orthotropic Shell*. In the case where the shell consists of an arbitrary 
number oi homogeneous orthotropic layers such that the principal directions of 
elasticity at each point of each layer coincide with the directions of the corre- 
sponding coordinate lines all quantities with subscripts 16, 61, 26, and 62 








*§.A. Ambartsumyan, see footnote ** on p. 283. 
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tecome zero. Then for constants Bik: Ajk dix, ph, we will have ( 2.24) , 


(5.5.40) -( 5.5.47) . 


In this case all internal forces, moments and stresses in the layers wi!l 


be represented by mean of the following formulas: 


internal forces 


1 du 1 ov 
T= Cy A 0a +Cy B os +C, kw + 
1 aw 
+Cykow — Ky Fa gar — Kir 
1 du 1 du 
T, =Cy B os +Cna gg + Crk + 


1 ow 


+ Ck, w— Ky B 0:7 —— Ky 


1 dv 1 du 1 
S= Cos a Ga + Com a5 — *Kes aR 


the bending and torsional moments 


I Ow 1 ew 
M,=—Dy Ai gat Pre Bagge Anke + 


1 @ 
+ Kypkyw + Ky 7 set Ku 


ew 
op! 


1 1 0? 
M,=— Dn gi — Dy 3 Gar + Kuk + 


1 ov 
+ Kk, + Ky Bay thn 


1 3m 1 ov , 
H= — 2D¢6 Fm aaa t+ Kes ( 


stresses in the layers 


1 a la 
a, = Bi A o- + Bie B ge + Bu kyw + 
1 @? : 
+ Bink w — 7 (81: Bg + 4Bi 
I i lav 1 du 
0; = By Bos + Big 5 je + Bakyw + 


1 Ow 


1 ov 1 du 1 


i pi J ow j} Guy it ow 
tas = Beg (a aa B #) 218% AB Oa05 ° 


at Be 


(5.31) 


(5.32) 


(5.33) 


(5.34) 


(5.35) 


( 5.36) 


(5.37) 


(5.38; 


(5.39) 


Assuming that the unknowns are displacements u(a2, 8), v(a, 8) and 
w(z, 6), in order to determine them we obtuin the following symmetrical system 


of three differential equations in terms of three unknowns; 
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1 3 1 a 1 dt” 
Cupar + Cos a ger + (Cu +Co) am daap + 


+(eiCn +hCn) ZS — Ey (Ky) w=— XX, (5.40) 


1 dv 1 dave , 1 074 
Cr Ri giz + Cos aa gar + Ci t+ Coe) Za Gaon + 





+ (hCn + iC) 5 oe Ea Kp =— ¥; (5.41) 
(Cy + RC) 4 — Ey (Kyat 
+hCm + hCue) gop — Sa (K pot 
(RIC, + 2k RoC yg + 22Cy) w— 2 (kK, + 


+ kK) zi Gar —2 aK + aK) ga Gar + Li (Op) w= 2, (5.42) 
where 2 oi — 
E, (Kp) = Ky gg t+ Kt Ke) Gar peas (5.43) 
Ex(K yp) Kn gs ge thet Kee) par get (5.44) 
Ly (Dy) = Dy Hi ge + Om Gig +2 Orn + Dee) Gage serge ( 5.45) 


In the case of the combined method, where the unknowns are the stress 
function » = (2, 8) and displacement function w= (a, 8), the equations of solu- 
tion are given as follows: 











Ly (Dy, — Djs) w — Ly (dy) 9 +96 =Z; | (5.46) 
L(C,,)9 + £3 (dy) w — Vw =0, 
where 
Cy 1e . Cy le 1 Cs\ 1 of” 
Ly(Cu) = "Taian T Ban t(co—? 3) A*B? Oat os (5.47) 
iC KC lO Goes 
Ly(d,,) = 2 u 5 An Bg t (ASes Kini, 
9 Aes a An€nn— Aut) ! 0° 4. KuGs— KnCis 1 of 
nee u AB? dat opi + SBN at * (5.48) 


while for Ly( Dj, - Dik) we have (5.45) or (5.5.49); it will be recalled that 
Df, are determined from formulas ( 5.5.44) -( 5.5.47). 
The design formulas of the combined method have the following form: 


internal forces and moments 


| — 
a 
= 
8 


0% - 1 = 1 oO . : 
von) = Wigs! S=— AB Daop! cee") 


7, = 


& 


ge Ree kus 1 Bie eg Kula Kale L ae, (5.50) 
D,,— D8, 0°w =D, — D®, ow 
M.=——~ Rr of — A a? 
H=~2(Og— 0h) Jy oe — he ty Pe, (5-52) 
r= Balai) + (Ce phen 
— %) aes (Dj, — Dr) w: (5.53) 
N, = Ki2Caz — Ka i KC 3 sf + (Antu AeCe = 
— 2) gar ga — F2On — ja) 0; (5.54) 


stresses in the layers 


Cy) 1 e Cu pi Cu\ 1 
of = (Bi, — BiG) ae ape — (Bh GP — Bie") aa gaat 

a ; Ci. — Kye i 1 &w 
+ (a KiaC x 5 KC ay Kr - Kia is — Bh) a: ot 
+( 


Bi Ku€n— Kula t Bly MG Rules aa 18h) 1 Ow (5.55) 


JA? Qa? ' 
Cc Ci2\ 1 iC i Cy\ 1 d% 
03 == (Bay! — Bio") aa gas — (22 Be) ae ape + 


i —K 1 @ 
op (Bip Aula Sats 4 pi, She Bale Bt) aa ge + 
+ (Bi: Kun — eet + Bi, KizCre = KuCis z Kuli __ 18h) a oa (5.56) 
Bi. 4 ae i (K 1 ow ( 5.57) 
i 66 an i (Kee __ 1 Ow : 
Saat Cis AB 01 op ai 2Be (cs 1) AB da 03 


As usual, the system of differential equations of the combined method 
(5.46) may be reduced to a single equivalent eighth-order differential equation 
of solution. Assuming 


w=Li (Cy) ¥; (5.58) 
p= VP —-L3(d,)¥, (5.59) 


where f = U(qa,8) isthe sought potential function, we identicaliy satisfy the second 
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equation of the system in ( 5.46) and from the first equation we obtain the 
sought equation of solution 


1 ost 1 1 afr 
P, A® da® +P; A®B? ll +P 5 ABs da* op + 
1 1 oy 1 oy 
+ Py aR dar ont oa pt Pp ba +Q, A® oa® + 
I oy 1 oeur 
+ Qs aaB Garant + Ss aR aR a 7 + Qa Be Spe + 
1 er 1 i ay 
+ haa Oa‘ + 2k iho aa on a thi ae op 2 (5.60) 
where for coefficients Pj and Qj we have 
= a 
P= (D,, — D}i) Gus + (KG Aue a Ku€w) ; 
f — KyCis\" 
P,=(Dy— Dn) 9 + (Anant), 
, Cu + (D, — Da)(2 —2S)+ 
Py 2 [(P». — Diz) + 2 (Deg ca Dis)| = + ll iM (c a 
i g Kulu ao (Asfuz —KiCi ane + KGa Kuln); 
Cc 
Py=2 [(Dy— Dh) +2 (Dy — Dial] G2 + ‘On — D2) (e,— 258) + 


42 KuCu = KnCi (AuCu - Kuli __o a ae KurCys = Kuli), 


P,==(Dy, — Dit) cn + 2[(D,, — Diz) 4- 


+2 (Dyg— Di) (+ — 258) + Dm — Dh) G+ 


Cu _K KiCua— Kul 
(“ n= Kul _ 778 + u na 19 nV 


+ 
+2 {KG — Ku Cu) (Kiron Kel) 
O= 2 Rial — Kila. Q _ 2 Kila — Kala. 
TR; g 5 SR Q 
2 Al ee Kili — Kila Kea, KirCan — KiaCis 
Qs =p, SBC ANC ye (Am Aa — 2 fan Rut ate), 


— 2 KirCy— Kuli) 2 (KnCi—KisCi Keo Kira — KirCin 
U=R, v +p;( 2 TeGa re a ). 


Inserting into formulas (5.49) -( 5.57) for w and @ their velues from 
(5.58) and (5.59) , we cbtain expressions for the design quantities in terms 
of the sought function (a, 8). These expressions will not differ from the cor- 
responding expressions ( 5.5.67) -( 5.5.75) derived for the case of a cylindri- 
cal shell. 
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SECTION 6. EQUATIONS OF SOLUTION AND DESIGN FORMULAS IN THE 
THEORY OF EXTREMELY SHALLOW SHELLS CONSISTING OF AN ODD 

NUMBER OF HOMOGENEOUS ANISOTROPIC LAYERS SYMMETRICALLY 

ARRANGED RELATIVE TO THE MEDIAN SURFACE* 


(see Figure 15) . By virtue of the symmetrical structure stiffnesses Cik and 


We shall discuss a shell consisting of an odd number ( 2m + 1) of layers 


Dj_ are determined from formulas (3.1) and (3.2) . Stiffnesses K; are all 


equal to zero ( 3.3). consequently, for all coefficients dqjk and Df, we also have 


zero values ( 3.4) . 


ments 


On this basis we obtain from ( 5.1) -( 5.6) the internal forces and mo- 


_{[p le 10 19 
T=(Cuz get Cus H)4 +(CuzetCngg)e+ 


= 1 @ 1 1a 
h=(CagatCug gp) +(Cng gt Cn yd): + 
fl I 
*. (a Cat z Cu) 
a 1 @ 1 a an 
S=(CoratCuna)é + (Cx ” ~Cum go + 


+ (Low fea)e 


N,=—E,(Dy)@ Ny=—E, (0), 
_ 1 aw 1 d°a 1 ow . 
Aa (D1 A ai + Ora FR 5gn + 2Di6 Zp san) 


1 Ow \ 


1 
My =— (Daa ga ggr + Diz 3a Sux + 2Des 3B Hh 


ow 1 ow ) ; 


= 1 dfw 1 dw 1 d'w 
H=—(2D6 3p aap + Ove ge ger + Ons Bar) 


Stresses in the layers may be determined by means of formulas: 


1 
= Big et Bug gt 56g ta et 


1 a * gi 
+H{Biik, + Bizk,) W— 7 (B11 rm Sa + Biz mn aa + 2Bis tn 3a op 





*S.A. Ambartsumyan, see footnote * on p. 283. 


07w 


)i 


(6. 


1) 


.2) 


8) 
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b= Ba pet Bag et Ong ot ase) + 
HBiaks + Binks) © — 1 (Boa pe gt Bt ge gar + 28% 7p 3): _ 
ip = Bis oe + Busy op + Bis(5 Se + age) + 
+H{Bleby + Baska) © — 1 (Bis ga gar + Bee pa ope +2 ap an 9) ale 


Let the sought quantities be displacements 4(a, 6), v(a. 8), w(z. 4), 
in terms of which all the design quantities are determined. Then the system of 
differentia! equations of solution is written as follows: 
Ly (Cyg) # + Ly 2 (Cyy) V+ Ly 3 (Cy) w= — X; 
Lig (C yy) A Lag (C jy) UA hay (Cy) w= — y: ( 6.11) 
L3 (C;,) a +Ly (Cj) Vv +L (Cy,Djy) = Zz, 
where for operators L;: ( Ci) » Leal Cit) and L192( Cy) we have (5.8), (5.9), 


and (5.10), respectively, while the remaining operators are written as: 


£13 (Cpr) = (Cn + kCy) > $+ (2,Cig + 2yC 2) F ai meee) 
a 
Las (Cy) = (Cn + iC) 3 + sn + hiCie) 4 2: co 79) 
Ly (Cy Oye) = (41Cy + 2RykyCyp + RC m) + 
+ Ou ae t Awa aag + 
1 & ( 6.14) 


+2 (Dy - 2D) arp aH da? sarge t 4Doe a5 5 a + Dy Be opt . 


Solving system (6.11) with given boundary conditions, let us determine 
functions u, v and w, then by means of formulas ( 6.1) -( 6.10) let us find all 
the design quantities. 


In the special case where X = Y = 0 and Z + 0 the equations of the com- 
bined method take the form 


L (Dy) w+14,9 = Z; 


15 
where operator Lj{Dj,) has the value 
D, 
L, (Dy) = a sat 4a a + 
+2 (D+ 2De) arg arg + 4 TR aoe + BE He ( 6.16) 


while for Le( Ayk) and V, we have (5.17) and (5.19), respectively. 


402 


In this case the design quantities of the problem will be determined 
through the sought functions w(a, 6) and 7(2, #) by means of the following 
formulas. 


Internal forces: T,, Tg and S as in (5.20) ; Ny aad No as in ( 6.4) 
[where, as usual, E; is determined from (5.4.25) and (5.4.26)]; the bending 
and torsional moments Mj, Mg and H as in (6.5) , (6.6) and (6.7); and, 


finally, the stresses in the layers: 
1 i 1 dt 
0, = (Bi A12 + BizAnm + BigAr.) qi ant + 
i 1 04 
+ (Bi An + BirAt2 + BicAis) 7 x — 


i 1 @ 
— (Bi Atg + BirArs + BisAse) AB bats — 


1 @ 1 dw 1 @ 
—1( ih gages + 5h ai gor + 2816 a8 ae az) (6.27) 
1 @ 
of = (BrAy + ByAn + Bx Ais) 53 a + 


i 1 @? 
+ (BrAn + Bi2A12 + BrsA26) 70) = _ 


i 1 @ 
— (Bx Ags + BirAig + Bis Ace) AB ja oe — 


1 Ow 1 ow il @w 
—1( toi gar + Slr agar + 22% a5 an 93) ( 6.18) 
, 1 2 
ths = (BisAn + BisAr + BosAts) ge 397 + 
Ne 070 


-+(BicAi2 + BrcAx + BeAr) 43 553 — 


i 1 «a 
— (BicAis + BreArs + Bic Ace) AB da ig cf 


1 10%» t 1 fw opt | ew 
— 1 (Bis ga gar + Bie ge Gr t+ 2Bie ai 05 08): ne 


The system of equations of solurion in the combined method (6.15) may 
be reduced to a single equivalent eighth-order differential equation of solution. 
Assuming 

w == L,(Aj,)¥, 
g=V,T, 


where, as usual, I= (a, 8) is the sought potential function; identically satis- 
fying the second equation of system ( 6.15), we obtain from the first equation 
the sought eighth-order equation of solution, which has the following form: 


Ly(Py) V+ VW = Z, (6.21) 
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where Lo( Pjx) = L1( Dik) L2( Ajk) ; in expanded form it has the form of (5.8.17), 


while for v2 we have 


. 1 @& 1 a 1 a’ 
Vr = ViVe == 2 Ai Gar + Al ge gga + 2Rika gam gar agi ( 6.22) 


In this formulation the design quantities of the problem are represented in terms 
of the sought function V(z2, 8) as follows: 


internal forces 








1 @ 
1 = Bi 933 Vv ) 
1 @ 
™%Z= Figg V-. (6.23) 
; 1 @® 
°=— 7B aa op Sr 
N, = —E,(D,)V,¥, 
a (6.24) 
Ny=—E, (Dj) VW; 
bending and torsional moments 
1 ga 1d ,, 1 @ 
M, =—(Dy a2 dat Pie Boga + 2910 AR Ga ) La (Api ¥ (6.25) 
1 @ 1 @ 1 @ 
M, = - (Dy ga gg t+ Ov qi gaa +2220 FB aap) 42 (Ap) Yi ( 6.26) 
1 at 1 1 gt 
H = —(2Dee ap aeap + as ga jas + Pos Bags) (And Yi ( 6.27) 


inview of their unwieldiness the stress formulas are not presented here; how- 
ever, they may easily be derived from (6.17) -( 6.19) assuming for w and » 
(6.20) ; 


tangential displacements 
1 @ 
em {(41 Az — hyAy) gi gas — (241 Ane — 
| a 
— kyAye) Aap gatag + WAgs 4 Ata) hi — 
1 @ 1 lap. 
— k,A\\] AB? a op? Ri Aig Bs x ¥; ( 6.28) 
1 03 
o=— {body — bya) ga gg — Chae — 


1 03 
— hy Avg) Baa apt ae 1 MAes + Ai2) &a — 





1 oe 1 a 


304 


Thus, with the given boundaries conditions, having the solution of equa- 
tion (6.21) and using formulas ( 6.23) -( 6.29) as well as (6.17) -( 6.20) we 
may find the values of all the design quantities of the problem. 


Orthotropic Shell. Let the shell consist of homogeneous orthotropic 
layers such that the principle directions of elasticity at each point of each layer 
coincide with the directions of the corresponding coordina‘e lines. 





Let the sought quantities be the displacements u(z, 3) , v(z, 3) and 
w(2, 3). Then the system of cquations of sclution will have the form 


Bie ean eve yen ues 
+8, Cy +l) Sr =X, { 6.30) 
Cm gi sgt + Coe ga gat + Cro +Co) ap orgy + 
+ (iC + hx) Boy = — Vi (6.31) 
iC t Cw) 4 Et OC + AC) Be + 
(RIC + Qkik2Cy, + RIC) w +L, (5,) w= Z, (6.32) 
where for Ly(Dj,) we have 
b(n) = Dy gat? Ont 2D) gape stan t On BR ( 6.33) 
For the internal forces and stresses in the shell layers we have 
T= Cn E+ Cag TNC + eCn) w: (6.34) 
hates s+ Cyn E+ (balan + hyC yn) vi ( 5.35) 
S=Co (4+ BH)! ( 6.36) 
M, =— (Du 353+ On fe 5a) (6.37) 
M, =— (De 5: 597 + On wa 5a) ( 6.38) 
H = —2Dg a5 Sgr (6.39) 
N,=—E,(Djy) w; Ny == — E,(D,) w, ( 6.40) 


where, as usual, for Ej we have 


1 a 1 3 

Ey (Djx) =Dy Al ow + (Dy. + 2De6) Za Daas’ (6.41) 
1 @ ' a3 

Fy (Pi) = On gs Ge + Or + De) Hae ag aat’ (6.42) 


while for the stresses we have ( 5.37) -( 5.39). 
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In the case of the combined method where the sought functione are the 
stress function (2, 4) and the displacement function w(a, 6), the system of 
equations of solution has the form: 


L,\ (Dy) W+ 9,7 =Z. 
Li(Cp) 9 — Vw = 0, (6.43) 
where 
Ci; 1 of C. 1 0 
ba(Cw)= "ar as gat + We ope + 
1 Ci\ 1 @ 
+(a,- F) aE ( 6.44) 


while for 1(Dj,) and V, we have, respectively, (6.33) and (5.19). 


In this case for the internal forces and moments we have (5.49), ( 6.37) 
-(6.40), while for the stresses in the layers 


= (Bi Cn _ Bi <2) l 09 (3 Cis _ pt Ci‘ cet 


ag 2 oO) Bt opt ue 122°Q J A® Oa? 
— (3 + FR: (8.45) 
of = (Bi, ou Bi, oP) ar at — 
(By Se eal ey (ae ee ( 6.46) 
ee ea Dene ee (6.47) 


In the case where the sought function is the potential function ¥ = V(a, 6), 
the differential equation of solution is an eighth-order equation and is 1 cpre- 
sented as follows: 


1 oe4 1 ory 1 or 
Pigs oat + Ps Gomi aera + Ps ae aarage 
1 oth 1 Jey 1 9eur 
+ Pa gaps datas + Page age TB ar Jae 4 
1 ow 1 ow 
where 
Dic C Ke 
Py = PUR Py 2 (Dip + 2s) + Dy (-— 2-42); 
Py Pees (Po S98 (D204) 4+ Da (e —2 fu); 


Py Pula + 2D + 2De—)(g- — 2-2) + Puen, 


In terms of the sought function the design quantities of the problem are 
represented as follows: 


06 














Fk a tH. T= 4, ne vt ( 6.49) 
Geers (8.59) 
M, =— (Dy) 4 254+ Dy pf. sar) bs (CM; (6.51) 
Mss Soman ya par) ba (Cn Ni (6.52) 
H = — Dy fy go ba (Cad (6.53) 
Ny = — Ey (Djy) Ly (Cyd Ws Ng = ~~ Eg Djy) La Cj Vi (6.54) 
oF =[(8, ae Bi <i) - i -- 
— (BGP Bt Sat) aaa) BP 
- (Bi er 73 2+ Bi, 7 ii ) Es (C5, )V: ( 6.55) 
of = [(,, SP — 8, S*) Sa 
— (Bi, Se — 12 Se) A rae reg 
= 1 (Bb ge gj + Bla ae gaz) baw) Ys ( 6.56) 
i 
i ae abaea V0 — 278) a5 30 ante (Cy) T, (6.57) 
w= = {(& E+ be) ae Sav + 
+ fe Ft) ee] a aaa 6-38) 
ace {(, a + Os ) - zs 2 
: leg SE) S| gar apa aii 
w = L,(Cy,)T. ( 6.60) 


SECTION 7. INTEGRATION OF THE EQUATIONS OF SOLUTION 
IN THE THEORY OF EXTREMELY SHALLOW ORTHOTROPIC SHELLS 


The methods of integration of equations of solution in the theory of ex- 
tremely st.allow shells do not differ from the corresponding methods given for 
integration of equations of anisotrpoic cylindrical shells. These methods were 
discussed in some detail in Sections $ und .0 of Chapter V. Here we present 
only the results of integration of the equation of solution (6.48) by the method 
of double trigonometric series and we :-vestigate only one combined example, 
which is of interest from the standpoint of laminar shells in general. 





Figure 68 
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Let an orthotropic symmetrically assembled laminar shell cover a rec- 


tangular plane with sides a and b ( Figure 68) and sustain a forcs Q concen- 
trated at point a=- x, 8=y. Assuming that x and # are absolute .oordinates, 
for the coefficients of the first quadratic form we will have 


A=}, B=1. (7 


We assume that the shell is hinge-supported over its entire contour; 
the boundary conditions will then have the following form: 


when a=0,2=a v=w-=7T,=M,=0; | (7 

when 3=-0, 3=b wo=w= ae J 

We satisfy these conditions by representiig the sought function V(z, §) in the 
form 

v= VV a4, n sin 7 sin ARE (7 


melineat 


where Amy are the sought coefficients. 


Ccncentrated force Q is also represented in the form of an analog»us 


series 
t= 0=— YY ogy sn ME an 2B, a 





where 





Inserting the values of ¥ and Z from ( 7.3) and (7.4) , respectively, 
ir’. (6.48) , after certain transformations we obtain for the sought function 


mn ~ “ab a 5° (7. 


1) 


2) 


.3) 


.4) 


5) 


3as 


Mx nny mana nz 
att 





in =" sit! sin —~-— sin - — 
2 ayyp D a b 
rgb ee ae fee ( 7.6) 
mn 


where 
Dan = Pym® + Pymbn? + Pomin§ + Pym?nd + 
+ Pani? + 5 (eim' + 2h gm?n’a? + hint), (7.7) 


The value of P, is derived in Section 6, while 4 = a/b. 


From (6.60), by virtue of (6.44) and ( 7.6), we obtain for the normal 
displacement 








=_* x p3 La am sin ae sin “~~ sin “= sin ane , ( 7.8) 
where 
a), = mi +(e — 2S) atti? 4 St nv, (7.9) 


From ( 6.55) -( 6.57) we obtain for the stresses in the shell layers 


a! = DLs —a (Ryn? + kyny (8 1 fu = Bisa oO St.) m2 


— (Bi, =a —A; AB) ee] — 





mux | oAry . mraz _ az 
sin —- .in —— sin sin —— 
a b a L 


a ( 7.10) 








— 1 (Bim? + Bi,ni2) Mn | 


Aimn 














apm AOD cymes ain fay, Se — at, Sn) 02 
mon 
— (8, 42 a — By Sw ) m?| -~ 
sin asa sin ise sin ea siu ane 
—~yY (Bin? + Bim?) 4.) a —*---4 4 : (7.11) 


4Q)7 p; a? | 
d= ay » [ Se Ee (eam? + hynPit) — 
m 
-- 27d), [ae sin max sin ae Y cos BE cos 2 (7.12) 
Amn 





Regarding the formulas derived here as interference functions, we may trans- 
form and obtain the design formulas for other cases of loading of a shell by a 
normally applied load. For example, in the case of 2 uniformly distributed 
load with intensity q we have 


w = — “ae yD aa sin a sin ae (7.13) 


TL 6 
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ise ae Late ; (gm? + k,n?) [ (Bi, fa _ Bt, S-) mt — 


— (8,4 Ln _ pi Sn) nrn2| — 











127 D 
sin i sin = 
— 1 (Bim? + Bin?) a”, |} (7.14) 
= Tae »» d{4 x (Rpm? + k,n? (4.4 Ca _ Bt “) n?h2 - 
m™ a 
a (2, Cy — Bi, ut ) m?) — 
sin i sin iseich 
~~ 1 (Bigni? + Bim?) 5’, a (7.15) 
mn 
of, = — 0 p28 >> Llsrc Ze (am? + hy nh?) — 270, | X 
con 1 ees anB 
x (7.16) 
mn 


(m=1, 3, 5,...5 n=l. 3, 5, ...). 


Let us solve an example. We shal! investigate the dependence of flex- 
ures of three-layer shells on the elastic moduli of the layer materials. Let us 
investigate a laminar shell with double curvature, freely supported over its 
entire contour and covering a rectangluar plane (a Xb). Let the shell consist 
of isotropic layers with Poisson ratios equal to zero. 


By virtue of ( 2.12.9) and from ( 2.13.2) we obtain for the stiffnesses 
of an isotropic shell with symmetrica!ly arranged layers 


C= Cy = Cy = Cyn + 2 og == 


ae E™* Ams de ES a3 |. 7.17 
=2 ee +2 1—() (h, ss} ( ) 
E +h, = Es ; 
cam 2| fata + 3 afer teh ( 7.18) 
EM+ip y+ ESys5 
cy 2 | tage + S25 Ty hued (7.19) 
D=D, =Dy= Dy, + 2D—= 
2 EM+1h a 
=F eS +3 Sept a) ( 7,20) 
2] Emtn? |: 
6 3 ras 3 and 2 (1 a5 (8 — Ra) |} (7.21) 


al: m+! ft hg EO 


Dy = 3, =o" 1 =) (v™@+1)a + b> Toon (hy =n,.| ' ( 7 22) 
a 
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then for the normal displacement of the shell in the case where it is loaded by 
a concentrated force Q we obtain from (7 Pe 


mra nnp 


(m? + h3n2)8 sin ee sin Ae gin ME sin AE 
a‘ \ a b 
Wy > i 


DE ro (m2 + 42n2)4 + sy oo (eam? + kyn2h2y2 


m 


(7.23) 


in the case of a uniformly distributed load ry intensity q we will have from 
(7.13) 


mnt nr. 


‘16qa* yp (m? + 22n?)? sin — a ae 
oa ee es | ES + May + ae = (kim? + hint} mn (7.24) 
Furthermore, using the identity 
(m? + ppd 1 








(mi? + 4n?)* + ee < (kgm? 4 bn2h2)? ~ (nt + 2 
ne (ham? + kine) 
- ens ee (7.25) 
(m? + h?n?)? [(m? + nit + = (kan? + kinta)?] 


from (7.23) and (7.24) we obtain for the normal displacements of shells in 
the discussed cases of loading 
























we = 2% i (uw, — wt), ( 7.26) 
mw. (7.27) 
and then in MX any sin 7" gin 277A 
4 a b | j 
=D ——* ai { 7.28) 
m A 
n we 
sin = 
w= oe = ea aS (7,29) 
ham? + hyn stn sin BEY an BE gig ORE 
<< nee 
16a‘C (kgm? -++ k,n?7\3)? sin —— * sin : 
way LX =e (7.31) 
where ihe 
A” =(m?+ Wn? [(m? + 42n2)¢ + 5 o (keg? + hyn??? (7.32) 


The first terms of formulas (7.26) and (7.27) are the flexures of the 
corresponding isotrophic plane plates. The values of these flexures may be 





*Here and in subsequent discussion we omit the minus sign before w 
since for the example under discussion the sifm of » is of no importance. 
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taken from tables. The second terms of these formulas, representing the 
correction for the plate and resulting from the curvature of the shell are cal- 
culated by means of rapidly converging double series. 


For the sake of concreteness we shall assume 


k=py. k 


5 a 
ig 2 =~aR h=F=1.0. ( 7.33) 


In (7.30) and (7.31), limiting discussion to the first term of expansion (m=1, 
n=1) and inserting the tabular values of we and w? from (7.26) and (7.27), 


we obtain for the flexures of the shell center 


wWa=teQa, w,=ty70', (7.34) 
where 
K *). 
ies 5 (0. 0116 — #15 a) ( 7.35) 
K 
= 5 (0. 00406 — 0 Pea )' ( 7.36) 
K= yee =pr is a parameter characterizing the shell. 


With regard to shell lamination let us examine.three dif‘erent variants. 

Variant I, A shell of thickness h = 65 consists of three ‘ayers of iden- 
tical thickness 6, = ae The elastic modv’us of the middle layer is ten times 
greater than the clastic moduli of the outer layers ( Figure 69) . 


WO EEE 
* Hy ty 


Figure 69 


4 


4 


For such a shell we have 
h, = hy = 38, 8, = 6, E, = 2, =€. 
E, = 10E, Gi!) = Gi) = 0,5E, G2) = 5,0E. 


From (7.17) and (7.20) we find for the stiffnesses 
C = 24,0F6, D= 24,0E8; 


*The force Q is applied to the center of the shell. 
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then 
1 a‘ 
k= Rm 
In this case for the coefficients ty of normal displacements (7.34) of the shell 
center with different values of =a we obtain 
=e 0,0 | 5,0 | 10,0 | 15,0 20,0 25,0 
—_— =. i ' 1 
| to: 10 4,83 | 2,46 | 1,79 | 1,46 | 1,29 | 1,17 
abe 
t,10 | 199 o73 | 04s | ox | 025 | oxo 
| 





Variant 1. A shell of thickness h = 68 consists of three layers of idea- 


tical thickness b=s- The elastic modulus of the middle layer is ten times 
greater than the elastic moduli of the outer layers ( Figure 70) . 


E,=E,=10E, E,=E&, 


For such a shell we have 
0,5E. 


h, = hy = 38, 
Gi) —G9—5,0E, G 


by — 3, 
(2) 


12 = 


From (7.17) and (7.20) we find for the stiffnesses 


C=42,0E3, D=174E3; 
then 
a‘ 
K =0,2414 aaa. 


=a we obtain 


In this case for the coefficients t, with different values of 











Variant TI. A shell of thickness h = 68 consists of three layers, the 


outer layers having identical thicknesses. The inner (middle) layer is four 
times thicker than either outer layer. The elastic modulus of the middle layer 
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Willd 


Figure 70 Figure 71 









III. 


is one tenth of the elastic moduli of the outer layers (Figure 71). 


For such a shell we have 
hy =hy—38, 8,==28, E.=E£,=10F, £,=E, 
Gi) = Gi? =5,0F, Gi? = 0,56. 
From ( 7.17) and (7.20) we find for the stiffnesses 
C = 24,0£8, D= 132,0E83; 
then 
K = 0.1818 4. 


In this case for the coefficients tj with different values of aa we obtain 
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Figure 73 


These plots (and tables) show that an increase in the elastic moduli of 
the outer layers substantially increases the over-all stiffness of the shell. How- 
ever, considerable effect in the use of large-modulus outer layers is noted in 


flat and slightly convex plates (with small values of apm) , where the bending 


parameters are predominant. With a decrease in the bending moments, which 
occurs upon increasing the rise of the shell or upon transition from concentrated 
forces to smoothly varying loads, the effectiveness of using large-modulus outer 
layers decreases. 


Comparing the plots for the first and third variants, we note that in using 
an identical amount of material, in the third variant, in view of the presence of 
large-modulus outer layers (in comparison with the inner layers), we obtain an 
extremely effective (in comparison with the first case) structural solution for a 
three-layer shell. The fact is that the bending stiffness of the shell in the third 
variant is 5.5 times greater than the bending stiffness of the shell in the first 
variant even when the shells of both variants have identical tension stiffness. 
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CHAPTER VEY 
NEW THEORIES OF ANISOTROPIC SHELLS AND PLATES 


SECTION 1. BASIC PREMISES AND HYPOTHESES 


Let us examine a thin anisotropic shell of constant thicknes3h, Let 
the material of the shell obey the generalized Hooke's law (1.3.1) and at each 
point let there exist only one plane of axial symmetry parullel to the median 
surface of the ell. As before (Chapter I), the coordinate surface is taken 
to be the median surface of the shell referred to the curvilinear orthogonal 
coordinates a and # coinciding with the Jines of principle curvature of the 
coordinate surface. Let y represent the distance along the normal from 
point (a, 3) of the median surface to -.int (@,8 , y) of the shell. 


In this chapter we 3hall not use the hyp=‘hesis of the nondeformable 
normals and the proposed theory wil! be has<d on the following assumptions: 


a) the distances along the normals (+) between two points of the shell 
remain unchanged after deformation; 


b) the shearing stresses «,, and +,,or the corresponding deformations 


e,,and ¢, over the thickness of the shell vary according to a given law. *,**, *** 





*S,A. Ambartsumyan, Toward a theory of bending of anisotropic piates, 
Izvestiya OTN AN SSSR, No. 5, 1958. 
**§.A. Ambartsumyan, Toward a general theory of anistropic shells, 
FMM. Vol. XXII, No. 2, 1958, 
**#*S,A. Ambar.3umyan, D.V. Peshtmaldzhyan, Toward 9 ‘*- zy of 
orthotropic slielis and plates, Izvestiya AN ArmSSR (seriya fiz, .uat. nauk;, 
Vol XTl, No. 1, 1959. 
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It is to be noted that the theory of isotrophic shelis witnout the hypothe- 
sis of nondeformable normals has been dealt with by many authors, for ex- 
ample, N.A. Kil'chevsky,* V.V. Novozhilov and P.M, Finkel'shteyn, ** 

A. Green and W. Zerna,*** EE. Reissner **** I,N. Vekua,***** T. 
Naghdi******, ******* and others; however, these works will not be discussed 


here. 


For greater clarity in the first sections of this chapter the proposed 
theory will be applied to the case of an orthotropic plate. 


SECTION 2, THEORY OF ORTHOTROPIC PLATES 


Let an orthotropic plate be referred to a triorthogonal system of recti~ 
linear coordinates (a, 8 , y) so that the coordinate plane af coincides with the 
median plane of the plate and the principle directions of elasticity of the ma- 
terial coincide with the coordinate lines. 


The basic assumptions are (a) and (b) as given in the first section and 
are expressed as follows: 


a) we consider approximately 
€,=9; (2.1) 


b) the shearing stresses +,, and %;, are represented in the following 
form: 


y= Adee PEL $EX) FEZ, (2.2) 


r=hy@ Dttyt+yy+¢ O54, (2. 3) 


*N.A. Kil'chevskiy, Generalization of the modern theory of shells, 
PMM, Vol. I, No. 4, 1939. 
**V.V. Novozhilov, R.M. Finkel'shteyn, Concerning error o1 the 
Kirkhoff hypothesis in the theory of shells, PMM, Vol. VII, No. 5, 1943. 
***A, Green, W. Zerna, The Equilibrium of Thin Elastic Shells. Quart. 
J. Mech, Appl. Math., v. II, 1950. 
**+*E, Reissner, Stress Strain Relations in the Theory of Thin Elastic 
Shells. J, Math, Phys., v. XXXI, 1952, pp. 309-119, 

*****T,.N, Vekua, On a method of calculation of prismatic shells, Trudy 
Tbilisskogo matematicheskogo instituta im. A.M. Rzamadze, Vol. XXI, 1955. 
******D.M, Naghdi, On the Theory of Thin Elastic Shells. Quart. Appl. 
Math,, v. XIV, No. 4, 1957, 

*****4*D  M, Naghdi, The Effect of Transverse Shear Deformation on the Ben- 
ding of Elastic Shells of Revolution. Quart. Appl. Math., v. XV, No. 1, 1957. 
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where xt (a,8), Y*(a, 8) and X"(a, 8), Y~(a, B) are the components in the 
axes of a displaceable trihedron (along the directions of the positive tangents 
to the lines 8 = const and a = const) of the vectors of intensity of surface 
loads (Figure 10) applied to the external planes of the plate (y =1/2h, y = 
-1/2 h) (2.5.3) and (2.5.4); ¢(a,8) and 4 (a,8} are the arbitrary sought 
functions of coordinates a and §; fj(y) are functions characterizing the laws 
of change in shearing stresses +,, and <,, over the thickness of the plate, 


wherein f;(+h/2) = 0. 


Solving the equations for the generalized Hooke's law (1.3.7) we 
obtain for the stresses 9,. 35, Taz, tay 73, and 

















9, = Bye, + Byes — Aj; (2.4) 
Gy = Bye, + Bye, — Aq3,; (2.5) 
Tay = Beseays Tay = Bae gyi (2. 6) 
Tar = Begeas (2.7) 
where, as usual [see (1.3.8), (1.3.9), (1.4.5), (1.4.15)], 
E E. 
By =F] arora) Bn =p =| =A 
— @n wEy we, Saar aan : 2. 
By Sat ea ea 66 = ge, = Gigi ( 8) 
1 1 2 l—v,,¥ 
Bs = Go = Gis: By = 4 = Gui 2 = 44,0» — a2 = EE, 
and, in addition to these, 
FE. vy, Vou 
A, == 0438) “+ By = — F eae 
Ey Yaa + ¥%15 (2.9) 
Ay = 013312 + Ay By = — Ey. Lees? 
Assuming that for a plate in the chosen coordinate system 
1 1 
h=p= k=p=O =) =1, (2.10) 
from (2.1.4)-/2.1.9) we obtain for the deformation components 
ou, dus Ou,  Oug 
=a’ a OB C03 = og + oa" (2.11) 
Ou. ou, du, Ou, Ou, 12 
G=F° MH ata KSA ee: (2.12) 
By virtue of (2.1), from the first relationship (2.12) we obtain 
ss 0 = : (2. 13) 
—— > = » 4, =u, (2, p) = wa, 8), . 


that is, as in the classical theory of plates, displacement u, of any point of any 
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plate along direction + does not depenc on y and for all points of a given 
norraal element is equal to the normal displacement w of the corresponding 
point of the median plane. 


From (2.6) by virtue of (2.2), (2.3) and (2. 8), for the sheer deforma- 
tions ey, and &ny we obtain 





Car = SiC (2. BAX + EMG (2.14) 
lay = fal Mt+VN+d" (2. 15) 
where we have the following notation: 
D, ae koe aay X, = 45,(N' +7); 
ene I Ati i ee ree aes cas (&. 16) 


@, == as57, Vy = yyy (2.17) 
Inserting the values of e a and en y from (2.14) and (2. 15) into the second 


and third relationships in (2.12), and also considering ({z. 13), we obtain 


Ou, a 

Be — OAK +1 Xe 

du: a ; (2.18 
Fen et AO ENA Ey re 


Integrating expressions (2.18) for y over the limits from zero to y and 
considering that with y =0u , = u(q@,f) and ug = v(a,8), we obtain the follow- 


ing values for the tangential displacements of any point of the plate: 


Ow i 
u,=u— yo" +X, 4 gy HI (1), (2. 19) 
Ow 7 
4,=0— 7 ea ae EA nea Vo + Ly (7) Py, (2.20) 
where 
1 1 
In=fAM4n In=f hGar. (2.21) 


u(a@,8) and v(a,8) are the tangential displacements of the corresponding point 
of the median plane. 


Formulas (2.19) and (2.20) show that, in distinction frm the classical 
theory of plates, here the tangential displacements Uy and ug of any point of the 


plate at a normal distance of y from tiie median are generally nonline®. ‘ly 
dependent on y, We will also note that, in distinction from the classical theory 
of thin plates, here the fixing of all points of the median plane (for the purpose 
of eliminating any displacementa and rotations in space) does not reduce the 
Plate to the state of a nondeformable body. 
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Inserting the values of u , and u B from (2.19) and (2.20) into relation- 
ships (2.11), we obtain for the corresponding deformation components 
Ou 


OX, y? OX, Ov, | 


= petit etn Ri (2,22) 
0 2 oY oY. 
es 5 Tag + VG + ba og Flo ge (2.23 
__ Ou, ov aw ex, 
tea= 95 t da ~ Van ga tT 1(53 +2) 4 (2,24) 


ax oY on 0d. 
+ F(t Fe) tle Set la Re 


From (2.1.10) - (2.1.12), by virtue of (2.10) we have the following 
equilibrium equations: 





ae op ty =O (2.25) 
da ot, Cd 
tat =O (2.26) 
Co, , ote, | OTe, 
Rt Get Gt =0. (2.27) 


Here the volumetric forces are not considered, 


With consideration of (2.8), (2.16) and (2.17), inserting the values of 
t,,and t;, from (2.2) and (2.3) into (2.27) and integrating for y, we find the 


normal stress o, 
3 
0, =X (@: B)— Baal lar (1) et + + He] — 


— Bu [lane + 1+ 5]: igee8) 


where x(a, 9) is an integration function and may be determined irom the con~ 
ditions at the surfaces of the plate (2.5.3) and (2.5.4), which have the following 
form: 


where 7 = =4 o, = Z*; where 7 = -¥ a= -27 


In satisfying these conditions we obtain the following value for x(a, §): 
B 0%, | Bu h 
x 8) = [lou (g) + los(—3)] St + [Mea (2) + 


$i(— Ayia 2 ee A (a ws t+ By M2) Zy (2, 29) 
as well as the following equation: 
Bs [lou () — fun(— 3) Ge + Bu [ler(3) — “a (—2) | Gp = (2, 30) 


at (Bss* of abs Buri) =Zy 
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where we have the following notation: 


Se Se (2.32) 





Z,= 
Equation (2.30) is the third equilibrium equation (Chapter II, Section 11); this 
is again confirmed below [see (2. 51)]. 
In (2,4), (2.5) and (2.7), inserting the values of € ,, eg and CyB» 
respectively, from (2,22), (2.23), and (2.24) as well as the value 9, from (2.28) 


with consideration of (2.29), we obtain for the principal stresses «,, 9, and t,y, 


1 X, 2 0X. 
2, = By [5s — Vit la Ge trea a+ 
7 ve 


+8, (E15 tla +1 +h BI] — 
— AL3# [nu (§) + Ho (—$)] 22+ 5 [ea $) + a(—$)]298— 
— Bustos (1) St + 1S + Bu [lal G+ 
+74 EM +4 (B55 2X OX Bust) + “ (2.32) 
siblecce ese ee at |+ 


+ Bul — 15s tla ne + + Fe 
— 4B [i($) +4 B+ $laG )+'a(—3)] 
— Bylo 1) BE + 1 FE + Fe BE] — Ba [lat t+ 
+R EGH+ Hes outp)ez} —— @89 
tap = Bua [55 + 5g — 21 grap t fon (1) tt Mos (1) & me 
+1(4+-3)+ 5 (Se +3): (2, 34) 
Inserting the values of stresses o,, %, tg, tem, respectively, from 


(2.32), (2.33), (2.34), (2.2) and (2.3) into formulas (2.6.1) - (2.6.5) and con- 
sidering (2.10), we find for the internal forces and moments 


An 
7,= f 047 = By (n Se + 5 My 1 OH) 


-hn 
+ By(' tm ort 4 at) + A [B5(4 Se +5 ¢)+ 


+ Bu (452+ iat) — hy (a, p)); (2. 35) 


ha 
y 3 OY; od 

T= f o4dp= Bn (toe 4 1 et 

-An 

0 At a 0%,\ . or) h? oY. 
+ Bis (4 5 ag Goth) 4 [Ba +5 Sh) + 
0%, , haX 

+ By (4 5+ Ge) — hy (2, p)) 


he 
Ou , Ov 
Sy, =Sy=S= ff xnd1 = Beale ($2432) 4+ 
-h2 
h2 (0X, , 0¥,\ , . 0® 0%, 1. 
+ (aet pti tee} 


ASd’we , h3dX, , , 0%, 
M, = J 2141 = By(—a5557 +p os t/a) + 


h3 ow h3 oY, 0%, ae, A3 0X, 
(— sg tings + Ge) t 41[8s(4 TS Dai 
oo, h3 oY, A 
+ By(4 +55) |i 
A? 


Aodtw = he oY a®. 
M,= f erar=82(— B+ Bet 4+ 


A2a’w , h3OX, 06, dd, , h3dY, 
(— tear + fe oe t fs pe) + 42[ Balu G2 + 5 ae) + 
» f, 0%,» A9AX,)], 
+ B.s(ls 5! + 19 Ge) 


fa 
ki dw 
Ay = Hy =H= f tapt 41 = Beo| — 2 55 Srgat 
Ae 
ad o®. 
)+ ly a 4 7 | 





3 oY 
a B (5 + “de 
Ay2 
N= fo taydy = Beg (Ig, + 4X,); 
—hi2 
Ape 


Ny = i} $5, F1 = By (Ig, + hY)). 
~hi2 


where we have the following notation: 


Ap Ap 

= f fo (1) 4; = f Ion (1) dt: 
-h2 -hnr 
his h2 

ges | Haat n= ff tad 
~h2 -h2 
Aj2 h2 


= f Nady k= f hdr 


—Ap2 ~AR 
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(2. 36) 


(2. 37) 


(2. 38) 


(2. 39) 


(2.40) 


(2.41) 


(2.42) 


(2.43) 
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From (2.7.4) and (2.1) we have the following equilibrium equations: 


OE pO. a 
da us J 
OT, , OS _ 
Oy gee 
ON, , ON, _ 

“Oa tog = 233 
OH , OM, __ 

a5 Ge = Mi 
OH , OM, __ 

0a “ap = No 


Inserting the values of the internal forces and moments from (2 


(2.44) 
(2.45) 
(2.46) 
(2.47) 


(2. 48) 


.35) - (2.42) 


into equilibrium equations (2.44) - (2.48) and consicering (2.16) and (2.17), we 


obtain 
Ly (Cp) + Ly2 (Cop) B A Ogg hy ly (Big) + Saglabie (Biz) » — 


” altsia(@)+m(—$))—- 3+ 
+ {3 [%a(3)+ loo(— 3) — A} 555] = — ale (Bu) Xe + 
+ Liy(By) Val — BssXo t+ Ay [15 (Bos Ga + Bau ooh) + oH]; 
Lay (Cy) ® $ Lay (Cia) + Oyler (Bia) + Ogg Ly (By)? — 
~ Ault [al z) + lal a) bg + 
+ {2[!a(3) + 4 (—3)]—Abarap] =~ pale (Bud Yo + 
+ Lig (By) Xo] — Bul + Ar [15 (Bu Ga + Bs ge ot) + AZ; 
[Ju (=) —4a(—3)] 3 + [Hee(3) = 4a(— 3) FF = 
=—Z,— (By Ft + By St); 
Lig (Dg) W — sglgly, (Big) —~ Oygl glyy (Bus) 9 + 
+ [lo (5) —/o1 (— $)]e—4 (455 +4 O\= 
== A thay (Big) Xy + Lag (By) V4) — AB ogX, + 


07x, arY, \. 
+ 4: ty (85s Gat + Bu arog)! 





bg (Dp) W — O44 hon (Bip) P — O55 Agby2 (Bip) + 
9? @? 
43 [tas 7) — ta(— F)] 9— a(t Gps +45 Geog) = 
= 45 (L0 (Biz) Vy FL 12 (Big) X11 — ABV, + 


A} o7Y, arx 
+ A, 17 (Bu “oF of Bs; saa): 


(2,49 


(2. 50) 


(2.51) 


(2. 52) 


(2.53) 
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where. as usual, 
0? 


0? , 
Li (By) = By g37 + Bes Gar! 


Q? o2 
Ly (Big) = By Ga + Bes ni 


o? 
Ly, (Bi) = (By. + Beg) O03’ 


a3 ‘ a 
L,,(B;,)= B,, ad +(By,+ 2 Beg) "01 092 ’ 
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a 
boy (Bin) = Bar 355 + (Bia + 2B e6) 35 aaa | 


Cip=ABy, Day = 2 Bry. 


Equations (2.49) - (2.53) constitute a complete system of five differen- 
tial equations in terms of the five sought functions u, v, w, », andy. Having 
the values of the sought functions, by means of formulas (2,32) - (2.42) it is 
not difficult to find the values of the principle stresses and internal forces. 


As usual, in solving specific edge problems the applicable boundary 
conditions are imposed on the differential equations of solutions (2.49) - (2.53) 


of the plate. The boundary conditions are determined by the usual methods. *, **, 
feo ode JoISIOR eaoiok sooo sak 


In the general case we assume that the edge of the plate is curvilinear 
with an external normal n (Figure 74). Then for the internal forces and mo- 
ments referred to the curvilinear edge (Figure 75) we find 

T,, = T, cos? } + T, sin? § + 2S sind cos 0; 
Sip = S (cos? § — sin? 9) -+- (7, — T,) sin dcos d; 
N,=N,cos8+N, sin 4; 
M,, = M, <os? 8+ M, sin? $+ 2H sin tcos 4; 
H,, = H (cos? § — sin? 3) +-(M,— M,)sin cosh. 


*S.P. Timoshenko, Plastinki i obolochki, Gostekhizdat, 1948, pp. 98-102. 
**E, Reissner, On the Thcory of Bending of Elastic Plates, J. Math. Phys., 
v. XXII, 1, 1944. 
***F, Reissner, On Bending of Elastic Plates. Quart. Appl. Math., v. V, 
No. 1, 1947. 

****T. Bolle, Contribution en probléme lineaixe de flexion d'une p‘ aque 
élastique. Parts 1,2. Eulletin techniqu2 de la S..‘sse Romande, pp. 281-285, 
293-298, 1947, 

*****B, FEF, Vlasov, On equations in the theory of bending of plates, Izvestiya 
OTN AN SSSR, No. 12, 1957, 
*#e4**#A,L, Gol'denveyzer, Toward the Reissner theory of bending of pla.es, 
Izvestiya OTN AN SSSR, No. 4, 1958, 
*K***XED M, Ogibelov, Izgib, ustoychivost'’ i kolebaniya plastinok (Bending, 
stability and vibrations of plates], Izd-vo MGU, 1958, pp. 50-51. 
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In addition to these, for the normal and tangential components of displacement 
of any point of the edge in the plane of the plate we have: 


u, =u,cos}-+u,sin§; u,,=u,coss — x, sind. 





Figure 74 Figure 75 


Let us present the uniform boundary conditions for certain fundamental 
cases: 


a) free edge: 
T,==0, Sy, =0, N,=0, M,=0, Hy, =0; 


b) freely supported edge 
w=0, Ty==0, S,=:0, M,==0. H,, =0; 
c) hinged edge free in the tangential direction 


w=-—0, (4), 9 = 9, St= 6, M,=9, (S) met 
vis 
d) hinged edge free in the normal (n) direction 


Ou 
w=—)Q, (Unt), <9 =0, T, =0, M, a (ju lage 0; 
e) hinge-fixed edge 
@=0, (Up) oH. Wed ao 0. My =O, a) =0; 
f) fixed edge (fixed element of median surface) 


7) 
w=, (4,), 29 == 9% (nt) 20 = 4 5 Os (ae): sa: 
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g) fixed edge (fixed vertical element of edge) 


W=0, (Up)y.y=0- (qs), =O. ("par) Fo (St) =o 


The corresponding inhomogeneous boundary conditions may he con- 
structed in a manner similar to that in Section ly, Chapter II. It is easily 
seen that there are other possible boundary conditions which do not contradict 
one another.* However, we shal! not present them here since .t is our 
opinion that on the basis of those which have already been presented the reader 
may easily construct boundary conditions of interest to him. The problem 
of boundary conditions in the theory of anisot. »pic shells and plates as pro- 
posed herein requires additional investigation. 


In a work by the author** it has been shown that certain inaccuracies 
which may be assumed in selection of functions f;(-y) have little effect on the 
final results for the principal design quani_iies. Within the proposed theory 
chance cannot introduce inadmissible errors after a logical choice of functions 
fi(y) has been made. (See the appropriate exa:nple in Section 6 of this chapter.) 


In this connection we assume that** 
ADM=hAM=fM. (2. 54) 
where f(y) is a certain logically chosen even function. 
By virtue of (2.54), (2.21} and (2.43) we have for the required integrals 
ly N= la = lo). tu) =—In(—F)= 7m (2.55) 
h=h=0, h=h=y ==. 


Then from (2,49) - (2.53) for the discussed special case we obtain the follow- 
ing system of differential equations of solution: 


a - , 
Ly, (Cyy) U + Ly (Cy v= — a IL, (Byy) Xp + by2 (Bie) Yal — Ags Xs + 
f ha 07X. o7y 0Z c 
+ Ail ay (8s Sat + By dos) + |: (2, $6) 
h?2 ‘ 
Log (C yy) 9 -t Lig (Cyn) 4 = — oq WL an (Baw) Ya + Lin (Bia) Xo] — Bu + 


oY, o8X, \ 


rh OZ 
+ Ail Ty (Bu “Gait + Bes drag ) +8 Bp 


|) (2.57) 


*S.A. Ambartsumyan, see footnote * and ** on p. 915. 
**S.A. Ambartsumyan, sce footnote * on p. 315. 
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Op, On 1, A ON, ayy), 
aa Cae ie) 


LiytDyde = 72 ldashi (Bi) + ayyty2 (Bi) el te — 
ns eaeees 
1 Mea (Bp) Ny + hae (Bud Yul — AB X, — 
P 3 z2V 2) ; /, 
[(a 2 — 9) (Bs faa’ 4B i . 


“gaa 14 Ua dg 


(2. 58) 


(2. 59) 


| 


Loy(Dyp) OY — fy be gylegs (By) 2 + 55b 12 (Bi) el + a? = 
nn - 
5 Mere (Bye y+ bye (Bia) 44) — ABQ Y, — 


‘La hs “wy, 02x, fa OZy1 (2. 60) 
= (a Ta 73) (8. agt + 3s o203 } sone ria 


In deriving equations (2.56) and (2.60) equation (2.58) was used. 


in considering that certain inaccuracies in selection of functions f;(+) 
cannot introduce inadmissible errors in the proposed theory as well as the 
well-known fact*, **,***,**** that in the presence of bending the shearing 
stresses <,, and t,, over the thickness of the plate vary almost as the equation 


for a quauric parabola, we assume 


1 2 
Lo=3s(4-1). (2.61) 
Then from (2.21) and (2.43) we obtain for the required integrals 
na 3 h3 h> 
nve$(Z—-4) n= 2TH (2. 62) 


By virtue of (2.62) we obtain from (? 6) - (2.60) the following system 
of differential equations of sclution: 


h? . 
Ly (Cy) yg (Cyy) 0 = — Fy Vea (Bag) Xa A L2 (Biy) Vol — BssXy + 
n> atX, ary 0Z,}, (2. 63) 
+ Ay[ Fy (85s “Gat + Bu grup) +8 Se | 


*B.G. Galerkin, Napryazhennoye sostoyaniye pri izgibe pryamougoi'noy 
plity po teorii telstykh plit i teorii plit tonkikh Bending stress of a rectangular 
plate in the theory of thick plates and theory of thin plates], Soch. [Collection], 
Vol. I, Izd. AN SSSR, 1952, pp. 347-362. 


**A,I, Lur'ye, Prostranstvennyye zadachi teorii uprugosti, Gostekhizdat, 
1955, pp. 200-218. 


***B,F, Vlasov, On one case of bending of a thick rectangular plate, 
Vestnik MGU, No. 2, 1957. 


****A,P, Melkonyan, On the bending of a thick two-layer plate, Izvestiya 
AN ArmSSR (seriya fiz.-mat. nauk), Vol. XII, No, 2, 1959, 


A i 
Ly (Ci) U +L, (Cin) Yeas yy [Lop (By) Yo ce Lie (Bix) X}) a By, oi 


AL (Bu Si + my Sit) +628) 


44 us? 


od 12 ox, eY,\. 
da ee es are Pia 
Ly (y,) w— io las 11 (Djy) 3 + gabe Dig) W+te= 


=a thy (Bry) X1 £42 (Big) Yi — AB s5X) — 


AS OX, . 4 AY; hz OZ, 
as. 1 go (Bss Sz gat + Bag wee) TO Oa 3 


Ly (Dy) w — + 5 igang (Duy) + ssh 2(Diy,)¥ +4 ce= 
= aT (Bip) Vy + Ly2 (By) X11 — ae = 


A3 a7y 02x h? @Z. 
— Ay | oy (Bu ga + Ses ar) + Ws a]: 


Of great practi. interest is tre case wherein Xt = 0, Y+ 


Ly (Cyy) & + Lyy (Cy) U == AA, oe ; 


i 
Ly (Cy) I oe Lig (Cy) u=hA, ie : 


Ah? 
Ly3(Dyy) © — Fy LAssb11 (Dry) @ A Saale (Dye) ¥) 
ns h* fs 
as | Hs acetals Us| r-A 
hh? 
Loy (Dy) W —- To [agghog (Dig) 9 4 Gggly2 (Dyx) 1 + 


hs h? OZ. 
+= Ag a 
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(2. 64) 


(2.65) 


(2. 66) 


(2.67) 


In the discussed special cases of (2.54) and (2.61) the formulas for in- 
ternal forces (2.35) - (2.42) and stresses (2.32) - (2.34) are somewnat sim- 
plified. To avoid repetiticn we shall not present these formulas here. How- 
ever, let us state that in performing the corresponding calculations we must 
use forinulas (2.35) - (2.42) and (2,32) - (2.34), but in addition in each case 
(2, 34) and (2.61) it is necessary to take into account the corresponding values 
of the required integrals (2.55) and (2. 62). 


= 0, that 


is, when the plate is loaded only by a normally applied load Z*. In this case 
the equations of sclution (2,49) - (2.53), (2.56) - (2.60), (2.63) - (2.67) and 
their corresponding design formulas are substantially simplified. For ex- 
ample, in the case of (2.61) the system of equations in (2.63) - (2.67) takes the 
following form: 


(2. 68) 
(2. 69) 


(2. 70) 


(2. 71) 


(2.72) 
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while from (2.35) - (2.42) and (2,32) - (2.34) we obtain for the internal forces 
and stresses corresponding to the system in (2.68) - (2. 72) 


T= Cy +Cy S —hA,Z;; (2. 73) 
Th=Cy $2 + Cy SE —AAL,: (2. 74) 
S= Co (G+ oy: (2.75) 

M,=—D,, oe —Da Sat 
+g (Ontss 3 + Ontu Sp) — Ty 2a (2. 76) 

My = — Dy Se — On 55+ 
+2 (CatwSt-+ Dyas St) A azz 79 
H = Deg|— 2 S255 + tp (05558 + 20 5¢)] (2. 78) 
N=. Nz = Ty 4 (2.79) 


du O'w ay 


0, = By, (5-—1 Sa) +8u( 3-158) + 
+3(1 5-4) (Birass ey ByrOuGE = 
—4,[4+6(7 4-7 B) a); (2. 80) 
= Bn (5 —1 53) +4,(2-1 sr) + 
at 5 (1 Lace ¥)( Bo Sf + Butss 3) — 





| 1 \. 
— A,|Z,+6(4 4 — 3 4s) a] (2. 81) 
__ yp [ou . ov aw 
T= Boa 95 T oO 21 da a8 a 
i ha 8 7) av \} 
+3 (147 —F) (48 3¢ +24 9e)]- (2. 82) 


SECTION 3, THEORY OF BENDING OF A PLATE POSSESSING 
CYLINDRICAL ANISOTROPY 


Proceeding in the same manner as in the previous section, we may 
easily construct a thecry for the bending of a plate possessing cylindrical 
anisotropy. 


After S.G. Lekhnitskiy,* we assume that a plate with cylindrical 


*§.G. Lekhnitskiy, Anizotropnyye plastinki, Gostekhizdat, 1957, pp. 276- 
278, 
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anisotropy is at the same time orthotropic, wherein all radial planes passing 
through the axis of anisotropy are planes of elastic symmetry. We zessume 
that the pole of anisotropy - the point of intersection of the axis of anisotropy 
and the median plane (which is taken perpendicular to this axis) - is the origin 
of the cylindrical system of coordinates r, 9, y, that the y axis is directed 
along the axis of anisotropy and that the 3 axis (the polar axis) is arbitrarily 
directed in the median plane. Finally, we assume that the pole of anisotropy 
may lie within the plate or outside it (Figure 76). 





Figure 76 


Let us derive the final formulas for the design stresses and internal 
forces as well as the equations of solution of the problem, wherein we have 


(2.61) and assume that Xt=0, Y£=0, 


The formulas for the stresses (Figure 76): 
oo 8 (SE 1 SE) +O tt al et Fa] + 
+4(12—4)[8,0, (52 +0 £)+ 
+ 3,40 25]- -A,[Z, +6(4t—55)2)]: (3.1) 
nm a Se tt aa( Getty] +e 1H) + 


TH —Filen diy+00,(2-+2t)|— 
—4,[2,+6(¢ 4-45 &) 4]; (3. 2) 
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Ou eu o, 9 { ow 
eB oi a: rt wen)? 
ae ee © ee 
oro —4)la. 53; (3 r 





Figure 77 


The internal forces and moments (Figure 77): 


av 


7, =C,  -+C,4,— + (5 +u)—hA,Z;; 





iv ‘ , Gu 
macs (2 tu)+Cy, Or 





1 du av uv). 
veil ae al) 


aw 1 @w 
r hea — Dye r = (= “O07, as oe)+ 


Ow ow 
“oo? te ar) — Dy, oS + 


Fy [Dias = Se + Dio, (2 +», 5 )] — ay Ze 


Hart 2b(ee)+ tle etal —2)) 


3 ha 
N,=77? Ni, = 75 ?: 


The system of equations of solution: 


1 d@u o’u 
C, (5; Or? s+ or sr) +n r ooF —C,2 r + (Co, + Cn) Grae droo 
1 Qa 
ee so (rZ) — hAgZy; 


1 93 
Cy; a +0, (7 55 enor oo Z)+(C, nt Caran t 


a 
+(C,+¢)— 00. FHA, et >: 


w[2/(3¢+™ aes eee ae 
im 
\r 


(3. 3) 


(3.4) 
(2.5) 
(3.6) 


(3, 7) 


(3. 8) 
(3, 9) 


(3. 10) 


(3.11) 


(3.12) 
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1 bo a 
por Pp ae a oe (3, 13) 
Of. dtm 0 (1 dw 1 dw 1 dw 
D, 5c (t Sar) + Ons ap (= Gar) — Ove See + Ge) 
h? a /_ ay 1 0% r) 
= 504% [De ae Ge) + One See — One| + 
Ou 1 ot As 
+45 (Dy, + Dy) sap — O. + On) 7 Sel} + re = 
h? h? @ ; 
= A> To 22 _ A, To or (22): (3. 14) 


1 Ow 1 Ow Ow n2 1 ou 
Di (sr we t7 rar) + Ont Sreae — To 440 [ Doe ort 
074 au J o? 
+D, (59 + $e — 4) +0, [On + Dy) aie + 


1 @ hs h? aZ 3.15 
+(D,+0)+ 2)\4 Bry =— A, ver) 


tn the given formulas and equations: D,, D,, and C,, C, are, respectively, 
r (2) r 9 


the bending stiffness and the elongation stiffness for directions r and 9; D, is 
the shear stiffness: 











A Aa B D 3 B 
r= 47 Br Di= zz Bu Dy =F Be 
C, AB,. C, = hB,,. Cc, =hB,, (3. 16) 
where Dji=D~,+2Dz, 
7 E aw Ey eA . 
8, = Lae By = ian, B, = Ga; (3.17) 
} 1 1 1. 
a, = BG, WS Be Gy (3, 18) 
ane E, Vey + Yn ¥ay Ey ve, + Ye%py (3,19) 
ie 2 I—v,y * 1 l—v,y, * ° 


In these formulas: E,, E, , E,, are the elastic moduli in the radial (r), tan- 


Y 
gential (9) and normal (y) directions, respectively; »-==ve, ve—=i, Yn, Ye 


are Poisson's ratios (E,v,—E,», etc,); G,a. Ur. Gy are the shear moduli for 


directions r and 9, r and y, 9 and y, respectively. In addition, ; = ¢(r, 8), 
p=y(r, 0),w= wr, 4). 
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SECTION 4. APPROXIMATE THEORY OF AN ANISOTROPIC PLATE 
CONSIDERING TRANSVERSE SHEAR* 


In distinct.on from the general theory of orthotrupic plates presented 
in Section 2 of this chapter, we here present a more approxima‘e theory of 
plates which, in addition to basic premises (a) and (b), contains: another 
assumption, namely: the normal stresses 2, at areas parallel tu the median 


plane may be disregarded in comparison with other stresses. 


Without disturbing the general validity of our remarks, let us discuss 
the case in which an orthotropic plate is loaded only hy a normally applied 


load Zt # 0 (xt = 0, Y+ = 0). It is assumed that f)(y) = fo(y) = f(y), where 


f(y) is an even function, as well as that with y = Ou, = u=0, ug =v =0. 


a 


Then for tne stresses we have 


4,1 

ag = F(T) F (HB) tay =F) (2% 8): ae 
Og = Bye + By0%) ee) 

0, = Bye, +- Bye; (4.3) 

Tas = Boge a3: (4.4) 


Comparing (4.2) and (4.3) with (2.4) and (2.5), it is easily seen that 
the additional hypothesis conce~ning the negligibility of stresses 0, in com- 


parison with other stresses formally reduces to the assumption A, = 9, 
Ao = 0, 


For greater strictness let it be poiated out that in disregarding the 
normal stresses >, we are not proceeding in a formally consistent manner. 


The fact is that in the hypothesis of nondeformable norma's the correction 
due to consideration of stresses >,,is of the same order (h?/a2) as the 
correction due to coneideration of the iniluence of transverse shear, which 
in the theory proposed in this section we do not disregard. However, this 
inconsistency, as will be seen from the discussed examples (Section 6), 


in the majority of cases of practical importance cannot introduce unacceptable 
error. 


*S.A. Ambartsumyan, see footnote * on po. 315. 
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We will point out that in many cases the phenomena associated with 
stress ;,. must be taken into consideration. Then, in the design formu’ :3 


and equations it is necessary to leave all terms with factors Ay and Ao 
(see Sections 2, 3, 5, 6, 7). 


From (2.19) and (2,20), by virtue of (2.17) and (2.55) we ~btain for 
the tangential displacements 


a 
Wg = — So + My (1) 2569 


ri) 4.5) 
a ear toe tho) qq. j 
For the normal displacements w, as before, we have (2.13). 


From (2,32) - (2.34), we obtain for the principal design stresses 


3? da: ri] i] 

oo = — 1 (Bu Sar + Bra Ger) + 40D) (Britss SE + Brztua ge) (4.6) 
g? 0? at 0 

4, =—Y (Bx or + By or) +1, (1) (Bite 35 + By2455 =): (4.7) 
o? fr) p 

Sos = — 21B ee Fee tM (1) Bes (Aes $e + au -St)- (4.8) 


From (2.35) - (2.37) and (2.41), (2.42) we have for the internal forces 


T,=7T,=S=0, N=n9 Ne=y7'- (4.9) 
From (2,38) - (2.40) we obtain for the bending and torsional moments 
M,=— (D,, a +Dy or) th (By.a5, © + By st); (4.10) 
M, = — (Dn a +D,, oa) +7 (Broa gt ByyOsg 3); (4.11) 
H -= — 2De aH + 72366 (0555+ Ox, $). (4. 12) 


Finally, from (2.58) - (2.60), expanding the linear operators, we obtain 
the complete system of three differential equations in terms of the three 
sought functions w, 9, }: 
0 é Zz 
ee (4,13) 
i , os J * 
Dy, =~ + (Dz + 2D¢) Oa a —~Xa [Bi2ss my + Begass So+ 


+ (Byy + Beg) Gay a | + 119 =9; (4. 14) 
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D ow D. 2D pol Ory gt 
2 | 22 + 66) i ai = 12| 22244 ag? + Begs a3 + 


ips a. 
+ Bi + Beg) 25; gras |tny=0- (4, 15) 
Assuming 
@ ={(F Ya), OyAsg [DP oe or 4: (DiiDan— 2DiDe == 01) = nae seit 
+ I2Dee *|— 5 hile [(@ssPr + dasDog) oe aie 
ov? , 
+ (44529) + GssDee) | +73 \; (4.16) 
12 as by ge, 
o= { ow curr [PDs ‘oan (Dy1D22 — 2D,:De6 — Di:) dai og + 
o* 0 03 
+ DnDea 5550 |—% [Cu srt (Dip + 2066) sea |} 0 (4.17) 
3 ) o° 
% = { oH Xo2s5 [OnDee One + (Di1Dx — 2D12D665 — Dj) 02? O38 + 
3 hd a3 
+ Dy Des 5 5ar | —-h Zz or (Diy + 2D¢¢) sar | } ®, («. 18) 


we identically satisfy equations (4.14) and (4.15) and from (4.13) we obtain 
the differential equation of soluticn of the problem in terms of function ® = 0 
(a, 8): 


at a a4 12 
[On par + 2D, + 2De) 552g + On av |? — ae {uP Pu jas + 
+[ax (D1;Dx2 — 2D12De — Diz) + assD1De6| aaa + 
+ [55 (Dis Doz — 2Dy2D 55 — Dir) + es - voy + 


aed =} o = 42, (4,19) 
03 G 
Thus, the’ problem of transverse shear of an orthotropic plate has re- 
duced to determining a certain potential function ® (a,8) which satis‘ies 
the sixth-order differential equation (4.19) and the boundary conditions pre- 
sented in Section 2 of this chapter. 


Generalizing the results obtained in this section for the more general 
case of anisotropy (that is, the case in which the materia! of the plate has at 
each point only one plane of elastic symmetry parallel to the median plane of 
the plate), we obtain: 

for the tangential displacements 

by = —- 1 2 + Lo (1) (agge + 454) (4.20) 
4“ =—1 Set lot) (Guid + 2409) (4.21) 


for the normal ilisplacement w (2.13); 
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for the principal design stresses 
a? ow ay, 
3,=— 1 (8, a+ Bio oar + 2By, za) a 


é @ 
+141) [(Budss+ By6044) Set (BypQ45 + By 5455) e =e 


: ie (4.22) 
+ (BypG44 + By ge) oF + (By 45 + By 6244) 5 | ; 
0? a @? 
=~ 7 (B,, ra or By, Sar + 2B oq aan) + 
a 3 
+ 1) (7) [(Bonaaq + Byga,;) = + (ByyQ45 + By5a44) = + 
0 rs) oe 

+ (By2s5 + BogQqs) t+ (Bq445 + Bogs) x ; (4.23) 


t= —1 (8: Sat Bag Sar + 2B 557) + 

+My (1)[ Bre as + Bostas) SE + (Brgtes + Bests) St + 

++ (Bag@ag + Begtas) x + (Biggs + Bega,) et] (4.24) 
for the internal forces and moments 

Ny==10% Nati (4.25) 

My = — (Du Ga + Dn SF + Dye FH) + 
+ x‘ Ya [udss + Dygass) % + (D945 + Deas) x ae 
(Dix + Dygtag) $2 + (Dyst4s + Dig) J; (4.26) 


07u 


0? 0? 
M, = -- (Dn ‘ope t Dy sx + 2Dy4¢ ar) os 
12 ot ! 
+ Fre [(Drds, + Dy 0,2) Rt + (Dy2%45 + Dog 4y) ay =f 
0 
+ (Dy20s5 + Dog45) a H+ (Dy2045 + Dog955) | ; 


Ow 


0? @2 
H=— (D. Far t Pas a + 2D65 war) + 


(4.27) 


12 d 
+ rm %a [reds + Dogs) 5. + (D645 te Dees) 2 + 
H+ (Dagtay + Degas) $ A+ (Dy645 + Dest) 4 ; (4.28) 


And, finally, we obtain the complete system of three differential 
equations in terms of the three unknown functions @, 9, ¥: 


+ H=-2: (4, 29) 
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Dy, Se + 3D 5 garg + (Oia + 2D) gee + 
Dag Ge — Fo af Drsdsg + Dygtg) SP + (Dyp + Dog) O45 + 
+ 2Dygdss] gr dz + (Dates + Deotss) Sob + (Diyas + 
+ Dygay) Sat + (D2 + Dep) Oy + 2D yoA4§] Poe + 
H+ (Dy5044 + Dees) as } + a? = 0; (4. 30) 
Dar pr + 8Dag zaernc + (Pia + 2Dee) et 


o8 12 024 
+ Dy ar — Fk { (Ota, + DyeQq5) Ger t+ [(Di2 + Deg) C45 + 


FH 2) gtq4) oe + (Dy 6245 + Deg tay) st +- 
o3 
+ (Dy2045 + Dyg055) oF + [(Dyz + Dog) G55 + 2D 96045) ais + 
+ (Dyodss + Dgays) SE }+ 1) = 0. (4.31) 
Here, as usual, 
A? 
Cy=ABy, = Dy = TT By’ 


2 
_ F266 — 996 | 81865 — Sig : 
By, =: By =——5— 


2 
B.. = 416276 — F126 | Ba = 811429 — 212 | 
or Q Hi SE ra) : 

812996 — 9916 812916 — 911926 | 
By=— >: By = ———y——} 
= —~— 72 ar ene 2. 
D = (0410.9 — Giy) Ogg + 2081985 — G83, — Ayn Bigs 


ay, are the clastic ccnstants. 


We will note that the boundary conditions presented for the general 
theory in this case remain unchanged. 


Proceeding from the basic premises of the theory described in tnis 
section, the reader may easily write out all the design formulas an‘ equations 
of solution for the previously discussed special cases, For this purpose, 
in all formulas and equations presented in the previous sections of this chapter 
it is sufficiext to formally assume A, = 0 and Ag = 0. 


SECTION 5. ANOTHER APPROXIMATE THEORY OF ANISOTROPIC PLATES 


For the same orthotropic plate which was discussed in Sections 2 


and 4 of this chapter let us assume:*. **, ***, **** 


a) th. “tsvancvs along the normal (+) between two points of a 


plate before and after deformation remain unchanged; 


b) normal stresses 35, at areas parallel to the median plane may 


be disregarded in comparison with other stresses; 


c) in determining deformations e,,ande,,we assume that the 
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shearing stresses «,, and +,, do not differ from the corresponding stresses 


(7, and t!) as determined from the hypothesis of nondeformable normals, 


that is. they do not differ from the corresponding stresses in the classical 


theory of bending of anisotropic plates. 


In virtue of these assurptions we obtain for the stresses***** 


ee, eS 


Ta3 = Boslas: 


0g = Bye, +By73, 93 = Byp2g + Bip’. 
where 


--—(B nN owe. Hiei 55 | 


Ow, 
2+ 2By) 575573 


se 


L * 





*S.A. Ambartsumyan, Toward calculation of two-layer ov:hotropic 


shells, Izvestiya OTN AN SSSR, No. 7, 1957. 


**S,A. Ambartsumyan, On two methods of calculation of two-layer 
orthotropic shells, Izvestiya AN ArmSSR /seriya fiz.-mat. nauk), Vol X, 


No. 2, 1957. 


***S,.A. Ambartsumyan, Toward the problem of a nonlinear theory of 


anisotropic plates, DAN ArmSSR, Vol. XXIV, No, 4, 1957. 


****S,A, Ambartsumyan, D.V. Peshtmaldzhyan, On a nonlinear theory 
of shatiow orthotropic shells, Izvestiya AN ArmSSR (seriya fiz.-mat. nauk), 


Vol, XI, we. 1, 1958. 


*+****S,G, Lekhnitskiy, see p, 248 in the book cited in parentheses on 


p. 328. 
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. g is the normal displacement of the corresponding orthotropic plate as 
determined from the hypothesis of nondeformable normals. Here, as in 
Section 4, it is assumed that X+ = 0 and Y+ = 0. 


Proceeding in the same manner as in Sections 2 and 4 of this chapter, 
we obtain for the displacements, deformations and stresses 


ow ow 
“a= — 190 tease? 43=— 7 On H+ MoGaaho: (5. 6) 


for the normal displacement w.. have (2, 13) 


ts] 0 0? Oy, 
ee Gr thos Gee $= 1 Gg tate Ge (5.7) 
Ow OU, ° 
€.5 = — 21 Gror 0108 +1 (25; 4 s + a4 5 Ss): 
0? o? 
2 1(Bn Sa tBu sar) + (8 11955 * + By2Q4 3) (5. 8) 
g? 
oS 1(8n Sr oa +By wr) t4(8 Mig a © + Biodss = Oa Se); (5. 9) 
Ab, 
t= — Bee 21 595 +lo(055 Fo tau 3). (9-19) 
where, as in (2.62), h=4(Z—4). 
Moreover, in virtue of (2, 38) - (2.42) and (5.1), (5.8) - (5.10) as 
well as (2.62), we obtain for the internal forces and moments 
0? 7) 0 
M, =—(4 N Sai 7+ On sr )- 1 To 5 (Pirtss 5 + Du Ze); (5, 11) 
0? 7) 7) 
M, =— (Dna Ge art On Sa) + ay (Onan + Dyrds5 Fi); (5.12) 
0? o 
H = — 2D¢6 5-55 et Dea (2555 ate 44 oH): (5, 13) 
4S 
N= 12 Yo Np =-15 Yo: (5. 14) 


From equilibrium equations (2.46) - (2.48), eliminating the transverse 
forces N, and No, we obtain 


am aH , OM 
gat +2 Saag + op = — 22 (5.15) 
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Inserting the values of moments from (5.11) - (5.13) into (5.15), we 
obtain cone differentiai equation of solution in terms of one unknown function w: 
o : 
Dy SY +2 (Dye + 2Dy) aap t+ Daag = 2 4 
h? 
+ io {a5,{D vn sa +(D 2+ 2Do6) separ | P+ 


+ a4 [Dep sr + Orn + 2Doe) spaar | Yo} (5.16) 
Finally, from (5.4) and (5.5), inserting the values of 9, and 4, 


into (5.16), we write the equation of solution in slightly different form: 


Ow 


Ow rw 


h* 2 Ow, FY) 
= 2Z,- 120 { ass 3 Oa’ a aa +-2B,, (By, “+ 2Bee)sar a4 + 


F) a ‘ 
+ (By + 2B¢)? Fl + Oy, a [Bz en “ae 





+ 2B ip (Bry + 2Beq) ggrgtz + (But 2B eq)? Ga] }. (5.17) 


Thus, in this variant of the theory the problem of transverse bending 
of an orthotropic plate has been reduced to the deternnination of only function 
w(a,8) (function wo(a,f8) and functions ¢,(a,8) and 4 (a@,8) are thereby known 


from the classical theory of bending of an anisotropic plate). This function 
satisfies the fourth-order differential equation (5.17) or (5.16), the left numbers 
of which do net differ from the left member of the well-known equation in the 
classical theory of bending of an orthotropic plate,* and satisfies the boundary 
conditions, which also do not differ from the Soundary conditions of the clas- 
sical theory. As an example let us present the homogeneous boundary con- 
ditions for four principal cases* (see Chapter II, Section 10): 


a) free edge 


M,=0 JN, 4 hat = 0; 





b) hinge-fastened edge 
w=0, M,=0; 
c) fixed edge (fixed element of median surface) 


ow 
w—0, 3.0 


*S.G. :.ekhnitskiy, see p. 248 of work cited in footnote on p. 328. 
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d) fixed edge (fixed vertical element of edge) 


In the case where the plate is cylindrically anisotropic (see Section 3) 
the theory proposed herein gives us the following design fe~mulas and equatiors: 


principal design stresses 





cof, +8 (St 2) + 
tS —F) ae pnt) twee]: 6.9 
am —1[( t+ 8) +885]+ 
ee ee 
a2) +H Hla ta) G20 


internal bending and torsional moments 





a? 1 0'w 
M,=—D,55— WWD, | r ~(+ “oF oor + a)+ 
1 Oby1. 
+ aq [Doar (Bet 2) + wo, > Se]: (5.21) 
1/10 ow o 
My =— Dae (a Gee + Gp) — Dh Gee + 
2 re) 
+ + [D.0, +S + Dye, (2 +y%, Se )|s (5.22) 
ts] ow A 9g a _ ¥ 
and, finally, the equation of solution of the problem 
p.® 1 ow 
’ D5 + 2Dn 55 3 am, 7 + Di ope + 
1 O%w 1 3 1 93 
+2D, aa ae r Or arait — —On av + 


1 a 
+2(Dy+ Dr) rs or 7 +D,- rs = 


h? dp, , a 1 0% 
=2,+ {2 {0, (= 9 + Se) + On 7 or oe ag 
1d, 1 1 a%y 
+d, (Gs oh — a gt B)]--a[D [0 nr ort oo + 


+O aS TAS). 20 
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In all these formulas and equations for functions ¢,amd «+, we have* 


thes w, , 1 dw, 1 0? (dw w 
i [2,( on" Ot) + Bw Sn (ae — 3) — 


1 (a 1 @ 
— 85 (H+ > Ri (5.25) 
‘on 1 dw 1 0 (dm , 1 dw 
Yo=— [Bn 7 aay + Bonn os (G+ > oR]: oe 


This theory may be refined on the basis of the results obtained in Sec- 
tion 2 of this chapter. The fact is that wichout introducing any significant 
complication we may omit the assumption of negligibility of >, in comparison 


with other stresses; then from (2.80) - (2.82) and (5. 8) - (5.10) we obtain 
for the design stresses 


ow 


o a ov 
w=—T (By jar + Bi ar) +1 (Brass + Byay “t)— 


—A,[2Z,+(3 2-28) 2] O20 
anil On$P+ M085) 44 (Omelet) 

—afarte—eg}ay © 
was = — Bes [21 dogg + la (ass Ge + om 3). (5. 29) 


From (2,76) - (2.79) aad (5.11) - (5.14) we have for the moments and 
transverse forces 


0'w Ot 


M,=—(Dy 5 + Dv Ze) + 


+ 4 (Diag + Daou) — 45 AZ (5, 30) 
My =— (Om 5gr + Ora Sat) + 
“te x (Ona 32 + Dyas, He) a * A,Zx (5. 31) 
H=— Dy aap + Ty Dea ( Mes Gp + Ou Ges (5, 32) 
Ni = tpt N= Ty to (5. 33) 


*S,.G. Lekhnitskly, see pp. 277-278 of work ited in footnote on p. 328. 
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and finally, from (5.15) and by virtue of (5.30) - (5.32) we obtain the differ- 
ential equation of solution of the problem* 


a at ot 
1 Gat 2D, + 2D) agg + Om Ge = 
h? a3 ay 
=2,+75 | as [D, a + (Dy + 2066) 539 7% |+ay[D 22 oe 
B49 a+Z, az 5, 34 
(Dest + 2D, 53% |}— (A 1 Gat + An Ge) (5. 34) 


Examining the formulas for design quantities (5.27) ~- (5.35) and the 
equation of solution (5. 34) of the refined variant of the theory, we note that 
they differ from the corresponding formulas (5. 8) - (5.14) and equation of 
solution (5.16) of the unrefined theory only in the terms which contain factors 
A, and Ao. 


SECTION G6 EXAMPLES OF PLATE CALCULATIONS 


Without impairing the general validity of the calculation procedure, we 
shall dwell chiefly on transversely isotropic plates. In all examples it is 
assumed that at each point of the plate the plane of isotropy is parallel to the 
meclian plane of the plate. In this connection, for the elastic constants of the 
plate material we have (Chapter I, Section 14) 











B,, = Byy = By + 2B = 7a =E, By =sE. | 
Beg = 31» lave, | 
1 , (8. 1) 
“ ¥ 
G5, = 255 = Gs y=—— = 
E, 
A, = Ay = 4)3(By, + By) = — pv’ +y), j 


where E is the elastic modulus for directions in the plane of isotropy; E' is the 
elastic modulus for directions perpendicular to the median plane; v is the Poisson 


*In the special case of an isotropic plate, in using equation (2.46), the 
equation of solution (5.34) takes the form 
Eh} h? 2—v(1—v4) t) 
RI) yee zZ— To ae) = ae AZ, faa + opr 
this equation almost coincides with the corresponding equation derived by 
S.A. Alekseyev for bending of a thick plate. (See S.A, Alekseyev, Bending 
of thick plates, Trudy VVIA im. N. Ye. Zhukovskogo, No. 312, 1949). 
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ratio in the plane of isotropy; v’ is the Poisson ratio characterizing the 
contraction in the plane of isotropy in the presence of elongation in direction 
y; G' is the shear modulus characterizing distortion of the angles between 
directions in the plane of isotropy and direction y. 


Rectangular Plate. By virtue of (6.1) the system of equations in 
(2. 70) - (2.72) in the case of a transversally isotropic plate is rewritten as: 








a + a3 = 4 (6. 2) 
hi = (ew , Ow) hs E fey | 1—vd%® , It+v oy hi 
2 (Ge aa) ma (ae t “> ae ot) mae kde 
Ev +y 3 (6. 3) 
hi - (Bw , Ow AS E 1—vo | l+yv dy hh 
we (e+ aon) —imalae +a 2 ee 2 ieas) +e Y= 
F) 
Sv +yty Se. (6. 4) 


In these equations it is assumed thot Zt = Z, Z~ = 0. 


Here we have presented those equations which describe transverse 
bending of the plate, since it is our purpose to compare only the normal 
displacements of the plate as determined by means of various theories; the 
complete system of equations in (2.68) and (2.69) deals with the plane problem 
of the plate and is of independent interest. 


1. Let a rectangular plate (« X 5) be hinge-supported over its entire 
contour and sustain a load with the distribution described by (Figure 78) 


Z =qsin™ sin ™*, (6. 5) 
where q is the load intensity at the center(a = a/2, 8 = b/2) of the plate. 
Assuming 
= Beos™ sin 3, p=Csin ~ cos sa 
w = Asin — sin bi (6, 6) 
we satisfy the conditions for hinge sipport and from the system of equations 
(6,2) - (6.4), in virtue of (6.5) and (6.6), for coefficient A we obtain 


(6. 7) 
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then for flexure of the plate center we obtain 
a I 1\ré E 
w= {1 +35 (ss +59)[G —“ +e}. (6. 8) 
12a464q 
n’h3E (a7 +. 62)? 








where w, = is the flexure of the plate center as determined by 


means of the classical theory of plates. * 


4 


o 
Figure 78 


In the special case of a square plate (a = b) we have for the flexure 


: E 
w=wii+55(5—-Vd+%) Bl} (6, 5) 
where w, = 3a‘y/x*h3E, 


Let us solve the above example of a rectangular, transversally iso- 
tropic plate by means of the theory described in Section 4 of this chapter. For 
this purpose ‘ve should write out the system of equations in (4.13) - (4.15), but 
we omit this since the resulting system differs from the system in (6.2) - (6.4) 
only in the right members of equations (6.3) and (6.4), which in this case are 
equal to zero, and equations (6.3) and (6.4) of system (6.2) - (6.4), disre- 
garding the influence of normal stress o,, become homogeneous. Formally 


speaking, the terms which contain factor “ vanish, Then it is evident that 
for the normal displacement of the center of a squure plate we obtain 


waa(l+e ag 


mth FN. (6, 10) 


*S.P. Timoshenko see p. 116 of work cited in footnote * on p. 323. 
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The same problem for a rectangular, transversally isotropic plate may 
also be solved by means of the theories discussed in Section 5 of this chapter. 
From (5, 34), in virtue of (2.46), (5.33) and (6.1), for a transversely isotropic 
plate we obtain the following equation of solution: 


hs = gf APNE 35 E 
tM EAsw=z— S| —vaty el az. (6.11) 
where 
sae 6.12 
A= oat + apf: ( ) 
Assuming 
w = Asin— sin s, (6. 13) 


we satisfy the conditions for hinge support (for this theory) and from equation 
(6.11), in virtue of (6.5) and (6.13), we obtain for coefficicnt A precisely the 
saine expression as before, that is, (6.7). Then for the normal displacement 
of a square plate as before, we have (6.9). In the case where we disregard the 
influence of «,, that is, we use equation (5,17), which in the case of a trans- 
versely isotropic plate has the following form: 


he = RE 


for the normal displacement we obtain the previous formula (6.10). Hence 


we conclude that the obviously simple theory discussed in Section 5, taking 
into account the effect of transverse shear and normal stresses >,, may pro- 


vide sufficiently accurate results. 
Examining design formulas (6.9) and (6.10), we easily see that at 


certain values of ratios E/G', E/E' and h/a the results of calculation of 
normal displacements according to the classical theory of plates may differ 
somewhat from the corresponding values of normal displacements calculated 
from the proposed theories. 


The results of calculation of the maximum normal displacement with 
different values of ratios E/G', E/E' and with two variants of ratio h/a (h/a = 
1/5, 1/10) are listed in the following tables. In these calculations it was also 
assimed that v= 0, w= 0,25, 
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EG' 
0,0 2,0 5,0 10,u 
EE 
0.0 | poo | | 1.95 | 9 ‘ 
——_———_—__ —_ ,——— a=— 
10 | 0.980 | 1,138 | 1,375 | 1,770 | 





| So 
| 5,0 Fics sd i 





10,0 | 0803 | 0.961 | 1,197 | 1,592 





0,0 2,0 5,0 10,0 











1,00 | 1,09 | 1,090 | 1,198 





5,0 0,975 | 1,015 | 1,074 | 1,173 


‘| 

1,0 | 0.995 | 1,035 | 1,094 | 1,193 
| 

10,0 | 


0,951 | 0,990 049 | 1,148 
\ | 


The factor for the data listed in the tables is the corresponding value of wo, 


that is, the maximum flexure as determined from the classical theory. In 
the first line of each table we list the results of calculation from formula 
(6.10), that is, for the case where the influence of normal stress s,. is dis- 


regarded and in the remaining lines of the tables we list the results of cal- 
culation from formula (6.9). 


It is easily seen from the tables that even for a somewhat thin plate 
(b/a = 1/5) the classical theory (E/E' = 0, E/G' = 0) may yield substantial 
error at large values of E/G'. It is obvious that the error in the classical 
theory is decreased with a decrease in the derived relative thickness of the 
plate (h*), which in the case of a transversely isotropic plate has the forin 


pas [E- va+y sl. (6. 15) 


rie 


We will note that the derived relative thickness of the plate depends 
to a great extent on the geometric and mévhanical (elastic) characteristics 
of the plate. Finally, comparing fortuulas (6.9) and (6.10), we easiiy see 
that the correctiun introduced by %ormal stress «,, is small in the case of 
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an isotropic plate. For example, when h/a = 1/5, » = 0.3 this correction 
has a value of approximately 3%, whereas the correction with consideration 
of the influence of transverse shear is considerable and is as bigh as 20%. 


2. In certain cases of boundary conditions and loading the theories 
proposec herein may also he used for calculation of relatively thick plates. 
By way of illustration we list the values of maximum flexure of a square 
(a X a) isotropic plate hinge-supported over its entire contour (h/a = 1/3, 

v = 0.3) as calculated from the theories given herein, that is, from formulas 
(6.9) and (6,10) and from the precise theory.* As before, it is assumed that 
the plate sustains a load which over the surface of the plate (y = h/2) hasa 
distribution described by (6.5). The results of the calculations are listed 
below: 











: From From /jClassical 
P recis® | formula | formula |theory of 
theory* | (6,9) (6.10) |plates*** 
w or | 3,492 | 3,498 3 892 | 2,270 
| 








In examining this table it is easily seen that even in the case of such a thick 
plate (h/a = 1/3) the theories proposed herein result in insignificant errors. 
Thus, the theory described ir Section 2 (formula 337 (6.9)) yields an error of 
only 0.18 percent; the theory described in Section 4 (formula (6.10)) yields an 
error of 5.73 percent. As was to be expected, the classical theory of thin 
plates here gives an error as high as 35 percent. 


3. In discussing the presented problems we have assumed that 


fM=NhO=hn=9(F-7). (6,16) 


by virtue of which we have (2.62), that is 


3 Ai As 
hO=3(F—F) O=T w=: 


However, 28 was stated above, the behavior of f(y) as given in (6.16) in the 
general case ci..y approximately describes the actual conditions. In this con- 
nection there naturally arises the question of what results will be obtained from 
the theories proposed herein (in addition to the theories described in Section 5) 
if f (y) takes other values, In order to answer this let us discuss two more 
variants of f(y). 


*B.F. Viasov, see footnote *** on p. 326. 
**§,P. Timushenko, see p. 116 of work cited in footnote * on p. 325. 
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The second variant (assuming (6.16) to have been the first variant): 
w=35(%—-1) (6,17) 


by virtue of which, from (2.21), (...43) and (2.45), we have 


h(p=atl jo =a 
oft =4(%—-4>) A= 4g" 72 990° 


The third variant is not quite -atura!, Lut in the given case it is re- 
quired as a limiting case: 


My=y (6, 18) 


by virtue of which, as in the second variant, 
. h hs 
A=. u=%5: uU=aG° 


For a comparison of the results obtained in the examination of these 
three variants of f(y) — (6.16), (6.17) and (6.18) — let us turn to the previous 
problem of a square (a X a) transversely isotropic plate freely supported over 
its entire contour and loaded by forces (6.5). For brevity of notation and with- 
out disturbing the general validity, let us examine the theory in which the in- 
fluence of normal stress ¢o,, is disregarded, that is, the theory descrived in 


Section 4 of this chapter. 


Proceeding as before, for the normal displacement of the plate in the 
three discusred variants of f(y) we obtain (in the case of the first variant the 
value of w is rewritten from (6.10)) 


wi wo! +5); \ 
wll = wo(I + ar"): (6,19) 
will = wo(I + 5h), 
where for the derived thickness we have 
Praag niE A 


The results of calculation of ratio w!/wo for different values of h* are 
listed in tabular form: 
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l 
| he 03 | 1,0 | 2,0 | Su | 10,0 
a aa : | 
mire, | 1000 | 4.200 1.400, | 2.000 3,000 
ww. | 1095 | List | igs | 1,982 | 2,408 
w/w 1,083 | 1,167 | 1,333 | 1,833 | 2.60/ 


In examining .he ‘-bie we see that all three variants provide almost 
identical values for flexure. Even in cases where the values of flexm2 from 
the classical theory differ frorn the values according to the proposed theory 
by a factor of 2 or 3, the discussed ni-tural variants of f(y), (6.16) and (6.17), 
differ from the limiting case (6.18) by only 8.0-10.0 percent. Variants 
(6.16) and (6.17) differ from another by only 2.5-3.0 percent. 


Examination of the other design quantities of a plate* reveals that 
the same conditions pertain. Thus, we conclude that in the proposed theories 
a logical choice of function f(y) will nct be subject to fortuitous introduction 
of inadmissible errors. We are of the opinion that function f(y) is more 
naturally chosen in the form (6.16). 


B. Circular Plate. We shall assume that the origin oi coordinates 
(a, 8, y) coincides with the center of the circular Pilate. The nlate is loeded 


by a uniformly distributed load of intensity q 
by a uniformly distributed load of intensity q (Z* = q, Z~ = 0) (Figure 79). 


(7G 


Figure 79 


By virtue of (6.1), (3.16) - (3.19) the system of equations in (3, 11) - 
(3,15) in the case of a transversely isotropic plate is rewritten as: 


*S.A. Ambartsumyan, see footnote * on p. 315. 
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d?u u a 12 | 
(S4 et mo, iro ee 
d d?w 1 dw 
Ds (" Gar) Fae “dr + Ved 
A? D @2 , dy 


Eerste 
where D=D,=0.+=777_7—7a, is the cylindrical stiffness. 


2 
From (3.4) 6 (3.10) we obtain for the internal forces 
—_ du a q. 
7, = Eh + vEh = —hAZ; 


__ Fp, # p, de q. 


Ens (du | ¥ dw Aa 
M=— ae (Ga +7 a)- Amat 
at Eh) (de £), 
To 126” la alee 
Eh} (1 dw dw h? 
ca wear dr ra ee Te a 


nh? Eh (2 ; an) 


+ 0 1247 


From (3.1) and (3.2) we obtain for the stresses 


0 El Ge ae (te — EI + 
pelt tae (ie—-S)t]- 
Kia 3\ 
+ oh 2 ta) % 


—A(z+ 
4=E(/2—14 r ar 7 + 3Gr a (1 vor T)e}+ 
a 
+E [3 tate (t—-S)ZI- 
“Aleta 2) 


In these formulas, as in (6.1), A= 4, = 4A,=— |- ev +y).. 


From the second and third equations in system (6.21) we easily 


obtain 


(6. 


(6. 


(6. 


(6. 


(6. 


(6. 


(6. 


21) 


22) 


23) 


24) 


20) 


. 26) 


.27) 


28) 


29) 
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C is an integration constant which is equal to zero from the condition of the 
finiteness of function ; at the center of the plate. Equation (6.29) does not 
differ from the well-known equation of classical theory for transverse bend- 
ing of a circular, uniformly loaded plate.* Equation (6.29) was derived 
from the fact that q = const. Thus, the discussed problem of a circular 
plate essentially reduces to two independent differential equations: 


ee te SG (6. 30) 
aqrld adw\)_ gr ‘ 
alr a(S) =a5- (6.31) 


In order to determine the normal displacement w let us use equation 
(6.31). By successive integration of equation (6.31) we obtain 


w= diy $0 F4+Ginr $C, (6. 32) 


From the condition that the flexure of the plate center is finite it 
must be assumed that Cp = 0. The remaining integration constants are de- 
termined from the conditions of fixing of the plate edge. Let us discuss 
three variants of fixing. 


1. Freely Supported Edge. In this case the following boundary con- 
ditions must be fulfilled: 
for r=a w=0, M,=—0. (6.33) 


On the basis of (6.32), (6.28), (6,24) and satisfying conditions (6.43), 
we obtain for the normal displacement of the piate 


A s 


prs 3+ 7? 5+. 
D(a‘ 25 it+y +E J+ 


+ (ee +4l@r—r). (6, 34) 


w= 








Hence for the flexure of the piate center we obtain 
_ gat 5+ BA’ 
= 64D iol +sqopena (& — dv’ =)). (6. 35) 
where the first term (fy etn) is the flexure of the plate center as derived 


from the classical theory. ** 


*S.P. Timoshenko, see p. 64 of work cited in footnote * on p. 323. 
**S.P. Timoshenko, see p. 67 of work cited in footnote 1 on p. 323. 
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2. Fixed Edge With Fastened Element of Median Surface. In this 
case the following boundary conditions must be satisfied: 


where r=a w=9, cis ==). (6, 36) 


On the basis of (6.32) and upon satisfying the boundary conditions 
(6, 36), we obtain for the flexure of the plate 





ae ain (a2 — r2)?, (6.37) 
and for the flexure of the plate center 
w= on . (6. 38) 


It is interesting to note that the last two formulas completely coincide with 
the corresponding formulas in the classical theory. * 


3. Fixed Edge With Fastened Vertical Element of Edge. In this case 
the following boundary conditions must be satisfied: 





ou 

= = ua —0. (6, 39) 

where r=a w=0, (= ye 
On the basis of the initial assumptions of the problem as well as from 

formulas (2.19), (6.28), (6.32) and upon satisfying the boundary conditions 

in (6,39), we obtain for the flexure of the plate 





vais OA tae. 6.40) 


while for the flexure of the piate center 





qa‘ E hi 
w= I +2 age ae 
64D ( G =) (6,41) 
If the same problems are solved by means of the theory described 
in Section 4 of this chapter, that is, by means of the theory which disregards 
the influence of normal stress >, , it is evident that for the flexure of the 


center of a circular plate which is freely supported over its contour we ob- 
tain 


_ ga’ S+v BNE es 6.42 
w= i (l+sqjeamee): ( ) 





*See pp. 65-66 of work cited in footnote * on p. 323. 
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For the two variants of fixed plates forraulas (6.38) and (6.41) remain un- 
changed since they are not affectec by a change in ratio E/E’. 


These same problems may be solved by use of the theory described in 
the fifth section of this chapter. Without presenting the details (these are 
elementary and have been repeated more than once), we shall point out that 
all the design formulas coincide completely with the corresponding formulas 
derived by means of other theories,* that is, with formulas (6, 34), (6.35), 
(6.37), (6.38), (6.40), (6.41) and (6.42). 


Examining design formulas (6.35) and (6.41), as in the case of a 
rectangular plate, we notice that for certain values of ratios E/G', E/E' and 
h/a the normal displacements as determined from the classical theory of 
plates may differ substantially from the corresponding normal displace- 
ments as found from the proposed theories. A marked diversity in the 
normal displacements is obtained in the case of the second variant of a tixed 
plate (that is, when we have a fixed edge with fastened vertical element). By 
way of illustration we list the results of several calculations of norma! dis- 
placement in accordance with formula (6.41): 





TS hie | ; | ‘ | 
Bo" | ; : . 
00 | 1,000 | 1,000 | 1,000 
ary: | 1,635 | 1.229 | i057 
5,0 | 2,221 | 1440 | 1,110 
100 =| ~—3,442 | 1,879 | 


the factor for the data listed in the table is qat/ 64D. The calculations assume 
that v = 0.3. The table clearly shows that the classical theory (E/G'; = 0) may 
yield substantially lower values for the flexures of the plate. 


By the examples of circular plates it may be shown that the theories 
proposed herein may under certain cases of boundary conditions and load be 
used for calculation of relatively thick plates. By way of illustration let us 
discuss circular isotropic plates for which there are yrecise solutions of 
the problems presented here. We shall compare the values of normal dis- 
placement of the centers of the discussed circular plates. 


*$.A. Ambartsumyan, D.V. Peshtmaldzhyan, see footnote *** on p. 315. 
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In the case of free support we huve: 


a) with consideration of the influence of o, (6.35) 





_ ga 5+% 16 h?), 
w= fp Tee! + sa eTD ra (6. 43) 


b) without consideration of >, (6.42) 


— 9a 5+ —_ 16(l+y) A 
e= BD rel! +agoa ety rae (6.44) 


In the case of fixing: 


3) fastened element of median surface 


w= i . (6,45) 





b) fastened vertical element of edge 


4 4 h?2\ 
ao (+45 a: (6.46) 


For flexure of the center of the median plane we have (from the precise theory 
of plates)* in the case of free support 








_ gat 5+% 2(8+v+ 4) A? 
~ 64D IT+y [! oF 50—%V6+%) rae (6.47) 
{n the case of fixing the results obtained from the precise theory coincide with 
formulas (6.45) and (6.46). 


Thus, a numerical comparison is required on!y in the case of free 
support. Let us aseume that h/a=1/3 and =0.3. The results of the 


ealculations are listed in tabular form: 
Precise 


From From _ 
thee formula formula 
ty (6. 43) (G. 44) 


ee _—— 









Classical 
theory of 





64 D(1 + v) 
qa* (5 + v) 








*A, Love, Matematicheskaya teoriya uprugosti, Moscow, 1935, pp. 
504-507, 
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In examining the table we note that in the case where the classical 
theory of plates yields an error of the order of 9 percent (in the case of an 
isotropic plate), the theories proposed here in one case [formula (6. 44%] 
yield an error of the order of 2 percené and in the other case [formula (6. 43)] 
less than 1 percent. 


For the sake of thoroughness let us also describe the procedure for 
determining stresses o, and o,. Considering for the examplee of a cir~wlar 


plate discussed in this section that when r = 0 u = 0 and solving differential 
equation (6.30), we obtain for the tangential displacement 


u=cr. (6.48) 


The integration constant c (it is evident that in integration of (6.30) we have 
two integration constants, one of which, in virtue of the conditions at the 

center of the plate, vanishes) is easily found from the condition of fastening 
of the edge of the plate. In the case of free support, when r= a T,=0, we 


obtain from (6.22) and (6.48) 


Aq . Aq 


c= ——_————__,, ae _ 
2E(1+%) 2E(1 +) 





r. (6.49) 


If for a freely supported edge we assume that when r—a o,=0 , for the in- 


tegration constant c (and thereby also for displacement u) we obtain (6.48). 
In the case of a fixed edge (for both variants of fastening), when r=au=0 
and we obtain from (6.48) 


c=0, u=0. (6.50) 


Thus, for each example, having the values of u [(6.49), (6.50)], w [(6.35), 
(6.37), (6.40)] and 9g [(6.28)], the stress formulas are easily obtained. 


Let us derive the stress formulas only for the central normal element 
of a plate, thatis, for r=0. 


In the case of free support: 

3/3+-. a Ly Eg 72s 
ema=al+oh [ait a—setEe) + 
. ) (6.51) 
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In the case of fixing: 
a) fastened element of median surface 
E z 
= a=a+9(F ate ela oO t™ ey) +t 
s/E , EY), 
+BG—~ Ey as 


b) fastened vertical element of edge 


=4=G+y[> e+ 3l(S 4 £)4 
+EEw E69 


These stresses are in excellent sorrespondence with the stresses 
determined from the theory of thick plates. 


Examining the results obtained here (Secuions 2-6), we note that the 
thecry of anisotropic plates, based on the hypothesis of nondeformable normals, 
requires corrections in the case of substantial anisotropy of the material of 
the plate. The fact is that the classical theory of anisotropic plates (that is, 
the theory which is based on the hypothesis of nondeformuable normals), having 


an error of the order of h2/a2 in comparison with unity, as was to be expected, 
is completel, maffected by ratios of the type By,./Bs5, Pi./Bg4 and By,/B33, 


which in the more precise theories (the theories dealing with quantities of the 
order of h2/a2) of anisotropic plates occur with an numerical coefficient 
and factor h2/a2 and may have rather large numerical values. This also 
explains the fact that the "correction" for the classical theory for substantially 
anisotropic plates (by which term we here and her.eforth mean plates for 
which ratios of type By,./B;., etc are of the order of 5-14) may be considerable. 
The so-called "correction" to the classical theory of plates, due to 
consideration of transverse shear and normal stress a,, is of the order of 
h2/a2 and depends on the form and relative thickness of the plate, on the 
boundary conditions, on the type of load, and, finally, on the numerical 
values of ratios of type B;,/Bs5, etc. In view of the presence of such a 


variety of parameters affecting the magnitude of correction for the classical 
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theory of plates, it is almost impossible here (at least in this work) to indicate 
the specific limits of applicability of the hypothesis of nondeformable normals. 
It may be stated only that the hypothesis of nondeformable normals is applic~ 


able in those casas when + (where +» depends on the above-mentioned param- 


eters) is negligibly small in comparison with unity. 


In order to determine the specific applicability (with one or another 
accuracy) of the hypothesis of nondeformable normals it is necessary that 
each specific class of problems be subjected to test calculation. The theory 
described in Section 5 of this chapter is extremely useful from this stand- 
point. Inserting the values of ¢,and 4, as obtained from the classical theory 


into the design formulas and equations of solution in Section 5, it is not dif- 
ficult to ascertain that maximum valus of the relative thickness of the plate 
h/a at which the discussed plate may, with a given accuracy, be calculated by 
means of the classical theory of plates. 


However, aS numerous calculations performed at the Institute of Mathe- 
matics and Mechanics (Academy of Sciences, Armenian SSR) have shown, 
the classical theory of plates may be used with sufficiently high accuracy (of 
the order of 5-10 percent) for calculation of the majority of actual plates if, 
in the case of isotropic or negligibly anisotropic plates (ratios of type By / B55» 


etc are less than three) h/a, that is, « (see Chapter II, Section 1) is less 
than 0.1, while in the case of a substantially anisotropic plate (ratios of type 
Bik/Bss, etc., are of the order of 10-15) h/a is less than 0.05. We will 


note that here there are no limitations placed on anisotropy in the plane 
y = 0. 


The presented numerical limits of applicability of the hypothesis of 
nondeformable normals are approximate and are pessimum (minimum). We 
will note that the values of h/a were found (and in subsequent discussion will 
be found for shells) on the basis of an analysis of the displacements of num- 
erous and various anisotropic plates 


In the case where th ratios of type B;,/Bs55, etc are less than unity, 


it is possible that the hypothesis of nondeformable normals may be applicable 
with a high degree of design accuracy for all real problems of anisotropic 
plates. 
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SCTION 7. THEORY OF EXTREMELY SHALLOW ORTHOTROPIC SHELLS 


As in the preceding chapter (Section 4), we shall discuss an extremely 
sLallow orthotropic shell. It is assumed that the shell under discussion is so 
shallow and the coordinate system is so chosen that for the first quadratic 
form of the median surface we may write 


ds? == dz? + a8, (7.1) 
that is, we assume that the intemal geometry of the median surface of an 
extremely shallow shell of non-zero Geussian curvature does not differ from 
the Euclidian geometry of a plane. Hence, with the chosen coordinate system 
we have for the coefficients of the first quadratic form 

Axl, B=1. (7.2) 

Furthermore, with the same accuracy it is considered that the 
principal curvatures of a median surface of an extremely shallow shell be- 
have as constant quantities: 


k,=const, k,)= const. (7.3) 


In view of the substantial shallowness of the shell, it is evident without 
any additional remarks that quantities of the order of hk; will be disregarded 


in comparison with unity.* Inadditionit willbekeptinmind ‘that the thick- 
ness of the shell h is extremely small but finite. 


The theory of extremely shallow orthotropic shells, considering the in- 
fluence of transverse shear and normal stress oy, is constructed on the basis 


of assumption: (a) and (b) given in tie first section of this chapter. These 
assumptions, as in the case of a plate, «re given in the following form: 


a) We approximately consider 


e, = 0; (7.4) 


(7.5) 


*A detailed list of literature on these problems may be found in the foot- 
notes of the preceding (sixth) chapter. 
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where, as before, 7=9(a, 8) andy=4(a, 8) are arbitrary unknown functions 
of coordinates a, B. 


It is here assumed that the shell is loaded only by a normally applied 
load Z = Z* and that shearing stresses +,, and ‘t,, in the direction of the 


thickness of the shell vary as for a quadratic parabola* (see the third example 
of a rectangular plate). 

From the equations of the generalized Hooke's Law (1.3.7) we have 
for the stresses 


0, = Bye, + Byyey — A); (7.6) 
0, == Bige. + Bye, — Ay?,; (7.7) 
Tay = Begley: Tey = Baggy: (7.8) 
canes, (1.9) 


where, as usual, for elastic coefficients Bj) and A; we have (2.8) and (2.9). 


From (2.1.4)-(2.1.9) we obtain for the deformation components 


du,’ A Ou, 
e. = os + Ryu; ey = a + Rat: (7 : 10) 
Ou. Ou, Ou a 
sae eu at ae (7.11; 
Ou, du, = Ou, du, (7.12) 
C= tae? ey 


By means of (7.4) we obtain from the first relationship in (7.11) 


gape , 4, =4,(a, 8) = wa, 8), (7.13) 


that is, as in ‘at case of a plate (2.13) or the classical theory of extremely 
shallow shells, the normal displacement uy of any point of the shell does not 


depend on y and for all points of a given normal element is equal to the 
normal displacement w of the corresponding point of the median surface of the 
shell, 


From (7.8) on the basis of (7.5) and (2.8) we obtain for the sheer de- 
formations e,, and e,, 


*For arbitrary f (y) the theory of shallow shells has been discussed in the 
work by S.A. Ambartsumy4n and D.V. Peshtmaldghyan (see footnote 3 on 
p. 315. 
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h? ha . 
oP (Ee nF —1e a4 
Inserting into relationahips (7.12) the values of e,,, e,, ard 4, from (7.14) and 


(7.13) and integrating for y from zero to y, also considering that when 
7=0 u,=u(a, B) and 4,=via, #) for the tangential displacements of any 


point of the shell we obtain 


0 h2 2 

aa 1S +1 (FF) e (E28) 
0 ah 2. gf, 

uy = 0 — 1 Ge +1 St (FF) Y. es 


where u=u(a, 8) andv=v(a, §)are the tangential displacements of the 
corresponding point of the median surface of the shell. 


From (7.15) and (7.16), as from (2.19) and (2.20), it follows that in 
distinction from the classical theory of extremely shallcw shells* the tangential 
displacements Uy and u 8 at any point removed from the median surface of 
the shell by normal distance y depend on y nonlinearly. Inserting the values 
of uw, u, and u, from (7.15), (7.16) and (7.13) into relationships (7.10) and 


(7.11), we have for the deformation components 


we Ou ew Ms At 2\ oO 2 
irae amend | jar + Aw +1°9-(F—-5)H: (7.17) 

ov or aa [23 P\ a 

_ ou ou Ow 1(" 3 0 
= at ee — amt E (TF) (es Ht oa Gt). 19) 


Inserting the values of deformations e,, e, and ¢,, intu (7.6), (7.7) 


and (7.9), we obtain for the stresses 


Ou ov a ad 
= Bu ar + By a T (21 Sr t+8y a) = 
2 a. F o 
+ (&,B,, + 2,B,.) w +5 (+ = $) (212% + + Byydy x) =. A\9,; (7.20) 


*As before, the classical theory is understood to be that theory which 
is based on the hypothesis of nondeformable normals. 
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0 0: 
64> By i +4 1 (Bz ort Bn Ss)+ 
+ (kpByq+ k,B w+ 7 (4-5) (Brae 5e +5i20ss St)—Ap.; (7.21) 
= Ou du * ew 
Ta; = Fog (Sr + a) -~ 2Begy dada + 
3 a a 
+ 5 (7-4) (Bests St Buu St). (7.22) 


Inserting the values of stresses o,, o,, t,, and +,, into equilibrium equa- 


ey 


tion (1.1.12) and integrating for y, therein considering that when 7 =h/2 o,= 
Z=Z* and when ;=--h/2 o,=0, with the accuracy of the theory of extremely 


shallow shells we obtain for stresses 
oy =F 7 [By + hyB yg) H+. (legByy + 
+ kyBia)-5 + (HIB, + 2k eyByy + BBy) w ]+ 
+ 7(F—P)[G8n + eB) Se + eB +h By) Se] — 
-HE-S(E+H) a 
Inserting the values of stresses from (7.5), (7.20)-(7.23) into formulas 


(2.6.1)-(2. 6.5) and keeping in mind that here we have an extremely shallow 
single-laye: shell, we obiain for the internal forces and moments 


T= Cu (Ge + hye) 4-0, (22 + tye) — A, 7; (7. 24) 
T= Cnn Gp + byw) +Cyo(S4 + byw) — A,7?; (7.25° 
$= Cu(5¢ + 3): (7.26: 
== 04 95-0, $24 
1 Fo (2s On Ge + OuPre St) — A.M (7.27 
Why = —- Dn Say — Dy Sy 4- 
es ree + O55), st) — A, MP, (128: 
H =~ 2De grog + Fy Dew (O55 FE Hem SE) (7, 23' 


A A 4 
N= 79% Ma=ash (7.30 


where we have the following notation: 


ate 


q2 
7? — + Z + (k,Dy + Dy») SF + (kDyy + 2,Dy2) ie 
a Q 
M9 = (kD, + 22D,)) = + (RyDo + 2D) = a 


2 AS / a yy 
+(kiDi + 2h k2Di2 + k3Dm) w — 720 (3 + x) : 


From (2.74) we have the foilowing equilibrium equations 


oT, . oS _ ta 
ee ar ae Ca ee er Peel 








ON 
(4,7, + oT.) — on Bae 


OM, . of ,, OM, , OH | 
oe gg FF) egg Ne 








(7.31) 


(7.32) 


(7.33) 


(7.34) 


(7.35) 


Iaserting the values of internal forces and moments from (7.24)-(7.30) 


into equilibrium equations(7.33)-(7.35), we obtain the following system of dif- 


ferential equations of solution in the theory of extremely shallow shells: 


9 
Ly (Cy) 4 by (Cue) ¥ + (RC + RAC: 2) os >> 
aid aw | h oZ 
— A, [21 + R,D,y) aa + (R Do» + k,D,2) 5a oat —_ A, 3 on 


Lay (C in) 0 + Lyy (Cyy) it + (gC oy + 4:Cy2) x = 


aw h oz. 


33 
nom Ay [laa +,D,,) os + (2,D;, + k,D,,) all = A, oy ry : 


a a 
(Cy, + C12) od + (C99 -+ C2) oP a 


-(RiC11 + 2kihaC12 + A3C22) w — % it a5 =) = 
— (kA, + kp Ag) [Dn + kD) a as 
+ (RpDo. + &,Dyp) Se naZ [! +4 (RA, + k,A2)| 
Ly, (Dy) w — a Lassly1 (Dyn) @ + Paglia (Dig) H+ 7 eT 
+A, [Dy + bDy) Sar + (Dn + Dy) ae = 


ary 


; F] hs 7 @? 
+ (iD + 2k1k2D2 + kD») =~ — y99 (5a + ai) = 0} 


ha 
Log (Dy) w — oO [aula (Din) $ + O55h12 (Diy) ? | oF 


a? . 
+ @ p+ A, [2D + kD.) a “+ (kD + Re Din) eg th 


| , ou AS 0% | Oy \] __ 
+ (iDiy + 2k e2Di2 + kD.) oe 120 (SF + aa) =0, 


(7.36) 


(7.37) 


(7.38) 


(7.39) 


(7.40) 
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where for the linear operators and stiffnesses we have the known expressions 


o¢ @? 
Ly (Cyn) = Cur Gar + Cos opr 
a2 x @? 
Lo (C jx) = Cop grt a 
o? 
Li (Cj,) = (Ci, + Ce) Ga 08 : 
a oie 
£13 (Dye) == Dy 335 + O12 + 2066) Gy HGF 
a e 
Ly3(Djx) = Dy a + (Dz + 2Dee) OB da?’ 
Cp =hByy Dy =F By: 

Equations (7.36)-(7. 40) constitute 4 complete system of five differential 
equations of solution in terms of the five sought functions a, v, w, 9, y. In solv- 
ing specific edge problems the differential equations of solution (7.36)-(7. 40), 
as usual, are supplemented by the boundary conditions given in Section 2 of this 
chapter. 

The principal equations in the theory of extremely shallow shells may 
be represented in the form of the combined method. The third equation 
of compatibility of deformation (3.3) in the case of an extremely shallow 
shell, as is known, has the form 


or. 70 oz 
Rox, + Ryty + “ant — A083 ote 55 = 0. (7.41) 


This equation, representing the compatibility of the median surface of the shell, 
also ..ust remain un changed in the case of the theory proposed herein, which 


theory considers the influence of transverse shear and normal stress 4, 


Jn °xamining formulas (7.24)-(7.28) the careful reader will probably 
nave noticed that the coefficient of C,, contains the relative deformation 


of the median surface e, the coefficient of Coo contains the relative defor- 
mation «, the coefficient of Ces contains the shear .f the median surface w, 

the coefficient ~f Di contains the parameter characterizing the change in 
curvature of the median surface x, and, finally, the coefficient of Dp. con- 
tains the change in curvature x, (see formulas (4.19%) in Chapter VI). Consider- 


ing this, the equation of compatibility (7.41) may be written as follows: 
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Cu OT, Cy 87%, , Cy 07, — Cy 07, 





oo Oa FE ot oF 
1 0S 0'w ew Ci Cyn \ 077° 
~ Cy 0005 ~ Re-5as Oa? aid “Op? +(4 ay =) Qa? 
Cry 12 077° c= 7. 2 
+ (A, <3 -- 4 I) ar = 0- (7.42) 


Introducing the stress function F = F (a, 8), in terms of which the 
internal forces Ty» Ty and § are represented by relationships 


o1F o°F 
=SF, sa ft. (7.43) 


we identicaliy satisfy the first two equilibrium equations (7.33) and from the 
remaining three equilibrium equations (7.34), (7.35) and equation of com- 
patibility of deformation (7.42), by virtue of (7.27)-(7.30) and (7. 23) we obtain 
the following systein of differential equations in the combined method: 


VF — 45 (t+ So) = 2: (7.44) 
Ly3 (Dy) W— Fo eS taglas (Did? + ae 12 (Diz) 41 + 
3 oe 
+ie+ - [Du + AaDia) Sor + (Dn + Did) aeap + 
Ox hS / Q2 ay ; 
+. (RiDy + 2kiR2Di2 + k2D2) ~ = ama (Ser a aa@n )] = 0; 
Ly (Di) @ — sa LO ggl-2g (Din) ¥ + A5sl i (Dix) 91 + 
h3 7u ou 
4-5 Yt Aa[e2Dea + biDie) Gor + Du + Did) ge g7 + 
(pb? 2 ow nS / d*y 049 is 0: 7.46) 
+ (kiDy + 2kikoD1, + 2D) yee i ( aa ae 98 aa) (7. 
L,(Cy) F —V yw +-(A, St ou A A, =) (RD, + D2) id at? 
+[(A, Sb 4, Cin) Dy +h D+ 
+ (4 Se “et Dy + hPa) ane a > 
+: (A Sa A, O12) (Din +h, Dy) oe = 


=— 3 ((4 GA, x) a2 + (4, # Sa _ » S) |: (7.47) 


(7.45) 











where, along withthe linear differential operators L L L Lig and 


11’ ~22’ ~12’ 
Log) we have the operators Lo(Ci4)s as in (6.6.44), and V, as in (6.5.19). 


Thus, the problem of an extremely shallow shell has been reduced in the 
combined method to a system of four differential equations F, w, and w. 
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The design quantities in the case of the combined method may also be 
determined by means of the formulas derived above: for the design stresses 
we have (7.20)-(7.22); for the internal forces we have (7.30), (7.43); for the 
moments we have (7.27)-(7.29). By virtue of (7.24), (7.25), (7.31) and (7.43), 
the tangential displacements (u, v) which enter inte the above furmulas for 
the design quantities may be determined from the following equations: 


Uc Cn OF Cy OF eae C 
PG — gt ae Se (AP At) x 
0 
x {5 ZA (hyDy + hD) SE + (kD + 2D) | (7. 48) 
Du Cy, OF Ci, O?F Cc c 
5 Ea oe ag het (hy — Aut) x 
4 [5% + (kpDay + 4:D,3) SE t+ (Dy, + kD) S|. (7.49) 


SECTION 8. APPROXIMATE THEORY OF AN EXTREMELY SHALLOW 
SHELL CONSIDERING TRANSVERSE SHEAR 


In a manner similar to that for the case of an anisotropic plate (Sec-- 
tion 4), we here give a more approximate theory for an extremely shallow 
anisotropic shell, which, in addition to basic assumptions (a) and (b), is 
based on still another assumption: the normal stresses o. at areas parallel 


to the median surface of the shell may be disregarded in comparison with 
other stresses. 


As is seen from the results ir Section 4, the principal formulas and 
relationships of this approximate theory of extremely shallow shells may 
be derived from the corresponding formulas and relationships of the preced- 
ing section (Section 6) if we formally assume 


A,=0, A,=0. (8.1) 


Considering (8.1), we obtain from (7.36)-(7. 40) the following system 
of differential equations of solution in the proposed theory: 


Ly Cin) + bag (Cin) 0 + Cy + Cy) © = 0; (8.2) 
Ly es v+Ly,(Ciy)u as +h Co) = 53 = 9; (8.3) 
(RiCy, + &,C io) + = + (RyCoy + hy Cy) a ot 
(RICu + eae ae (24+ #)= z; 38) 
(8.5) 


Ly (D,,) w— 19h (Diy) 9 4 -Oygliy (Dy) $1 +: wom 
Lyg (Dy) @— 75 (ul (Dn) + Gsshr2 (Dip) lt Fy ¥== 0. 


(8. 6) 
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For the design quantities we have: 


stresses ((7.20)-(7. a 


o,= By, oe + By a —T (81, ies + By aa | ) 2 
$+ (t:By + iB 2) wi (4 — J) (Bass 5? + Brats 92); 
05 = Bay ge + By, Se — 1 (Br oe + By, an )+ ven) 
+ (A2Byy + ky B,.) @ +- 5 (+ _ a ) (Brtys 9: oT Bits te ): (8. 8) 
wwe Ba( St +H) — 861 + 
Fee 8) (tua + Beaty Ge); (8.9) 
internal forces ((7.24)-(7.26) and (7. 30)) 
T= Cu(et tw) +Cy(S+ hw), N= He (8.10) 
t= Cn(3 tte) +0y(24 kw), N= 5 ¥: (8. 11) 
S=Ce( 5 + o): (S212) 
moments ((7.27)-(7.29)) 
M, = — Dy Ge — Dy 2% at Tol" On Ge + aD, at). (8. 13) 
M,== — Dy oe —Dy oe + 10 ig (uray 9 os 1% sD 2 oF); (8. 14) 
H=— 2D, Ea +" Dig (as, $3 oF tag ar. (8. 15) 


In the discussed formulation the equations of solution in the combined 
method (7. 44)-(7. 47) take the form 


v oF — ty ($2 4 s*) soy (8. 16) 
fn Cu) FS an = 0 (8.17) 
3 
£43 (Diy) @ — 76 lasclyy (Dig) 2 + sali (Din) ¥14 i 7 (8. 18) 


0, (8. 19) 


= 


Aj he 
Lay (Dip) W— Fy Lasalar (Di) Yt Aglay (Dye) 21+ ig 


These equations ((8.16)-(8.19)), as the similar equations in the general case, 
constitute a complete system of four differential equations in terms of four 
unknown functions. 


In the case of the combined :nethod we have for the design quantities 
(7.43), (8.7)-(8.9), (8.12)-(8.15). From (7.48) and (9.49) we have for the 
tangential displacements 
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oe oa ot (8. 20) 
ov C,, O?F C\, oF 
Oy S00 Gat a at — aa 


The system of equations of solution in the combined method (8.16)-(8. 19) 


may be reduced to one tenth-order equation of solution in terms of a certain 
unknown function* €=¢ (a,8). Assuming 


[tee py Eppa Mt 
#1 To 2066 Go (Di — TF La (Dy) Ly (Cyy) 9; (8. 22) 


he O 4 Aa 
v= as a5,Dog oa L: (Die) — a Loy (Dis) | Ly (Cin) V; (8. 23) 


ws 550 Dako (Din) — He [(ayD p= 
w=} jpg asian ‘ub: 2( i) — 95 [as og + Ass 86) “gge + 


or hé 
H+ (As5sDy1 + 84466) a | + 1g } Ly (Cig) 9; 
Af , ii g2 
F= { {00 4350 Dwh: (Dy) — 120 [(auPr + a55Dee) Op? “F 


g? hs 
+ (4ssPnn + S446) =| + ig \ V,%. 
we identically satisfy the three equations of solution in the system (8.17)- 
(8.19) and from the fourth equation (8.16) we obtain the differential equation 
of solution for the unknown function 


he g? g , 
lin Deg (a (a 55 ca + Oy zt) Lz (Diz) — ral (Dy)| Ly (Cy) ® — 
I : 32 

{in + fy 435@Dol2 (Dia) — 7 [(uPn +0556) Gar + 


@? “ 
+ (ag), + eee Sr | } Vo = —Z, (8. 26) 


where, as usual, we have for the linear operators 


Cy, o , Cy of 1 Co\ oF” 

by (Cy) == = ae + EP oe + (cy — 2a) aera (8.27) 
ot D,, D,. --- Dy 7 

Li (Di) = Dn et Du ae ty a Dag te ) Tak aw (8528) 
5 o 

L, (Dix) Soe Dy as + Dy a + 2(D1, + ZDgg) Oa? op? . (8. 29) 


by means of formulas (8.7)-(&.15), (8.20)-(8.25) and (7.43) all design 


(8.24) 


(8. 25) 


quantities are easily represented through the sought function @(a, 8} | However, 


considering the elementary nature of these constructions and the unwieldiness 
of the resulting formulas, we shall not present them here. 





*S.A. Ambartsymyan, D.V. Peshtmaldzhyan, see footnote ***, p. 315. 
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SECTION 9. ANOTHER APPROXIMATE THEORY FOR AN EXTREMELY 
SHALLOW SHELL 


For an extremely shallow shell, as in the case of a plate Gection 6), 
we assume:* 


a) the distances along the normal (along ‘y) between two points of the 
shell remain unchanged before and after deformation; 


b) the normal stresses o, at areas parallel to the median surface 
of the shell may be disregarded in comparison with other stresses; 


c) in determining deformations e,, and e,, we consider that the 
shearing stresses +t,, and «,, do not differ from the corresponding stresses 


obtained from the hypothesis of nondeformal normals. 


By virtue of these premises we have for the stresses -, and <=. 
(5.8.26) 
1 A 1 ht y 4 1 
=79 (> —1 ”) Ta 7 (7 = r*) Yor (9.3) 
where 
porte’ B Pw, 7 B Uo . 
w=—[ gat F (By, +28. oe |? (9.2) 
oF My 
Y= —([8 22 ae t+ (8B), + 2B.) oe % J (9.3) 


Wp is the normal displacement of the corresponding orthotropic shell as deter - 
mined fre.u ine hypothesis of nondefarmable normals. 


Proceeding as in Section 7, for the displacements of any point of the 
shell we obtain 


ih? 4 9.4 
a= b— 15g & a ee ae oes +) v0 (9.4) 
hn? 2 F 
=o 7 +1 (PF) (9.5) 
4S w= wa, 9), (9. 6) 


where, as usual, u, v and w are the components of the total displacement of 
the median surface cf the shel!. 


*Section 5 of this chapter lists the literature for this topic. 
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For the een we have 
Wu £ tw. O*w ' _ 
+ Big me 1 (Bu pr + Bx “ye tBu F4By) w+ 


B), 
we \ a a. See Ba), 
+i )( 1455 ge + ntuge) (9.7) 
2. Fay 
3, — By a 1 Bia: cae 1-4 (Bp Sa 7 By Sat) + eBay + By) + 
teh O45 Ovo 
zu a“ mae i) (Brats oa YF Bits FY: (9. 8) 
du du . ew 
ss Bes (Sy 7 Ge) 25 eet Bea + 
i (9.9) 


or ue Ste) 
(SE) (tate e+ Pa Se, 


By means of expressions (9.1), (9.7)-(9.9), proceeding as usual, we 
obtain for the internal forces and momenis 


eon paar wv) + Cua(5q t+ ew): (9. 10) 
i | be ae kw) + Cals Rs kw); (9.11) 

S 2 Cog (c+ ee): (9. 12) 

N, =e N, = 15 Yu (9. 13) 

M, = —Dy 5% — Dis 8 + to(tabu' Ft a Dy a); (9.14) 
M, = —Dn ‘55 — a ay a + ia(* tuba 52 4 asDi a), (9.15) 
H = +20, 2 * B+ $y Dee (Ass oe ange). (9. 18} 


Eliminating N; and No from equilibrium equations (7.33) - (7. 35), we 
obtain 


aT, aS | dig 208... 
et Oe a oS Ort!) 
ry) O'My OH OM __ 
(4,7, + ata) — Gat — 2 Saag — ope = 4: (9. 18) 


Inserting the values of internal forces and moments from (9.10)-(9. 16) 
into equilibrium equations (9.17) and (9.18), we obtain the following system 
of differential equations of solutior of the problem: 


Lyy (Cia) @ A Lag Cy) ¥ + RCn + AC) =0; (9.19) 


Lop (Cig) 8 ia (Cin) & 2a + AiCi2) “e = 0; (9.20) 
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(RC + FC 2) a (RL + hy oo at 


Eres 13 (25s [0,23 Z (Dy + 2D5q) 3 aay) + 
t+ a4 [Om Get + On +205) 305%] (9.21) 


Thus, in the case of the proposed variant of the theory of extremely 
slallow shells, with consideration of the influeace of transverse shear 
we reduce the problem to determination of only three components of total dis- 
placement of the median surface of the shell: u(a, 8), uv(a, 8), and w(a, 8). 
Functions (2,8) and (2,8) are determined from the theory of extremely 
shallow shells as presented in Chapter VI, which is based on the hypothesis 
of nondeformable normals. 


The sought functions of u, v and w must satisfy: differential equations 
(9.19)-(9.21) (which, as was to be expected, do not differ in their left mem- 
bers from the left members of the corresponding equations of system (6.6. 30)- 
(6.6.32)) and the boundary conditions presented in Chapter II (Section 10). 


Let us prestut the equations in the combined method. Assuming ((7.43)) 
Ree h=ar S=—a5- (¥.22) 


we identically satisfy the first two equilibrium equations (9.17) and from the 
third equilibrium equation (9.18) and the equation of compatibility of deforma- 
tion (7.42), by virtue of (9.14), (9.16) and (9.22) and A, = Ay = 0, we obtain 


the following system of differential equations in the combined method: 


Ly (C i») F — V,w == 0; | (9. 23) 
Li (Dy) @+V,F = 2, ; 
where 
a 
Zt = 2+ Fy {a55 [Duy S38 + (Dn + 2D) gorse | +: 
+ ay [On Ge + (Dy + 2D) ge3s]} (9. 24) 


The system of differential equations in the combined method (9. 23) dif- 
fers from the corresponding system in (6.6.43) only in the load term (9.24), 
which in the variant of the theory proposed herein contains not only the surface 
load Z but also the known differential operations on the known functions », (2, @) 
and (a, B). In this case we have for the design quantities: (9.7)-(9.9), 
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(9.13)-(9. 16) and (9.22), while the tangential displacements may be determined 
from (8.20) and (6.21). 


As usual, system (9.23) may be reduced to a single eighth-order equa- 
tion of solution in terms of a certain scught tunction ® = (a, f). Assuming 
((6. 6. 20)) 
w=L,(C;,)®, F=V,%, (9.25) 


we identically satisfy the first equaticn of the system in (9.23) and from the 
second equation we obtain the differential equation of solution of the problem 


poe a8 
Py 58 + Ps sean at Pesca t 


4 Pos Sant Pag 2 Ope T+ VO = 2", (9. 26) 


where, as usual, for coefficients P; we have 


C 
P =o Dui R= Z Dy; (9.27) 
Py=Dy(e-— C2) + 251 (Dy + 2Dg9)i (9.28) 

~ 66 
RD. (= _ 25u) 4-25 (Diy + 2D5q); (9. 29) 
Pr, =: 8 Dy, 4-2 (Dyy + 2Dyp) (7— G2) + 51 Dip (9.30) 


Equation of solution (9.26), as system (9.23), differs from the cor- 
responding equation of solution (6.6.48) only in the load term (9.24). For 
the design quantities we have 


ne ee ae 
=, ®: T, = sn V9; S=— gon Ve% (9.31) 
e? 
M,=— (D3 f+ Dy 5x) Lo (Cy) + 
+a To Plas oe! 2+ ay4D19 oi); (9.32) 


0? 0? 
M, =o (Dr ox + Dyy ai) L, (Dix) ® + 


Al ay O40). : 
4- f(a a. + as5sD19 2) , (9 33) 
0 
H = — 2D¢g 5, a Ly (Diy) ® oe 1p Di (os. 5 a * + day a ot; (9.34) 


waa {Gat Ga) B+ 
+l(e-9).— Pade 0.98 
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v= —{(Fa+ Shit 
1 Cc C a ; 9.36 
+ [( a — SP) Ra — GAs Sea (9. 36) 
Cy 0! | Cy OF 1 Cy\ of 3 ‘ 
w= (P+ tle aren]? (2-37) 


Having the values of u, v and w, the stresses may be determined by means 
of formulas (9.7)-(9.9). 


Proceeding from the results obtained in the fifth and sixth sections of 
this chapter, the theory proposed herein may also De generalized for the case 
of consideration of the normal stress o,. For this purpose, in the design 


formulas and in the equation of solution (in the load term) it is necessary to 
consider terms with coefficients A, and Ay: 


SECTION 10. EXAMPLE OF CALCULATION OF A SHELL 


Let an extremely shallow, transversely isotropic shell which is rectang- 
ular in the plane be freely supported over its entire contour and sustain a 
normally applied load which is distributed over the surface of the shell in 
accordance with the following equation (Fig. 80) 


Z=qsin™ sin%, (10. 1) 


where q is the intensity of the load at the center of the shell (a -= 4/2, = 6,2) 





Figure 80 


It is assumed that =t each point of the shell the plane of isotropy is 
parallel to the median surface of the shell. Then, for the elastic constants 
of the shell materials we obviously have (6. 1). 


Assuming 
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== Asin = sin®, (10. 2) 


we satisfy the hinge-support conditions aad from equation (8.25), by virtue of 
(6.1), (19.1) and (10.2), we obtain by the usual method the sought coefficient 
A and thereby the sought function (2, {). Inserting the obtained value of 
¢ into (8.24), we finally obtain for the normal displacement w(z,3) of the 
shell center 


W == Wy {1 +h’. (10. 3) 


where 


eee 190 a (aa +5) 
ey +(1 _¥) (4235 a) ire + 15 


eae Le a? E(x ray] 10.4 
5a (2 wat m)| ( 
w, is the normal displacement of the shell center as determined by means of the 


theory described in Cbapter 6, that is, the theory which is based on the hy- 
pothesis of nondeformable normals. 


In the special case where a =b, for the normal displace:nent of the 
shell center we obtain 








n°Eh? 4nh? . 
0g Ne ee | (10.5) 
Ath? | 3a¢ (1 — v9} (R, + &3)? (1 + sargr Say 


The same problem may be solved by means of the thecry discuseed in 
Section 9 of this chapter. For the normal displacement of the shei! w, (that 


is, in the case when the hypothesis of nondeformable normu!s .. valid) we 
have 





lata) ied . : 
TEM aL AV tn (By on 


Inserting the value of «9 from (10.6) into (9.2) and (9.3) and then inserting 
the resulting values of Yo and #9 into (9.24) from (9.26), we obtain the following 


equation of solution of the problem: 
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V2 ne 44) (oe 7 ae a ee Csscan ‘ oar 5 =) + Vo =- 
=e bah emay whet el ee eas int (10.7) 
oa tp) toed — (8+) 
As before, assuming 
p= Asin = = sin a (10. 8) 


we satisfy the conditions of hinge support and from equation of solution (10.7), 
in virtue of (6.1), (10.1) and (10.8), we abtain by the usual method the sought 
coefficien: A and thereby the sought function (a, 3), Inserting the resulting 
value of € into (9.26), we obtain for the normal displacement of the shell 
center 


ht E (j43 ) | 

120 G‘ \a? | 53] 
w= UW I + Sa 2,9 1° 10. 9 
2 0 le yed—a(arean) | ( ) 
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wnere, as usual, w, is the normal displacement of the shell center as obtained 


by the theory based oi the hypothesis of nondeformable normals. In the special 
case where a =b we obtain for w 


_ ro niEh 4nth? |. 
Ws WoL  t seiad dehe 5 Bat (1 — 2) (ky = By)? 





(10. 10) 


Examining formulas (10. 3)-(19.5) and (19.9), (10.10), we easily see 
that ith an increase in rise of the shell (that is, with an increase in the ratios 


- R) the admissible error in the hypothesis of nondeformable normals 
| 


decreases. In the case of a plate (k,=-k,--v) this error reaches its maximum 
value. The fact is that with an increase in the rise of the she!! the influence of 


be.iding paramcters on the stress of tne shell d>creases, which also signifies 
a decrease in the influence of intersecting .orces Ny and Nos that is, the shear- 
ing stressec :, and <,.which<lso cause the transverse shear. 
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Cuinps cing (10.3) and (10.5) wit. (10.9) and (10.10), respectively, we 
note* that the aprroximate theory of shells discussed ju Section 9 of this chapter 


*We do uot present the results of numerical comparisons here. 


may with sufficient accuracy be used for calculation of essentially anisotropic 
shells. We will note that this occurs also in ine case of a plate (see the end 
of Section 6). Here, in discussii.g the example of an extremely shallow shell 
we have limited ourselves to determinztion of only the normal stress w; the 
remaining design quantities may be determined in elementary form by means 
of formulas (8.7)-(8.15), (8. 20)-/8. 25). 


As in the case of a plate (Section 6), the example of an extremely shal- 
low shell may also be solved by means of the theory discussed in Section 7 of 
this chapter, that is, by means of the theory which takes into account effects 
associated with the normal stress ;.. 


In examining the results obtained for anisotropic shells (Sections 7-10) 
we note that the theory of anisotropic shells as based on the hypothesis of 
nondeformable normals in the case of substantial (with regard to ratios of type 
B./ Bos, etc.) anisctropy of the sheli material also requires correcti. 1. 


Without going intodetail we will state that all the remarks concerning aniso- 
tropic plate derived at the end of Section 6 of this chapt.r also remain in 
force for an anisotropic shell. 


However, in the case of a shell the problem is somewhat complicated, 
since here the curvature of the coordinate surface of the shell (y=0) begins 
to play a significant role. As was stated above, this circumstance plays a 
positive role from the point of view of broadening the limits of applicability 
of the hypothesis of nondeformable normals and is explained in the following 
general rule: the smaller the influence of bending phenomena on the stress of 
the shell, the smaller the correction in the classical theory of shells, that 
is, the theory based on the hypothesis of nondeformable normals. In the 
limiting case where we have a momentless stress the above mentioned correc- 
tion is equal to zero. 


Here, as in the cnse of a plate, for specific determination of the limits 
of applicability of the hypothesis of nondeformable normals it is necessary to 
perform test calculations; these may be performed by means of the theory 
described in Section 9 of this chapter. However, as a rough approximation it 
may be considered that the hypothesis of nondeformable normals is applicable 
with high accuracy if in the case of an isotropic or a slightly anisotropic shell 
¢=0,1 (see Chapter II, Section 1). and in the case of a substantially aniso- 
tropic shell « - 0,05, that is, we may adopt the limits of applicability of the 
hypothesis of nondeformable normals as established for a plate (see the end 
of Section 6). 


We will note that in the case of shells there are no limitations on aniso- 
tropy ir “e surface y = 0. 
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SCTION 11. THEORY OF EXTREMELY SHALLOW LAMINAR ORTHOTROPIC 
SHELLS 


Among multi-layer shells, from the standpoint of the phenomena of 
transverse shear, great interest attaches to three-layer and two-layer shells. 
In this section we shall discuss only the theory of three-layer orthotropic 
shells with consideration of transverse shear.* The theory of two-layer 
orthotropic shells, **,*** is obtained as a special case in the theory of three- 
layer shells. Let us discuss a thin three-layer shell consisting of homogeneous 
orthotropic layers. Assume that one of the planes of clastic symmetry at each 
point of each layer is parallel to the external parallel surfaces of the shell and 
that the remaining planes of elastic symmetry are perpendicular to the coordin- 
ate lines. 


Let us take the median surface of the center layer as the coordinate 
surface. Assume, as usual, that aand § are curvilinear orthogonal coorJin- 
ates coinciding with the lines of principal curvature of the coordinate 
surface, y is the distance along the normal trom point (a, 8) of the coordinate 
surface to pcint (a, 8, y) of the shell. As in Section 7 of this chapter, we 
assutne that the coordinate system is so chosen that in the case of the discussed 
extremely shallow shell the coefficients ot the first quadratic form A‘~ 3; 
and Biz. $). as well as the principal curvatures of the coordinate surface 
kitv, 3jand k,(2, 3) upon differentiation behave as constants. In particular, 


we my assume (7.2). We also assume that after deformation the layers 
remain elastic and function simultaneously without slipping. 


P-oceeding from the results in the previous sections, the theory prao- 
posed herein is based on the following assumptions: 


a) at each layer of the shell the distances along the norma! (along vy) 
between two points of the layer before and after deformation remain wuchanged; 


b) the normal stresses :' at areas parallel to the median surface 


of the shell may be disregarded in comparison with other stresses;**** 


—— 


*A.A. Khachatryan, Toward calculation of a three-layer orthotropic 
shell, Izvestiya AN ArmSSR (fiz.-mat. nauki), Vol. XII, No. 5, 1959. 
**S.A. Ambartsumyan, On two methods of calculation of two-layer 
orthu:ropic shells, Izvestiya AN ArmSSR (fiz. -mat. nauki), Vol. X, No. 2,1957. 
***° A. Ambartsumyan, Toward calcuiation of two-layer orthotropic 

shells, Izvestiya OTN AN SSSR, No. 7, 1957. 

****In the ensuing discussion the superscripts will denote the layers, 
wherein 0, I, I (E9, EI, Eq) refer respectively to the middle, lower and upper 
layers of the shell. 
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c) in determining deformations ej, and ey, we assume tiiat the shear- 


ing stresses <' and +/, do not differ from the corresponding atresses as found 


on the assumption of validity of the hypothesis of nondeformable normals as 
given for the entire stack of the shell as a whole. 


Proceeding in the usual manner (Chapter II, Section 4), we obtain for 
shearing stresses oa and </,,on the assumption of validity of the hypothesis 


of nondeformable normale* 


Sp ERR +5 (7 BR Rs: ie 
= --(7 +&) eee 5 fy = a0) RS -— Ré; 


7 =— 6 —Fi--7 Ri, | 
or (5) + ~)Ri (3; 3) (11. 
Toy == - (G+ DRi— zh 7)Ru 

sey = (82 — 3 *) Ri — Fe 7)R (11 


l q 
where sa = (8 — 1) RE 5 (8; —7)R 





‘ ' 1 \ 0% 
(= Bi, SH + Bt, MH + (Bi, + Bee) SSE + (Bis + hyBi,) Fe ** 


2 (11 
, s ow 

Ki =r Bay — se + Bix pees: (Bi, + Bis) eae + (&,B%> + 1 32) oa 
il. 
; i ow, Ow, . 11 
Ry - By snk +(Byy + 2By) = hos (11. 

‘ 31 t € 03 

Ry = By = (Bi: + 2Bis) Sepa (11. 
Re - = (01 - - Bn) A+ a NG —- &) Ri; (11 
(11 


Rey FRE 5 (i - BRE 


*Here, proceeding from the basic premises of the cited works of the 
author (see p. 376), the theory of extremely shallow, three-layer shells is 
given after A.A. Khackatryan (see p. 376) in generalizing the author's results 
for three-layer shells and plates. 

**Other notation was previously used for certain of the operators Ry. 


1) 


2) 


.3) 
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285. (8, — 8), (@,—%) are the thicknesses of the middle, lowex and upper layers 
of the shell, respectively (Figure 81); Bie are the known coefficients of 
elasticity of the individual layers (2.12.2); u)(z. 3). u(a, 4). andu,(z, 4) 


are the components of displacement of points of the coordinate surface on the 
assumption of the hypothesis of nondeformable normals as given for the entire 
stack of the shell as a whole. Thus, the probiem of determining stresses 


t,; and <,, reduces to determination of dispiacements u,. v,. and w. 





gle 
CLM 


Figure 81 


Examining formulas (11.1)-(11.3) and considezing the equilibrium 
equations (6.4.40) and (6.5.42) (where X = 0, Y = 0), we note that the shearing 


stresses «|, and t!_ satisfy the following conditions (Chapter II, Section 5): 


‘T 


when j=- 8, shy — ae == 0: (11. 10) 

when +=8, all = all 0; (11.13) 

when ~=—4, 50 .2oeb gl <3, She (11.12) 
ay ay’ By 31’ 

when 7 = 0 mel ea 2s Gil (11.13) 
ay ay’ “By “e 


On the other hand, in virtue of assumption (b), we obtain from the 
generalized Hooke's Law for the stresses in the layers 
a, = Biyew Biness \ 
ieee i i, 
atte Seg (11. 14) 
Fr = Byres ~- By 3e3: 


t tot ! toi 
Tay => B3seay; 3, = Byes, 


The deformation components, as usuai, are represented by the formulas 


du! ' du} , 
e. — Oa + kyu’, e, = Gs + Rous 
i i i 
; du, ; Ou’, dug 
e=--; ti. —— 
1 Oy? oo TO? 
ou out Out. du! 
t Aas 
OG ae! on Sa ae ee 
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(11.15) 


In virtue of these assumptions and on the basis of the ».esented relation- 


shipe and formulas (11.1)-(11.9), (11.14) and (11.15), we obtain for the 


displacement compyvnents of any point of any layer (for a detailed discussion of 


the procedure of calculation see the preceding sections of this chapter) 


0— y! — yl — w(z, 8); 
os tas 1 (2. ?) 


any nd PT aL (Ein) a+ re) 


1 3 a, . 
2 (FR) tal} 








sae 


(7 
‘jou l ~ a 
i. (BR ca +s (ie): 
1 
mR 


1 ’ ’ I! ; 1 ’ 

meres: (ie -2)| Taam eae -- 8 7 6 ( 
VB Vine tela dl 

wu Se sing Bi (10k: : Ry + Bi i - he 


GR) aN 


~ bee —ay}ar—[Fa—ay—scr — a9 at, 


(11. 16) 


(11.17) 


(11. 18) 


(11.19) 


(11. 20) 


(11.21) 


(11.22) 


where «(z, 3), v(z, 8), and w(z, §) are the displacement components of the points 


of the coordinate surface 
\ ag 
R= + Ri +-7 Ry + FnRs:- 


5 ) 8 aie aes! 
Ryn RE ty Ri AR 


(11. 23) 
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In deriving formulas (11.6)-(11.22) we applied the geometric 


conditions for contact of adjacent layers of the shell, which for the problem 


under discussion are written as follows (Chapter II, Section 5); 


when 7 = — & 


ee ae eer ame ee 
wae aul, Wal; 


when ; :=8 


Oy yvV—yl yoy 
uu, aa, wu. 


t 


(11.24) 


(11. 25) 


Inserting the values of displacements from (11.16) -(11.22) into (11.15) 
and inserting the resulting values of deformation into (11.4), we obtain for 


the design streeses 


= Bi-5 ae oor Biz 5; ay 3 (AB +k, Bh) w — 


a B', oO BY, oa 
2.) ee eS Aye a Ae 


~— 0 (or Bi, : 
(on 2 On: + Bi: os: 


og = B' oe as B', 4 (eb: Bi. ae Ry Bi )w a 

a a Begs “Bil 3 

eae 2 1} Se 4°. 

ao 1——|w : ; : 

aafos os” + Bu 5) Bj, 93 Bo de 

i » {du | av 2 ~ B é ; Kioog \" 
tay = Boy Us an dads Boo4s li, ca 


) ‘ 4 
a Bh Ble (eB 4 AB) — y(t oy a 


By, aR, By, OR, 


Bra Be 8 
a eae : 


ato a, be 





3! a 


i 
of = Bh SY Bhs Ot + (eBs + BL) w— 7 (Bs Jy BL 
By adat) Bia ING 2 By, ue Abas Bis is Mi 
TH os |) Bod BL as BL, a 
1 1 | On du ow Bi, 0k, 
cee 5 om Ae. a) 
ds v7 02 035 BY, on 
By OR, Bia a 1 Bi a \ 
"Bot Bas) Bas 
} I ae iy ul J? a 
oe BS BIL SS + (A Bil ane? ule ge t AS is 
bi 0 P 
- - (a TR} 
Be; (RI +R.) — a as TERE | Rt 
Boon, Bb en 
S A hed, 8S) ee Ack int 
a: Bae t a | 


Je 


). 


(11. 26) 


(11.27) 


(11. 28) 


(11.29) 


(11.30) 


(11.31) 


(11.22) 
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of = BY St Gh Set (B+ gies —-1 (Bh 55 + Bu 5a) wv — 
By ri) Bi : 
— (8R) + Rs) — ae = ® (5R, + R;)-+ 





~ Bo, 93 
By 9 oy, Bi 8 ay 

+ Bi op + at 3 7 —A; fe 
du ov Jw Big ; 

lh = Bi (s+ eet as 5 (oR! + Ri) — 

Bll g 0 
ae B, ie — (80R? ao sees BE 7 Ay + ae a 2, (11. 
where we have the following additional notation: 
Aa (5+ Bot) RI— 5 (-F— Bir) RI AR (11. 
a? = (+ bor) Ri— 5 (FB) Ri + Res a 
1 ty J Z 

salary rre—a)at [a ty— so ta]as an, 


=([a(r+a)+7(?—%)] A+ [Putiy —s (+2 R i 


t= [yo—y—For— ar [Fa—w— 9 6? 9] RE aes 


re? 


be: ais 8; : I. ease 
at =[8,(1—8) — g(r?’ 4] RY —[ FO —)—  ( — a | RY. (14 


33) 


. 40) 
Considering the presented values of stresses in (11. 26)-(11.34), we 
obtain for the internal forces and moments 
T=Cy 2. + Cy ¢ FRC + AC 2) w- - 
g? 0 — 

—(Ku ja thy 5a) vote (11. 41} 

T= oe Op CA oe Oa “+ (k eae k unas 
—(Kn3 ni Ks 5) w+ (11. 42) 

) ow 
S= Cu G+ CoG a 2K 5 nar (11. 43) 
Ch 0? 
M,=—(On sa + On ga) Ot Kn z+ 

1=— Page *) ; (11. 44) 


+k Se + (A Ky + AK) w+ Mi; 
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a? of a 
M, =~ (Dx opt + Dy, 5a) @ +Ky a 4 
a - 
+k Ss + Ky + 8K) w+ M; 
aw du du : 
H = — 2De6 5593 + Koo gg + Kee Ge + HM 


where for the stiffnesses we have the following values: 


Cin = 26 n+ 0 —%,) By jn + (By — 35) Bia: 
Ky, = + (8 —8) Ba — (8-8) Boal: 
Diy = 4 [280 Bye + (Bi — Bn) Byun 4- (82 — 8) Biya} 
while for the internal forces due to transverse shear we have: 
a2 Bi ‘; eal 
_ = ri Ri + 8, — oR 


os 


— (8, — &) X 





a(R 4+ Bee Rs) + 


i (at — Sam “)} is 


« St (eR, = R) +4 (8, 


oo 





+ 3 = (ts — 8) a 


+ | ee SG, 05 Ry—@ ye H R!+ Ry + 


3B, 
+e are “ a 134g) 4 
+140 a (a! So Ri) 
eee cee 
x fa (RI+R)+ 40,4) 2 a aC 4 te Ri) + 
+ 5G, — By? a(R Dat RIL + ae x 
ee | 
ee ; P. Ri +Q 5 Ry — ge (RI Ry) + 
+5 —3) Se Bu (i+ Ay ee Ri) + 


Bi 5b, + 3% pt) |, 
+3 Gr 8) i (A — = 4 meni) |; 


(11. 45) 


(13. 46) 


(11. 47) 
(11. 48) 


(11. 49) 


(11.50) 


(11.51) 


Lc 


Ge omy eek Bis 
Seg gS TR LRG OX 


M; = 


“ae ee —W Ft * (a + eK) + 


+3th-- oat 8 (pj! — Set Me ptt) |*+ 


+3 [-F Rete wea —w Bee +a)+ 


58, + 38 
+ £00 se(ai+ SEM a) + 


+50 ge (al — Spm Ri); 


m= [— ot (wat + w+ Rs) — 








H-8 4 2 Gin Es (St 
2 
pM Bet py). FO So Feat + a) + 


+ Goa n (==> “wine 
mls ™ lt Fe (tat+ RI+R, 
op a 

—% An p ieee 


~~). 42 Bl, 


2 By 
+See gi) NON gat + R)+ 
5 2B 


(by — 85)" Bip / 58g + 3, 1; BU + O88 +305 \7 
et aad Pane ete as PF 
12 Bil 2 5 


Ri+ 














) Be 
als es 
03 By 
By 


_ &—h) at (allio me 
Rr 


a 12 Bi, 2 
+938 +385 ,\ 3 — 22 BY 
ten) EE atc ape 
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(11.52) 


(11. 53) 
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(—h)? BY / 54 43%, Stent ay) | 4 


+o (As —Ri 


23 g 
+%(-4 ~ H(i + Beit, )-- 
_ 4-8 the @—%) 32 (B48 a 


> mig a(t 
w+ t98 9) Bal 
+ SLERSESS pl) — EPS EE eat + @) + 





+ Se (SP ary Set a), (11.54) 
He = -33 (trt-+ 7B +1) — 

Se a Se (Seat 

+ Steet Rt) — Soe alte) + 

+ Ch oe (Aes Ri stmt Bat) |+ 

+ 5-33 (tet + Bate) — 

sa ar ae a ae 

tings) SBE ea talt 

+See (a Sy + Be alt — Tt Met a!) |. (11.55) 


Iaserting the values for internal forces and moments into the equilibrium 
equations (9.17) and (9.18), ‘vhich in this case also remain unchanged, we obtain 
the following system of differential equations of solution in terms oi the three 
sought displacements so =a(@, §), v=v(a, B),and was@ 2, ): 


(CuSet Cu spr) + C+ Cul soap + 


+ (AC + 2xCi) = [Ky in + (Kia Ky) xm w= 


__ on os° (11. 56) 
Ga — Hp 
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(Cu Get Cou fer) P+ Cust Cd) Geog + 


+ een EAC) 5 — [Kn Fat Kint Koo) gaa]? = 
07, oS 
=a ei (11.57) 


(4,Cy + AC i2) a+ (hg t+ hyCy2) St as 
(RIC), + 2k, kyCyg+ AIC) » + Dy, a fe 
42 (Diy +2Dy) sar + On Spe — [Kn gar + 
+ (Kis + 2K) goa] + [Kn + 2K ee) paca t 
+ Kn Fe] 0—2 [Kn + 4X) gat 


+ (kK + bik) ji] 9 =Z— (uP + 7) + 
PM, eH aM; 


+ (F425 + oe). (11. 58) 


Examining the differential equations of solution in (11.56)-(11. 58), 
we note that, as was to be expected, in their Jeft members they coincide with 
the corresponding left members of the equations of solution ‘n (6.5. 40)- 
(6.5.42) as deri 1 on the basis of the aypothesis of nondeformable normals 
as given for the entire stack of the shell as a whole. The additional terms 
due to consideration of the phenomena of transverse shear enter into the 
right members of the derived equations. These terms, being known (we will 
rememberx that proceeding from the this; based on the hypothesis of 
nondefermabl2 normals as given fo- the c..tire stack as a whole, the additiona! 
terms are described by means of formulas (11.°%)-(11.5£*. /1%..4)-(11. 9) and 
(11.23)), are tne load terms. The bounsucy con iitions t in are the same 
as the boundary conditions listed in Section 10, Chapter *. 


In the special case of a two-layer shell* where the coordinate surface 
coincides with the contact surface of the layers (Figure 82), in order to obtain 
the equations of solution of the design formulas it is necessary only to assume 
that 6, =0. In view of the elementary nature cf the transformations we 
shall not present them here. 


Proceecing from the results obtained in Sections 2, 5 and 7 of this 
chapter, the proposed theory may be somewhat simplified, that is, we may 





*The details of the theory of two-layer anisotropic shells may be found 
in the auwwor's works (see footnotes **,***, on p. 37¢). 
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Figure 82 


omit assumption (b) (the assumption concerning the negligibility of of in com ~ 
parison with other stresses. 


The theory for calculation of three-layer shells without consideration of 
the hypothesis of nondeformable normals has been discussed in thc works of many 
authors, for example, E. Reissner*, E.I. Grigolyuk**, et al.; however, we shall 
not evaluate these works here. 


SECTION 12. EXAMPLES OF CALCULATION OF LAMINAR SHELLS AND 
PLATES 


For illustration of the procedure for calculation of laminar shells and 
plates let us discuss two examples. 


1. A rectangular (a X 6) orthotropic plate whose layers are symmetri- 
cally arranged relative to the coordinate surface and is hinge-supported over 
its entire contour sustains a normally applied load with distribution over its 
surface in accordance with the equation (Figure 83) 


Z = qsin = sin 7, (12.1) 


WME t 

Sea ae 

SM 
Figure 83 


*E. Reissner, Contributions to the problem of structural analysis of 
sandwich-type plates and shells, Theory and Practice of Sandwich Construction 
in Aircraft, A Symposium, Preprint, No. 165, 1948. 

**E.I. Grigolyuk, Finite flexures of three-layer shells with stiff filling, 
Izvestiya OTN AN SSSR, No. 1, 1958. 
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For this plate we have 
By = byt, Bhp = Bye = By (12.2) 


then from (11.47)-(11. 49) we obtain for the stiffnesses 


Cig = 2 [8B he + (4 — %) Big]; (12.3) 
; Kit =0, (12. 4) 

> 1] . 33 
Dp = 3 [eB + (# —%) By]. (12.5) 


Considering that for the discussed symmetrically assembled three-layer 
plate*, **. 


Uy = Uy = 0, u=v=0, (12.6) 
we obtain from (11.50-(11.52) 
T, = Tj} =S*=0. (12.7) 
Then the first two equations of the system in (11.56) and (11.57) are identically 
satisfiad and the third equation (11.58) is rewritten as follows: 
Dy SY 4-2 (Dy + 2D¢e) sant Dy “ = 


am; aH aA 
p= 2+ eae te age en): (2s8) 
* 


where for M, and H* we have (11.53)-(11.55). F nally, these formulas 


become somewhat simplified but are nevertheless somewhat unwieldy. 


Soiution of the discus sed problem in the case where we admit the hypo-: 
thesis of nondeformable normals is represented as follows:*** 


gsin — sin = 2 
“> ba Daa: Dal Ve? 
ae eae te) 


Inserting the value of wo from (12.9) into (11.53)-(11.55) with consideration of 


(12.6), we obtain the final values of the components of the load term, that is, 


*§.G. LekhnitsHy, see p. 241-271 of work cited in footnote on p. 328. 
**A,.A. Khachatryan, see footnste *, on p. 378. 
*#*S_.G. Lekhnitskiy, see pp. 282-283 of work cited in footnote on p. 328. 
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M;, M,. and H*. Then, inserting the values of Mi}, Mj, and H* into (12.8), we 


obtain the final equation of solution of the problem (in view of the unwieldiness 
of the right member we shall not present this equation here). 


Let us seek the solution of equation (12.8) in the form 
w= Asin ™ sin 7 (12. 10) 


which satisfies the conditions for free support over the contour of the plate. 
Inserting the values of Z from (12.1) and w from (12.10) into equation (12.8) 

(the values of Mj, M) and H* have already been ineerted), we determine the vilue 
of the required coefficient A and then, upon inserting this into (12.10), we 

finally obtain from the peat displacement of the plate 


as 4, A 
e=mli+5 | 77 (25 +78 )+ 


_RU-9) —%) (a on + (0 i it) + cea 











3 
ay Gite A 1 
os (sae + se) 4 aha 2 G ret Fat allt Os t) 
B, BP, + 2B Bo, BY +282 
y= arta feet ti (12, 12) 
th sce + 2Bu ty = Bet 4 But 28e ; 
= Bn 4 O20) 4 Oe =n. (12.13) 


Examining formula (12.11), we note that it has the usual structure, that 
is, the first term is the normal displacement of the iscussed plate as deter- 
mined from the classical theory of laminar plates (based upon the hypothesis 
of nondeformable normals as given for the entire stack as given for the entire 
stack as a whole}, while the remaining terms are the correction for the 
classical theory, that is, the terms resulting from consideration of transverse 
shear. 


For sake of illustration let us discuss a special case. Let a square 
plate (a = b) consist of transversely isotropic layers in which the planes of iso- 
tropy are parallel to tiie coordinate plane of plane (vy = 0). For the sake of 
simplicity we shall also assume that v=». Assuming 


on -_, fe 
“teed Ro ga a = (12.14) 


where, E, v and Ep: V 9 are the elastic moduli and the Poisson ratios in the 


plane of isotropy of the outer layers and the middle layer, respectively; 

G' and G'y are the shear moduli (of the outer and middle layers, respectively) 
characterizing distortion of the angles between directions in the planes of 
isotropy and the direction perpendicular thereto, we obtain for the normal 
displace:nent w from (12.11) 


3a? At 
=m {14-5 a aaa Mt 


+ 5 7(L—r*) son +5 r(t—r3)? s? 
+ ay P+ 9F +374) sn}, (12, 15) 
In the more general case when 
3= 2, = 5. 6 =S» (12. 16) 
we obtain for the normal displacement 


2 ont 84-113 13572 
w- = w,| 1 +i |. (12.17) 


The results of a few calculations of the values of ratio w/ Wo for different 


values of n and s when A/a = 0,1 (remembering that h is the total thickness of 
the plate) are listed in the following table: 


























| 

10,0 | 1.254 1,636 | 2.272 
50 | 1.135 | 1338 | 1,677 

20 | 1,064 “als “1159 | 1,318 
10 I 1039 | 1.099 | 1198 
05 | 1027 | 1067 | 1,185 
92 i 1019 | 1,046 ! 1093 

01 | 1015 : 1037 | 1075 


(the column s = 2.0 refers to the case in whizh all layers of the plate are made 
of isotropic materials and line n = 1.0 refers to the case of a homogeneous 
(single-layer) plate), 


Examining formula (12.17) and its corresponding numerical values 
as listed in the table, we note that with an increase in n = E/E o there is an 
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increase in the difference between w and Wo and, the greater this difference, 
the greater s = E/G' = E)/Go'- With a decrease inn, even at large values 
of s, w differs but little from Wo: This indicates that if the material of the 


middle layer is stiffer than the matevial of the outer layers, the classical 
theory of laminar plates as based on the hypothesis of nondeformable no.-- 
mals yields sufficiently good results. In the case where the material of the 
middle layer is considerably weaker than the material of the outer layers 
and the plate is sufficiently thin it is necessary to take into account the 
corrections for the classical theory. 


in conjunction with the discussed example, without additional 
calculations let us derive the final formula for determining the normal dis- 
placement of an extremely shallow shell: 


22h? 8 + 113n 4 135n? 
(+7) + 280 (ey + bay (+ a) 





(12.18) 


where k, and ky are the principal curvatures of the coordinate surface of the 
shell. 


Examining formula (12.18), we confirm that in the case of extremely 
shallow laminar shells or laminar plates the correction for the classical 
theory, due to consideration of transverse shear, decreases. 


2. A three-layer, citcular cylindrical shell with axially symmetrical 
loading is freely supported at its ends and sustains a distributed, normally 
applied load which varies over the surface of the shell according to the equa- 
tion 


Z=qsin~ (12.19) 


where | is the length of the shell and q is the intensity of load at the central 
cross-section of the shell (that is, when 2=//2) (Figure 84). 


Lo om. 
Z ‘mies 





Figure 84 


In view of the complete axial symmetry, it is evident that 


Us Uy -0, S=S*=0, H=H*=0; 


then the system of equations of solution (11.56), (11.58) is rewritten as 


follows: 





A @u ' d a’ aT, . 
SW 7? +(pe 12 da —Ky aa)¥=— 
fl. d a ‘ 2 qd? d‘ 
(ie C), a = Ky ar) + ( 57Cn— ZR pK. ar Di aa)® = 


d°M; 
=2~% Dae “dai? 


where, from the general formulas for Ticts aud M; we have 


Th =4, a + (by “da? + 4, Fan) Mai 


T; a3 uy , a? d‘ 
“R = 0) Ga +(65 dz? + Oy aa da‘ ar) Poi 
d Uo 


Wi =o, (eth H) 


In these formulas 














a=— eal [2%811 — 3 Gi — 8) Bi, -+9 (82 —&) Bul+ 
ee Bi, — @2— 8) Bui] + 
i Bi 
+ (8, — %)? = on 8 — 89)" a ' 
BBs po a0 38) B! 9 (8) —&) By + 
— Sapir [2oBn — 3B — 0) Bir +9 (62 — %) Biry 
‘ Bi; 4 5 t 5 u 
+ ty (3, —- 8) a [(&: — &) Bi — G2 — %) Bu] + 
BB ay BBL 
+ (4 —%)? vy (22 — 8) ORBE 
=: i [(@: — 8) Bir — (2 — &) Bui} +- 
+ 8 (8 i — &9) a [@ — 2) Bu — @: —&) Bi] + 
emer rere 
+ (8, — &)? (52, + 3%) 248 9)” (582 + 3¢,) 2B’ 
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(12. 20) 


(12. 21) 


(12. 22) 


(12. 23) 
(12. 24) 


(12. 25) 


(12. 26) 


(12.27) 


(12. 28) 
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328" 
— ae ia sa LOG 2ej8 











“1 ~ 6B 
+%@—%) = oH [ei —a) Bi, — (@: —&) By] 4- 
> NY B;,B; I2 P yp Bnei: ‘ 
+ (@, — 4) 3BR > +( o— OBER ; 
5B {) 
by —— 6R°B g, (2evBi. ~26.—Ah seis 
+ by (8, — 6y) -- ea == (3) 8) Ba — (es — 3) Birla 
(8),)" (Bi) 
TG — ho) oR Bl, PAGS = Gol: IRI! 
SY ea ‘ ; 
‘=; - Be [G1 — 80) Bi; — (a — &.) Bib] + 


, Bi 
+ & (8 — °) Sate [1 — &,) Bry -— @; — 4) By} > 


BI 18, B!! Bl! 


+ 18, —- 85)? (56, + 369) —— Bla = — (bq -— 39)° (542 + 349) DBR 


828° ; 
ly =! a aL = g, [8 Bi +3 (ti — 2) Bh, + 9 (8 — 85) Bri] + 
B! 
-+ 89 (81 — 8p) xa [4254 +3(j— 30) Bi: + 3( — 3 ) Bui] +. 


(8; iu (8); 3 
+ (8, — 3) (53, + 34) 5 — ae — fp)8 (54, + 38,) — oaplt : 


8, BY ee 2 
b= - 12k = g, (B28 + 3 (3; _ oe +9 (33 -— 0) Bi] + 








+ & (81 — 0) Ep 


Bl" Bi 
24RB!' 





+ (8, — 8,)? (58; + 28) 5 a 7 — (3, — &)? (58, + 384) 


a'B! 
"eal 89) Bir + 5 (83 — 8) Bu] + 
BB + 3(8i — 84) Bu + 3/3: — 2%) Bis] +- 


3 > >> iN (Bi) 
+(e, -— 5) ess + 93,34 + 389) re 





+ bo(8i —- 8%) 





(Bi YY 


-+ (2, — &y) "(82 + 9826) + 33) — ‘ous! : 


ap, (OB + 3 (3; — %) By + 3 (a; — 3) Bit] 4- 


(12. 29) 


(12. 30) 


(12.31) 


(12. 32) 


(12. 33) 


(12. 34) 
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With consideration of the hypothesis of nondeformabie normals the 
solution of this problem is presented in the form 


d,, eee | 
Wy) = ——1- ___ gsin — , 12.35) 
. 4) \dag— diy 4 l ( , 
ites, Gia aoe na 

0 dida—dy i T' 
where 


(12. 36) 


ne 
=e 


wen | 
r{C . 2 
dy -—- i-( Ret Ky): 
Cx Qn? 
dy) 


(12. 37) 
- pz T Rp Ky +r D),. 





As in the solution of system (12.21), let us seek (12.22) in the form 


w=Asin—, 

f (12.38) 
u—=Bcos~, 

n 
which satisfies the conditions for free support at the ends. 


Inserting the values of Z from (12 19), wand ufrom (12.38), 7} 


and M; from (12.23), (12.24) and (12.25), respectively, and considering 


(12. 35)-(12.37), we obtain for the sought displacements 
yp fo, fia Fadia — Pid) 3- din (Gidas — Gy) 
wu | 1-7 See Eaten aa) a ns (ge = Ma) |, 
| (41149 — dja) 


thy (Fadi = Fidia) + dy (Gidia— Gd) 


ty (dyads) — dj.) ; 


(12. 39) 


w= wy + 


(12.40) 
where 


(12. 41) 
G, => + (>, _ = ba) | 
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In the special case where the layers of the shell are symmetrically 
arranged relative to the coordinate surface (that is, when *, -=%,-=3, Bi, —- Bir 


= B,,(Figure 84)), we obtain from (12.39) and (12.40) for the sought dis- 


placements 

2178 
w= W|I wee ag) (12. 43) 

where i 
“a= FER COST (12. 44) 
as >; (12.45) 

x! 1 Ce 

4= Oa hoe 7 On — Bans (12. 46) 


3 4; ; 
b= a |= 2 (Bh) + 5a nanigiiors aie 


+ (8 — bs)*(83? + 98a 4 389) Sa: (12.47) 
yb? (s—b,)° b—3B 
ae we “a seme mae a aE (12. 48) 
bya Patt Gees a Bu + 


+e [F Bh +6 —t0 Buf, ei 


Let us examine a numerical example. For the sake of simplicity in 
calculation we shall take the case in which the layers are symmetrically 
arranged relative to the coordinate surface of the shell and are made of 
transversally isotropic materials, the planes of isotropy of which at each 
point of each layer are parallel to the median surface of the shell. Assuming 


6 = 26) = a. See ee Eo: voy =, (12.50) 
2 
we obtain from (12.42) and (12. 43) 
u o wets (8+ a + 13547) 
“no 7 zi See (12,51) 
(+7) +B el ym 


The results of calculation of ratio w/w, (u/u,) for different values of n and s 





when Ai ='),,,and (R=! are listed in the following table: 
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s | 
P 2.0 ! 5, 


I 
5,0 | 19.0 | 
\ 
i 











} 
| 05 | | 
| 10 | 1.0015 10037 «1,0074 
| 2,0 | 1,0029 1,0073 | 10147 j 
a ee Lee | 


| 10.0 | 1.0147 | 1.0368 | 10736 | 
) 


Examining formula (12.51) and the table, we note that the results ob- 
tained for a laminar plate are also confirmed in the case of a laminar shell. 
In the special case of a shell, a3 was to be expected, even with large n 
and s (n= 10.0, s = 10.0) the correction for the classical theory with 
consideration of transverse shear is insignificant. 


3. The theory of laminar shelis and plates discus-ed herein was 
also used in the calculation of two-layer structure. The oumerical results 
wer? compared with the corresponding results obtained by means of the 
precise theory of two-layer plates. This comparison revealed that the 
approximate theory of laminar shells and plates is wholly suitable even 
for calculation of soniewhat thick two-layer plates. * 


Let us give a few remarks concerning the limits of applicability of 
the hypothesis of nondeformable normals as given for the entire stack of the 
shell as a whole. It is evident to the :eader that in this case the problem 
of determining the limits of applicability of the hypothesis of nondeformable 
normals for an arbitrary anisotropic laminar shell is still further compli- 
cated, since along with the previously mentioned (Sections 6 and 10) inde- 
pendent parameters (the sharp and relative thickness of the shell boundary 
conditions, type of loading, values of ratios of the type Bi / B.., etc. ) 


there are other new and extremely important parameters representing the 
ratios of the elastic constants of individual layers. 


Thus, in the case of an anisotropic laminar shell (or plate) for specific 
determination 2f the limits of applicability of the hypothesis of iiondeforrn- 
able normals it is also necessary to perform additional calculations. How- 
ever, as calculations performed by us reveal, the hypothesis of nondeform- 
able normals as given for the entire stack of the shell as a whole is applicable 
with sufficiently high accuracy: 


*A.P. Melkonyan, see footnote ****, on p. 326. 
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a) for a shell with isotropic or insignificantly anisotropic layers 
(By / Beg: etc. < 3): whene =0.05, ifn < 10; whene =0.02, ifn 


< 100; and when € =0.01, ifn < 600; 
b) for a shell with substantially anisotropic layers By / B,. etc. 


~ 10-15): when € =0.02, ifn < 10; when € =0.01, ifn <¢ 100, and when 
¢=0.005, ifn < 600. 


As always, here again there are no limitations on anisotropicity in the 
surfaces y = const. 


In conclusion let it be pointed out that the hypothesis of nondeformable 
normals as given for the entire stack of an anisotropic laminar shell as a 
whole is applicable only in those cases when quantities of the order of 


.A2/a? negligibly small in comparison with unity. Here 4 is a numerical 
coefficient which depends: on the shape and relative thickness of the shell, 
on the boundary conditions, on the type of loading, and on the physical and 
mechanical characteristics of the materials of the shell layers.* 


*When this work was completed there appeared the reports by S.G. 
Lekhnitexiy, ''Toward a theory of thick anisotropic plates", and Kh. M. 
Mushtari, "Theory of bending of plates of medium thickness" (Izvestiya 
OTN AN SSSR, mekhanika i mashinostroyeniye, No. 2, 1959), which in manv 
respects confirmed the results obtained in this chapter. 


